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Preface

This book arises from original research of the authors on hypercomplex numbers
and their applications ([8] and [15]–[23]). Their research concerns extensions to
more general number systems of both well-established applications of complex
numbers and of functions of a complex variable.

Before introducing the contents of the book, we briefly recall the epistemo-
logical relevance of Number in the development of Western Science. In his “Meta-
physics of number”, Pythagoras considered reality, at its deepest level, as math-
ematical in nature. Following Pythagoras, Plato (Timaeus) explained the world
by the regular polygons and solids of Euclidean geometry, laying a link between
Number, Geometry and Physical World that represents the foundation of Modern
Science. Accordingly, Galileo (Il Saggiatore § 6) took geometry as the language
of Nature. These ideas that may appear trivial to modern rationalism, still have
their own validity. For example, imaginary numbers make sense of algebraic equa-
tions which, from a geometrical point of view, could represent problems that admit
no solutions. Despite such an introduction, complex numbers are strictly related
to Euclidean geometry (Chap. 3) and allow formalizing Euclidean trigonometry
(Chap. 4). Moreover, their functions are the means of representing the surface
of the Earth on a plane (Chap. 8). In more recent times, another astonishing
coincidence has been added to the previous ones: the space-time symmetry of
two-dimensional Special Relativity, which, after Minkowski, is called Minkowski
geometry, has been formalized [18] by means of hyperbolic numbers, a number
system which represents the simplest extension of complex numbers [81].

Finally, N -dimensional Euclidean geometries and number theory have found
a unified language by means of “Clifford algebra” [14], [42] and [45], which has
allowed a unified formalization of many physical theories.

In this book, we expose first the same thread of association between num-
bers and geometries; secondly we show how the applications of the functions of a
complex variable can be extended. In particular, after providing the basics of the
classical theory of hypercomplex numbers, we show that with the commutative
systems of hypercomplex numbers, a geometry can be associated. All these ge-
ometries except the one associated with complex numbers, are different from the
Euclidean ones. Moreover the geometry associated with hyperbolic numbers is as
distinctive as the Euclidean one since it matches the two-dimensional space-time
geometry. This correspondence allows us to formalize space-time geometry and
trigonometry with the same rigor as the Euclidean ones. As a simple application,
we obtain an exhaustive solution of the “twin paradox”. We suggest that, together
with the introductory Sect. 2.2, these topics could be used as background for a
university course in two-dimensional hyperbolic numbers and their application
to space-time geometry and physics, such as the mathematics of two-dimensional
Special Relativity.
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After such algebraic applications of hyperbolic numbers, we broaden the
study of space-time symmetry by introducing the functions of a hyperbolic vari-
able. These functions allow us to extend the studies usually performed in Euclidean
space, by means of functions of a complex variable, to two-dimensional space-time
varieties. In addition, to offer to a larger audience the opportunity of appreciat-
ing these topics, we provide a brief discussion of both the introductory elements
of Gauss’ differential geometry and the classical treatment of constant curvature
surfaces in Euclidean space. Nevertheless, for a better understanding, the reader
should have a good knowledge of advanced mathematics, such as the theory of
functions of a complex variable and elements of differential geometry.

The applications of hyperbolic numbers to Special Relativity may increase
interest in multidimensional commutative hypercomplex systems. For these sys-
tems, functions can be introduced in the same way as for complex and hyperbolic
variables. Therefore, we introduce in three appendices an outline of a research
field that should be further developed for both a more complete mathematical
formalization and an examination of physical applications.
In Appendices A and B, we begin the study of commutative hypercomplex systems
with the four-unit system that has two relevant properties.

– Four unities closely recall the four-dimensional space-time.

– Their two-dimensional subsystems are given by complex and hyperbolic num-
bers whose applicative relevance is shown in the book.

Coming back to hypercomplex number systems, their algebraic theory was com-
pleted at the beginning of the XXth century [76] and concluded, in our view, with
the article Théorie des nombres written by E. Cartan for the French edition of the
Enciclopédie des sciences mathématiques [13]. This article is an extensive revision
of E. Study’s article for the German edition of the Encyclopedia (Enzyklopädie
der Mathematischen Wissenschaften). Both these authors made contributions to
the development of the theory of hypercomplex numbers. Today these numbers
are included as a part of abstract algebra [46], and only a few uncorrelated pa-
pers introduce their functions. Therefore, to give new insights and inspiration to
scientists interested in other fields (not abstract algebra), in Appendix C we give
a rigorous and self-consistent exposition of algebra and function theory for com-
mutative hypercomplex numbers by means of matrix formalism, a mathematical
apparatus well known to the scientific community.

As a final observation, we remark that in this book many different mathemat-
ical fields converge as a confirmation of David Hilbert’s assertion: Mathematics is
an organism that keeps its vital energy from the indissoluble ties between its vari-
ous parts, and — we shall add following Klein, who refers to Riemann’s ideas —
from the indissoluble ties of Mathematics with Physics and, more generally, with
Applied Sciences.

Since the content involves different fields, this book is addressed to a larger
audience than the community of mathematicians. As a consequence, also the lan-
guage employed is aimed at this larger audience.



Preface ix

It is a pleasant task for us to thank Prof. Stefano Marchiafava of Rome
University “La Sapienza”, for useful discussions and encouragement in many steps
of our work.



Contents

Preface vii

1 Introduction 1

2 N-Dimensional Commutative Hypercomplex Numbers 5
2.1 N-Dimensional Hypercomplex Numbers . . . . . . . . . . . . . . . 5

2.1.1 Equality and Sum . . . . . . . . . . . . . . . . . . . . . . . 5
2.1.2 The Product Operation . . . . . . . . . . . . . . . . . . . . 6
2.1.3 Characteristic Matrix and Characteristic Determinant . . . 7
2.1.4 Invariant Quantities for Hypercomplex Numbers . . . . . . 9
2.1.5 The Division Operation . . . . . . . . . . . . . . . . . . . . 10
2.1.6 Characteristic Equation and Principal Conjugations . . . . 10
2.1.7 Decomposable Systems . . . . . . . . . . . . . . . . . . . . 12

2.2 The General Two-Dimensional System . . . . . . . . . . . . . . . . 12
2.2.1 Canonical Two-Dimensional Systems . . . . . . . . . . . . . 16
2.2.2 The Two-Dimensional Hyperbolic System . . . . . . . . . . 16

3 The Geometries Generated by Hypercomplex Numbers 19
3.1 Linear Transformations and Geometries . . . . . . . . . . . . . . . 19

3.1.1 The Continuous Lie Groups . . . . . . . . . . . . . . . . . . 19
3.1.2 Klein’s Erlanger Programm . . . . . . . . . . . . . . . . . . 19

3.2 Groups Associated with Hypercomplex Numbers . . . . . . . . . . 20
3.2.1 Geometries Generated by Complex and Hyperbolic

Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4 Trigonometry in the Minkowski Plane 27
4.1 Geometrical Representation of Hyperbolic Numbers . . . . . . . . 28

4.1.1 Hyperbolic Exponential Function and Hyperbolic Polar
Transformation . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.1.2 Hyperbolic Rotations as Lorentz Transformations of Special
Relativity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.2 Basics of Hyperbolic Trigonometry . . . . . . . . . . . . . . . . . . 31
4.2.1 Complex Numbers and Euclidean Trigonometry . . . . . . 31
4.2.2 Hyperbolic Rotation Invariants in Pseudo-Euclidean Plane

Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.2.3 Fjelstad’s Extension of Hyperbolic Trigonometric Functions 35

4.3 Geometry in the Pseudo-Euclidean Cartesian Plane . . . . . . . . . 37



xii Contents

4.4 Goniometry and Trigonometry in the Pseudo-Euclidean Plane . . . 40
4.4.1 Analytical Definitions of Hyperbolic Trigonometric

Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
4.4.2 Trigonometric Laws in the Pseudo-Euclidean Plane . . . . . 42
4.4.3 The Triangle’s Angles Sum . . . . . . . . . . . . . . . . . . 43

4.5 Theorems on Equilateral Hyperbolas in the Pseudo-Euclidean
Plane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.6 Examples of Triangle Solutions in the Minkowski Plane . . . . . . 52

5 Uniform and Accelerated Motions in the Minkowski Space-Time
(Twin Paradox) 57

5.1 Inertial Motions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
5.2 Inertial and Uniformly Accelerated Motions . . . . . . . . . . . . . 61
5.3 Non-uniformly Accelerated Motions . . . . . . . . . . . . . . . . . 69

5.3.1 Frenet’s Formulas in the Minkowski Space-Time . . . . . . 70
5.3.2 Proper Time in Non-Uniformly Accelerated Motions . . . . 70

6 General Two-Dimensional Hypercomplex Numbers 73

6.1 Geometrical Representation . . . . . . . . . . . . . . . . . . . . . . 73
6.2 Geometry and Trigonometry in Two-Dimensional Algebras . . . . 76

6.2.1 The “Circle” for Three Points . . . . . . . . . . . . . . . . . 76
6.2.2 Hero’s Formula and Pythagoras’ Theorem . . . . . . . . . . 77
6.2.3 Properties of “Orthogonal” Lines in General Algebras . . . 79

6.3 Some Properties of Fundamental Conic Sections . . . . . . . . . . . 79
6.3.1 “Incircles” and “Excircles” of a Triangle . . . . . . . . . . . 79
6.3.2 The Tangent Lines to the Fundamental Conic Section . . . 82

6.4 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . 83

7 Functions of a Hyperbolic Variable 87

7.1 Some Remarks on Functions of a Complex Variable . . . . . . . . . 87
7.2 Functions of Hypercomplex Variables . . . . . . . . . . . . . . . . . 89

7.2.1 Generalized Cauchy–Riemann Conditions . . . . . . . . . . 89
7.2.2 The Principal Transformation . . . . . . . . . . . . . . . . . 91
7.2.3 Functions of a Hypercomplex Variable as

Infinite-Dimensional Lie Groups . . . . . . . . . . . . . . . 92
7.3 The Functions of a Hyperbolic Variable . . . . . . . . . . . . . . . 93

7.3.1 Cauchy–Riemann Conditions for General Two-Dimensional
Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

7.3.2 The Derivative of Functions of a Canonical Hyperbolic
Variable . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

7.3.3 The Properties of H-Analytic Functions . . . . . . . . . . . 95
7.3.4 The Analytic Functions of Decomposable Systems . . . . . 95

7.4 The Elementary Functions of a Canonical Hyperbolic Variable . . 96



Contents xiii

7.5 H-Conformal Mappings . . . . . . . . . . . . . . . . . . . . . . . . 97
7.5.1 H-Conformal Mappings by Means of Elementary Functions 99
7.5.2 Hyperbolic Linear-Fractional Mapping . . . . . . . . . . . . 109

7.6 Commutative Hypercomplex Systems with Three Unities . . . . . 114
7.6.1 Some Properties of the Three-Units Separable Systems . . . 115

8 Hyperbolic Variables on Lorentz Surfaces 119

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
8.2 Gauss: Conformal Mapping of Surfaces . . . . . . . . . . . . . . . . 121

8.2.1 Mapping of a Spherical Surface on a Plane . . . . . . . . . 123
8.2.2 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

8.3 Extension of Gauss Theorem: Conformal Mapping of Lorentz
Surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

8.4 Beltrami: Complex Variables on a Surface . . . . . . . . . . . . . . 126
8.4.1 Beltrami’s Equation . . . . . . . . . . . . . . . . . . . . . . 127

8.5 Beltrami’s Integration of Geodesic Equations . . . . . . . . . . . . 130
8.5.1 Differential Parameter and Geodesic Equations . . . . . . . 130

8.6 Extension of Beltrami’s Equation to Non-Definite Differential
Forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

9 Constant Curvature Lorentz Surfaces 137

9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
9.2 Constant Curvature Riemann Surfaces . . . . . . . . . . . . . . . . 140

9.2.1 Rotation Surfaces . . . . . . . . . . . . . . . . . . . . . . . . 140
9.2.2 Positive Constant Curvature Surface . . . . . . . . . . . . . 143
9.2.3 Negative Constant Curvature Surface . . . . . . . . . . . . 148
9.2.4 Motions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
9.2.5 Two-Sheets Hyperboloid in a Semi-Riemannian Space . . . 151

9.3 Constant Curvature Lorentz Surfaces . . . . . . . . . . . . . . . . . 153
9.3.1 Line Element . . . . . . . . . . . . . . . . . . . . . . . . . . 153
9.3.2 Isometric Forms of the Line Elements . . . . . . . . . . . . 153
9.3.3 Equations of the Geodesics . . . . . . . . . . . . . . . . . . 154
9.3.4 Motions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

9.4 Geodesics and Geodesic Distances on Riemann and Lorentz
Surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
9.4.1 The Equation of the Geodesic . . . . . . . . . . . . . . . . . 157
9.4.2 Geodesic Distance . . . . . . . . . . . . . . . . . . . . . . . 159

10 Generalization of Two-Dimensional Special Relativity
(Hyperbolic Transformations and the Equivalence Principle) 161

10.1 The Physical Meaning of Transformations by Hyperbolic
Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161



xiv Contents

10.2 Physical Interpretation of Geodesics on Riemann and Lorentz
Surfaces with Positive Constant Curvature . . . . . . . . . . . . . . 164
10.2.1 The Sphere . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
10.2.2 The Lorentz Surfaces . . . . . . . . . . . . . . . . . . . . . . 165

10.3 Einstein’s Way to General Relativity . . . . . . . . . . . . . . . . . 166
10.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

Appendices

A Commutative Segre’s Quaternions 169
A.1 Hypercomplex Systems with Four Units . . . . . . . . . . . . . . . 170

A.1.1 Historical Introduction of Segre’s Quaternions . . . . . . . . 171
A.1.2 Generalized Segre’s Quaternions . . . . . . . . . . . . . . . 171

A.2 Algebraic Properties . . . . . . . . . . . . . . . . . . . . . . . . . . 172
A.2.1 Quaternions as a Composed System . . . . . . . . . . . . . 176

A.3 Functions of a Quaternion Variable . . . . . . . . . . . . . . . . . . 177
A.3.1 Holomorphic Functions . . . . . . . . . . . . . . . . . . . . 178
A.3.2 Algebraic Reconstruction of Quaternion Functions Given a

Component . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
A.4 Mapping by Means of Quaternion Functions . . . . . . . . . . . . . 183

A.4.1 The “Polar” Representation of Elliptic and Hyperbolic
Quaternions . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

A.4.2 Conformal Mapping . . . . . . . . . . . . . . . . . . . . . . 185
A.4.3 Some Considerations About Scalar and Vector Potentials . 186

A.5 Elementary Functions of Quaternions . . . . . . . . . . . . . . . . . 187
A.6 Elliptic-Hyperbolic Quaternions . . . . . . . . . . . . . . . . . . . . 191

A.6.1 Generalized Cauchy–Riemann Conditions . . . . . . . . . . 193
A.6.2 Elementary Functions . . . . . . . . . . . . . . . . . . . . . 193

A.7 Elliptic-Parabolic Generalized Segre’s Quaternions . . . . . . . . . 194
A.7.1 Generalized Cauchy–Riemann conditions . . . . . . . . . . 195
A.7.2 Elementary Functions . . . . . . . . . . . . . . . . . . . . . 196

B Constant Curvature Segre’s Quaternion Spaces 199
B.1 Quaternion Differential Geometry . . . . . . . . . . . . . . . . . . . 200
B.2 Euler’s Equations for Geodesics . . . . . . . . . . . . . . . . . . . 201
B.3 Constant Curvature Quaternion Spaces . . . . . . . . . . . . . . . 203

B.3.1 Line Element for Positive Constant Curvature . . . . . . . . 204
B.4 Geodesic Equations in Quaternion Space . . . . . . . . . . . . . . . 206

B.4.1 Positive Constant Curvature Quaternion Space . . . . . . . 210

C Matrix Formalization for Commutative Numbers 213
C.1 Mathematical Operations . . . . . . . . . . . . . . . . . . . . . . . 213

C.1.1 Equality, Sum, and Scalar Multiplication . . . . . . . . . . 214
C.1.2 Product and Related Operations . . . . . . . . . . . . . . . 215



Contents xv

C.1.3 Division Between Hypercomplex Numbers . . . . . . . . . . 218
C.2 Two-dimensional Hypercomplex Numbers . . . . . . . . . . . . . . 221
C.3 Properties of the Characteristic Matrix M . . . . . . . . . . . . . . 222

C.3.1 Algebraic Properties . . . . . . . . . . . . . . . . . . . . . . 223
C.3.2 Spectral Properties . . . . . . . . . . . . . . . . . . . . . . . 223
C.3.3 More About Divisors of Zero . . . . . . . . . . . . . . . . . 227
C.3.4 Modulus of a Hypercomplex Number . . . . . . . . . . . . . 227
C.3.5 Conjugations of a Hypercomplex Number . . . . . . . . . . 227

C.4 Functions of a Hypercomplex Variable . . . . . . . . . . . . . . . . 228
C.4.1 Analytic Continuation . . . . . . . . . . . . . . . . . . . . . 228
C.4.2 Properties of Hypercomplex Functions . . . . . . . . . . . . 229

C.5 Functions of a Two-dimensional Hypercomplex Variable . . . . . . 230
C.5.1 Function of 2×2 Matrices . . . . . . . . . . . . . . . . . . . 231
C.5.2 The Derivative of the Functions of a Real Variable . . . . . 233

C.6 Derivatives of a Hypercomplex Function . . . . . . . . . . . . . . . 236
C.6.1 Derivative with Respect to a Hypercomplex Variable . . . . 236
C.6.2 Partial Derivatives . . . . . . . . . . . . . . . . . . . . . . . 237
C.6.3 Components of the Derivative Operator . . . . . . . . . . . 238
C.6.4 Derivative with Respect to the Conjugated Variables . . . . 239

C.7 Characteristic Differential Equation . . . . . . . . . . . . . . . . . 239
C.7.1 Characteristic Equation for Two-dimensional Numbers . . . 241

C.8 Equivalence Between the Formalizations of Hypercomplex
Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 242

Bibliography 245

Index 251



List of Figures

2.1 The three types of two-dimensional algebras as function of the
structure constants . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

4.1 The direction path on unitary hyperbola as the parameter θ goes
from −∞ to +∞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.2 Graphic representation of the function coshe θ = cos φ√
| cos 2φ|

for

0 ≤ φ < 2π . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.3 Two pseudo-orthogonal straight lines. . . . . . . . . . . . . . . . . 39
4.4 A Euclidean demonstration of a pseudo-Euclidean theorem . . . . . 50
4.5 A Euclidean-hyperbolic demonstration of a pseudo-Euclidean

theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.6 A right-angled triangle. . . . . . . . . . . . . . . . . . . . . . . . . 53

5.1 The twin paradox for uniform motions. . . . . . . . . . . . . . . . 59
5.2 The uniform and accelerated motions, first example . . . . . . . . . 62
5.3 The uniform and accelerated motions, second example . . . . . . . 64
5.4 The uniform and accelerated motions, third example . . . . . . . . 66
5.5 The uniform and accelerated motions, fourth example . . . . . . . 67

6.1 Incircle, circumcircle and ex-circles associated with the canonical
complex algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.2 The “incircle”, “circumcircle” and “ex-circles” for a general elliptic
algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.3 The “inscribed” and “circumscribed” hyperbolas for a general
hyperbolic algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

6.4 The “ex-inscribed” hyperbolas for a general hyperbolic algebra . . 86

7.1 H-conformal mapping of a rectangle by means of hyperbolic
exponential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

7.2 H-conformal mapping of a rectangle by means of the hyperbolic
cosine . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

7.3 H-conformal mapping of a rectangle by means of the hyperbolic
sine . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

7.4 The square domain h-conformally mapped by the sine function . . 106
7.5 The triangular domain h-conformally mapped by the cosine

function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107



xviii List of Figures

9.1 Projection of the sphere from the north pole into equatorial plane 144



List of Tables

4.1 Map of the complete (x, y) plane by hyperbolic polar transformation 29
4.2 Relations between functions coshe, sinhe and classical hyperbolic

functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

9.1 Line elements and equations of the geodesics for constant curvature
Riemann and Lorentz surfaces . . . . . . . . . . . . . . . . . . . . . 146

9.2 Equations of the geodesics and geodesic distance for constant cur-
vature Riemann and Lorentz surfaces . . . . . . . . . . . . . . . . . 160

A.1 Generalized Segre’s quaternions . . . . . . . . . . . . . . . . . . . . 172



Chapter 1

Introduction

Complex numbers represent one of the most intriguing and emblematic discover-
ies in the history of science. Even if they were introduced for an important but
restricted mathematical purpose, they came into prominence in many branches of
mathematics and applied sciences. This association with applied sciences gener-
ated a synergistic effect: applied sciences gave relevance to complex numbers and
complex numbers allowed formalizing practical problems. A similar effect can be
found today in the “system of hyperbolic numbers”, which has acquired meaning
and importance as the Mathematics of Special Relativity, as shown in this book.
Let us proceed step by step and begin with the history of complex numbers and
their generalization.

Complex numbers are today introduced in relation with square roots of neg-
ative numbers and are considered as an extension of the real numbers. However,
they were introduced in the XVIIth century for solving a mathematical paradox:
to give a sense to the real solutions of cubic equations that appear as the sum of
square roots of negative quantities. Their introduction was thorny and the square
roots of negative quantities are still called imaginary numbers and contain the
symbol “i” which satisfies the relation i2 = −1. Complex numbers are those given
by the symbolic sum of one real and one imaginary number. This sum is a sym-
bolic one because it does not represent the usual sum of “homogeneous quantities”,
rather a “two component quantity” written as z = x+i y. Today we know another
two-component quantity: the plane vector, which we write v = ix+j y, where i and
j represent two unit vectors indicating the coordinate axes in a Cartesian repre-
sentation. Despite there being no a priori indication that a complex number could
represent a vector on a Cartesian plane, complex numbers were the first represen-
tation of two-component quantities on a Cartesian (or Gauss–Argand) plane. Klein
explained this correspondence by associating geometries with groups and showing
([30], p. 451) that both additive and unimodular multiplicative groups of complex
numbers are the same groups characterizing Euclidean geometry (translations and
rotations, respectively). This association was largely used in the XIXth century
also in the extensions of Euclidean geometry to differential and non-Euclidean
geometries (see Chapters 8 and 9). The mathematical formalization of group the-
ory by Sophus Lie is one of the milestones in the development of science in the
XIXth century. Actually, also from a philosophical point of view, the concept of
group recalls an idea as old as the beginning of scientific research: to find the
common properties in the changes of Nature. This connection generated a strong
link between the mathematics of group theory and applied sciences [9].



2 Chapter 1. Introduction

Coming back to complex numbers, their association with groups allowed Lie
to generalize complex numbers to hypercomplex numbers [50]. However, Gauss
had observed, half a century before, that the generalization of real and complex
numbers cannot be done without losing some peculiarities of algebraic operations.
In particular, one must either renounce the commutative property of the product
or acknowledge that the product between some non-zero numbers is zero. These
numbers have been called divisors of zero.

Following the first possibility, Hamilton introduced the non-commutative
quaternions to represent vectors in space. This representation was the first step
for the introduction of vectors as they are used today.

Acknowledgement of the second property took longer, and only in recent years
has it been recognized that as complex numbers are associated with Euclidean
geometry, so two other systems of two-dimensional hypercomplex numbers (called
parabolic and hyperbolic) can be associated with groups (or geometries) of physical
relevance. Specifically, parabolic numbers can be associated with Galileo’s group
of classical mechanics and hyperbolic numbers with Lorentz’s group of special
relativity [80] and [81].

It is easy to infer the synergy that can grow from the link between hyperbolic
numbers and Special Relativity. Actually the scientific relevance of Special Rela-
tivity stimulated the studies and developments of hyperbolic numbers and, vice
versa, these numbers were recognized as the most suitable mathematical tool for
studying problems in space-time. In this book, we show their potential beginning
with an exhaustive formalization of space-time trigonometry. This formalization is
obtained by looking for analogies and differences between complex and hyperbolic
numbers. In particular, we start from the relations:

• Euclidean geometry ⇔ complex numbers,

• complex numbers ⇔ hyperbolic numbers,

• hyperbolic numbers ⇔ Minkowski space-time geometry,

in the following way: it is well known that all theorems of Euclidean geometry and
trigonometry are obtained through elementary geometry observations. Otherwise
complex numbers allow one to formalize, in a Cartesian plane, the trigonometric
functions as a direct consequence of Euclid’s rotation group (Sect. 4.2.1), and allow
one to obtain all the trigonometry theorems by an analytical method as mathe-
matical identities (Chapter 4). These considerations within Euclidean geometry
are extended to the space-time geometry associated with hyperbolic numbers.
Actually, the definition of hyperbolic trigonometric functions directly from the
Lorentz group of Special Relativity allows us to demonstrate theorems through
an algebraic approach. In this way, we obtain a mathematical tool that, from an
axiomatic and practical point of view, is equivalent to Euclidean geometry (see
the introduction to Chapter 9).
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A similar parallel approach, between complex and hyperbolic numbers, is
used in Chapters 7–10 to introduce and apply the functions of a hyperbolic vari-
able. Actually the applicative relevance of functions of a complex variable was
shown for the first time by Euler ([25], p. 37), who used these functions for rep-
resenting the motion of a fluid, and later by Gauss, who showed that they give
the best way for mapping an arbitrary surface onto another and, in particular,
the Earth’s surface onto a plane. The Gauss’ paper is summarized in Chapter 8,
where we extend his results to space-time geometry.

These obtained results can be considered as the starting points for further
developments, since the properties of complex numbers can represent a guide-
line for studying multidimensional number systems, as they have been for the
applications of both hyperbolic numbers and functions of a hyperbolic variable.
Actually, the rediscovery of hyperbolic numbers and their applications to Special
Relativity show that also numbers with “zero divisors” can have applications.
This insight increases the interest in commutative multidimensional systems of
numbers that have two notable properties in common with complex and hyperbolic
numbers:

1. Every hypercomplex number generates its own geometry.

2. As M. G. Scheffers demonstrated [64], for the aforesaid number systems, the
differential calculus can be introduced and functions can be defined, as they
are for a complex variable.

As far as the first point is concerned, the “invariant quantity” of these ge-
ometries is a form of degree N (Chapter 3), instead of the quadratic Euclidean
distance as it is the case for Hamilton quaternions and for complex and hyperbolic
numbers. This implies that, if from one point of view this observation could limit
the interest in these geometries, from another one their investigation could open
the way to new applications.

As for the second point, the possibility of so introducing these functions
opens two ways for applications. The first one comes from the fact that these func-
tions satisfy some particular partial differential equations (Generalized Cauchy–
Riemann conditions), which may represent physical fields as well as the functions
of complex variables do1. The second application is related to the fact that, as the
functions of complex and hyperbolic numbers can be used for studying non-flat
surfaces (Chapter 9), so the functions of a hypercomplex variable can be used for
studying (Appendix B) non-flat spaces associated with the geometries introduced
by the multidimensional commutative hypercomplex numbers.

1In particular L. Sobrero applied the functions of a particular four-dimensional hypercomplex
number to the theory of elasticity [71].



Chapter 2

N-Dimensional Commutative
Hypercomplex Numbers

As summarized in the preface, hypercomplex numbers were introduced before the
linear algebra of matrices and vectors. In this chapter, in which we follow a classical
approach, their theory is developed mainly by means of elementary algebra, and
their reference to a representation with matrices, vectors or tensors is just for the
practical convenience of referring to a widely known language. In particular, the
down or up position of the indexes, which in tensor calculus are named covariance
and contravariance, respectively, indicates if the corresponding quantities (vectors)
are transformed by a direct or inverse matrix (see Section 2.1.4). We also use
Einstein’s convention for tensor calculus and omit the sum symbol on the same
covariant and contravariant indexes; in particular, we indicate with Roman letters
the indexes running from 1 to N − 1, and with Greek letters the indexes running
from 0 to N − 1 .

2.1 N-Dimensional Hypercomplex Numbers

2.1.1 Equality and Sum

Hypercomplex numbers are defined by the expression ([13], Vol. II, p. 107) and
[50]

x =
N−1∑
α=0

eαxα ⇒ eαxα , (2.1.1)

where xα ∈ R are called components and eα /∈ R are called units, versors or
bases as in vector algebra. Also the elements zero, equals and sum are defined as
in vector or complex algebra.

• The null (or zero) element is the element with all components equal to zero.

• Two hypercomplex numbers, x and y, are equal if xα = yα , ∀ α.

• z represents the sum x + y if zα = xα + yα , ∀ α.

• As in vector algebra, two hypercomplex numbers are mutually proportional
if xα = λ yα ∀ α, with λ ∈ R.

From these definitions it follows that the algebraic sum satisfies commutative
and associative properties and the null element exists.
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Given K ≤ N hypercomplex numbers, these numbers are linearly indepen-
dent if the characteristic of the matrix of the components is K. As in vector
algebra, N also represents the maximum number of independent hypercomplex
numbers that can be taken as unities or basis of the hypercomplex system.

Two systems of hypercomplex numbers are equivalent systems if one can be
obtained from the other by means of a non-singular linear transformation of the
versors and the corresponding inverse transformation of the variables, as is usual
for quadratic forms in tensor calculus (see Section 2.1.4).

2.1.2 The Product Operation

An essential feature of hypercomplex numbers is the definition of the product.
We know from tensor calculus that for vectors in an N -dimensional space the
scalar product is a scalar quantity, whereas the cross-product is a tensor of rank
N − 2, thus it is a vector just for N = 3. Conversely, the product of hypercomplex
numbers is defined so that the result is still a hypercomplex number. This property
is also true for the “inverse operation”, i.e., division, which does not exist for
common vectors, whereas it generally exists for hypercomplex numbers. For real
and complex numbers the product operation satisfies the following properties:

1. distributive with respect to the sum,

2. associative,

3. commutative,

4. does not have divisors of zero.

We note that property 1 is taken as an axiom in linear algebra both for
addition of numbers ((α+β)v = αv+β v) and for addition of vectors (α(v1+v2) =
αv1+αv2) ([81], p. 243). About property 3, it is shown in Appendix C, p. 217 that
commutative hypercomplex systems with unity are associative, while associative
systems can be non-commutative, such as the Hamilton quaternions.

The first three properties are well known for real and complex numbers. As
far as the fourth one is concerned, we shall explain below the meaning of divisors
of zero.

It can be shown [65] that, only the real and complex numbers can satisfy
these four properties all together. As far as other systems are concerned, if they
satisfy the first two properties they can satisfy just one of the last two.

The most famous and most studied system of hypercomplex numbers is the
system of non-commutative Hamilton quaternions. In this book, we consider com-
mutative systems for which the following fundamental theorem, due to Scheffers,
is valid [64].

Theorem 2.1. For distributive systems with the unity, the differential and integral
calculus does exist only if the systems are commutative.
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In Appendix C, p. 237 we demonstrate, by using matrix formalism, that for
commutative systems the differential calculus does exist. The differential calculus
allows us to define the functions of a hypercomplex variable and to associate them
with the infinite-dimensional Lie group of functional mappings, as we shall see in
Section 7.2.3. Thanks to these important properties, commutative hypercomplex
numbers can be considered as an extension of real and complex numbers.

As in vector algebra, the product of two hypercomplex numbers is defined if
the product between the versors is defined. This product, for the considerations
discussed above, must be given by a linear combination of versors. Equation (2.1.1)
defines a hypercomplex number if the versor multiplication rule is given by

eαeβ = eγCγ
αβ , (2.1.2)

where the constants Cγ
αβ ∈ R are called structure constants and define the char-

acteristics of the system. If Cγ
αβ = Cγ

βα , ∀ (α, β, γ), the system is commutative.
As stated by Scheffers’ theorem, we consider systems which have a unity

versor e0 such that e2
0 = e0, e0 eα = eα. This unity versor can be replaced by “1”

and then omitted.
Let us consider the product, z = eγ zγ , of two hypercomplex numbers, x =

eαxα and y = eβyβ , which, as a function of the components, is given by

eγzγ = eαxαeβyβ ≡ eγCγ
αβxαyβ ⇒ zγ = Cγ

αβxαyβ ≡ Xγ
β yβ , (2.1.3)

where we have set
Xγ

β ≡ Cγ
αβxα. (2.1.4)

The expressions (2.1.3) are symmetric with respect to x and y, therefore we could
also set Y γ

α ≡ Cγ
αβyβ . We shall see that these two substitutions are equivalent.

2.1.3 Characteristic Matrix and Characteristic Determinant

The two-index elements Xγ
β can be considered as the elements of a matrix in which

the upper index indicates the rows and the lower one the columns. We note that
the N2 elements of this matrix depend on the structure constants and on the N
components of x. Therefore, even if introduced in a formal way, this matrix can be
used as a representation of the hypercomplex number x as shown in Section 2.1.3
and more diffusely in Appendix C. For this reason, it is called the characteristic
matrix of the hypercomplex number x. The determinant

‖X‖ (2.1.5)

is called the characteristic determinant and is an invariant quantity of the number
systems (Section 2.1.4). In general, we indicate the characteristic matrix by capital
letters with two indexes and the characteristic determinant by capital letters.

The elements of the characteristic matrix can be obtained by considering the
N hypercomplex numbers eβx for β = 0, . . . , N − 1. We have:
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Theorem 2.2. The N2 coefficients of the versors give the elements of the charac-
teristic matrix.

Proof. eβ x ≡ eβ eα xα ≡ eγ Cγ
αβxα = eγ Xγ

β . (2.1.6)

Then β determines the columns and the coefficients of the versors eγ give the
rows. �

The system of hypercomplex numbers is associative for multiplication if
(x y) z = x (y z). If this condition is expressed as a function of the components, we
obtain

(xy)z = (eγCγ
αβxαyβ) eδ zδ ≡ eε Cε

γδ Cγ
αβxαyβzδ,

x(yz) = eαxα(eγCγ
β δy

β zδ) ≡ eε Cε
α γ Cγ

β δx
αyβzδ.

Then, a system of hypercomplex numbers is associative if the structure constants
satisfy the relations

Cε
γδC

γ
αβ = Cε

αγCγ
βδ , ∀ (α, β, δ, ε). (2.1.7)

Some Properties

The product of two hypercomplex numbers is something new if compared with
the product of vectors. Nevertheless, (2.1.3) allows us to establish a link between
hypercomplex numbers and the linear algebra of matrices and vectors. The hyper-
complex numbers y and z can be represented as row vectors, whereas the com-
bination of the structure constants and the hypercomplex number x, represented
by (2.1.4), is a matrix. In this way, the product of two hypercomplex numbers is
equivalent to a vector-matrix product. Indeed, we have:

Theorem 2.3. All the associative hypercomplex numbers can be represented by a
characteristic matrix and their product by a matrix-matrix product.

Proof. From the definition of the characteristic matrix (2.1.4) and from (2.1.3),
(2.1.7), we have

Zγ
β ≡ Cγ

α β zα = Cγ
α β Cα

µ ν xµ yν (2.1.7)−→
Cγ

µ α Cα
ν β xµ yν ≡

(
Cα

ν β yν
) (

Cγ
µ α xµ

)
≡ Y α

β Xγ
α. (2.1.8)

�
It follows, from (2.1.8) ([65], p. 291), that

Theorem 2.4. The product of two characteristic matrices is a characteristic matrix.

All the products in (2.1.8) are commutative; then, the same property holds
for the final product of matrices. For commutative hypercomplex numbers, the
matrix representation (instead of the vector representation) is more suitable. In-
deed for these systems the form of the characteristic matrices is such that their
product is commutative, in agreement with the properties of the numbers. From
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the characteristic matrix, one can also obtain the matrix representation of the
basis eα. Actually the matrix that represents the versor eα is obtained by setting

xβ = δβ
α where

{
δβ
α = 1 for α = β,

δβ
α = 0 for α �= β

(2.1.9)

in the characteristic matrix of x1.
As a consequence of (2.1.8), we can extend to the characteristic determinant

a property that is well known for complex numbers. We have

Theorem 2.5. The product of two characteristic determinants is a characteristic
determinant.

Then, given the hypercomplex numbers x and y, from a property of deter-
minants it follows that

‖X · Y ‖ = ‖X‖ · ‖Y ‖. (2.1.10)

2.1.4 Invariant Quantities for Hypercomplex Numbers

Let us briefly recall the algebraic invariant quantities for equivalent hypercomplex
systems. Let us consider a linear transformation from the versors eα to the versors
ēβ by means of a non-singular matrix with elements (aβ

α), and let us call (aα
β )−1

the elements of the inverse matrix; then

eα = aβ
α ēβ and for the components xα = (aα

γ )−1 x̄γ with aβ
α (aα

γ )−1 = δβ
γ .

(2.1.11)
As it happens for quadratic forms, (2.1.1) is invariant,

eαxα = aβ
α ēβ (aα

γ )−1 x̄γ ≡ ēβ x̄β . (2.1.12)

This property justifies the position of indexes in agreement with the convention
of tensor calculus for covariant and contravariant indexes.

By means of transformation (2.1.11), the structure constants become

Cγ
αβ = C

ν

εµ (aγ
ν)−1 aε

α aµ
β . (2.1.13)

Proof. Putting ēαēβ = ēγC
γ

αβ and substituting the first of (2.1.11) into (2.1.1),
we get

eαeβ ≡
{

aε
α ēε aµ

β ēµ ≡ aε
α aµ

β C
ν

ε µ ēν

eγCγ
αβ ≡ ēν aν

γ Cγ
α β

⇒ aε
α aµ

β C
ν

ε µ ēν = ēν aν
γ Cγ

α β (2.1.14)

and, by multiplying the last expression by (aγ
ν)−1, (2.1.13) follows. �

1The characteristic matrix is composed of real elements. Therefore, also this representation
of versors is given by real numbers. This fact is not in contradiction with the statement ek /∈ R
because one must not confuse ek for its representation.
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We have also

Theorem 2.6. The characteristic determinant is invariant for equivalent systems
of hypercomplex numbers.

Proof. The elements of the characteristic matrix are transformed as

Xγ
α ≡ Cγ

αβ xβ = C
ν

εµ (aγ
ν)−1 aε

α aµ
β (aβ

λ)−1 x̄λ

≡ C
ν

εµ (aγ
ν)−1 aε

α δµ
λ x̄λ ≡ C

ν

εµ x̄µ (aγ
ν)−1 aε

α ≡ X
ν

ε (aγ
ν)−1 aε

α (2.1.15)

and, by taking the determinants of the first and last terms, we obtain the state-
ment. �
Theorem 2.7. The trace of the characteristic matrix is invariant.

Proof. From the first and last terms of (2.1.15), we get

Xα
α = X

ν

ε (aα
ν )−1 aε

α ≡ X
ν

ε δε
ν ≡ X

ν

ν . (2.1.16)
�

2.1.5 The Division Operation

Let us consider the hypercomplex numbers z and x. The division z/x is defined
if a hypercomplex number y exists such that z = x y. Thus the components yβ

must satisfy the linear system (2.1.3), and this means that the determinant (the
characteristic determinant) of the system (2.1.3) must be �= 0. Since the elements of
this determinant depend on the structure constants as well as on the components
of the hypercomplex number, the determinant (2.1.5) can be equal to zero for
particular numbers, i.e., some numbers x �= 0 may exist for which ‖X‖ = 0. For
these numbers, called divisors of zero [13] and [81], the division is not possible, as
shown in an example in Section 2.2.2. For these numbers also the product is not
univocally determined.

Proof. Let us consider a divisor of zero, ȳ = eβ ȳβ . The system (2.1.3) in the
unknown xα has its determinant equal to zero. Thus, for the homogeneous system
(z = 0), infinite solutions with x̄ �= 0 exist. Actually if xȳ = z also (x + x̄)ȳ = z,
i.e., the multiplication of y by different numbers gives the same result. �

For commutative numbers, also x̄ are divisors of zero, generally different from
ȳ. The divisors of zero are divided into groups; products of numbers of one group
times numbers of another one are zero (see Appendix C).

2.1.6 Characteristic Equation and Principal Conjugations

Hypercomplex numbers can be related to matrix algebra [65] and, as in matrix
algebra, a characteristic equation exists. This equation can be obtained by consid-
ering for n = 1, . . . , N the nth power of the hypercomplex number x. From N − 1
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equations of this set, we can determine the N − 1 versors2 as rational functions of
the hypercomplex number and of the components. By substituting these versors in
the N th equation, we obtain an equation of degree N for the hypercomplex num-
ber x. This equation is called the characteristic equation or the minimal equation.
We have ([13], Section 25) and ([65], p. 309)

Theorem 2.8. The characteristic equation can be obtained from the eigenvalue
equation for the characteristic matrix

‖Xγ
β − δγ

β x‖ = 0 , where
{

δγ
β = 1 for γ = β,

δγ
β = 0 for γ �= β.

(2.1.17)

Proof. Equation (2.1.17) can be obtained from (2.1.6) by setting eβ = eγ δγ
β ;

eβ x ≡ eγ δγ
β x = eγ Xγ

β ⇒ eγ (Xγ
β − δγ

β x) = 0. (2.1.18)

Equation (2.1.18) is equivalent to a linear system in the unknown eγ . Then, since
eγ �= 0, (2.1.17) follows. �

The hypercomplex number x is a solution of (2.1.17); the other N − 1 so-
lutions are named principal conjugations. Let us now anticipate some assertions
that are more thoroughly discussed in Appendix A for commutative quaternions
and in Appendix C for general hypercomplex numbers. Let us indicate with kx̄
the principal conjugations of x; they have the following properties that are the
same as the conjugate of a complex number:

1. the transformation xα ↔ kx̄ is bijective;

2. the principal conjugations are hypercomplex numbers with the same struc-
ture constants;

3. the product of the principal conjugations is the characteristic determinant of
the hypercomplex number.

Let us demonstrate this last assertion, leaving the other two to the reader.

Proof. We can write the characteristic equation as the product of linear terms

given by the differences between the unknown x and the roots kx̄:
N−1∏
k=1

(x −k x̄).

From this expression we see that the product of the roots is equal, but for the
sign, to the known term of the characteristic equation (2.1.17), thus it is equal to
the characteristic determinant. �

Extending the concept of modulus of a complex number, the N th root of
the absolute value of the characteristic determinant is called the modulus of the

2The number of versors is N − 1 since we are considering numbers with the unity versor.
Otherwise for systems without the unity versor (decomposable systems, see Section 2.1.7) we
have to consider the 0th power.
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system and is indicated by |x| [81]. It is well known that the modulus of a complex
number coincides with the Euclidean distance, i.e., it is the invariant quantity
of the Euclidean geometry (roto-translations). We shall see in Chapter 3 that a
geometry in which |x| is the invariant quantity can be defined and associated with
all the systems of commutative hypercomplex numbers.

2.1.7 Decomposable Systems

There are hypercomplex numbers for which the versors can be classified into
groups, if necessary by means of a suitable non-singular linear transformation,
so that the product of two versors of a group belongs to the group and the prod-
uct of versors of different groups is zero [13]. These systems are called decomposable
systems, and an example will be shown in Section 2.2.2. As is known from group
theory, each of these sub-systems must have its own unity. These unities are called
sub-unities. We can also “compose” systems; in this case the composed system
has as main unity the sum of the sub-unities and the other versors are obtained
by a linear transformation of the versors of the component sub-systems. For these
decomposable systems, the characteristic determinant is given by the product of
the characteristic determinants of the sub-systems ([65], p. 310).

2.2 The General Two-Dimensional System

Taking into account that two-dimensional hypercomplex numbers are the basic
elements of Chapters 4–10 of this book, we introduce them in the present section,
giving a self-consistent exposition.

Let us consider the general two-dimensional system [47] for which we indicate
the versors and the components with specific letters

{z = x + u y; u2 = α + uβ ; x, y, α, β ∈ R, u /∈ R}, (2.2.1)

where the second relation assures that the product of two hypercomplex numbers
is a hypercomplex number itself. The structure constants are C1

00 = C0
01 = 0;

C0
00 = C1

01 = 1; C0
11 = α; C1

11 = β. From (2.1.6) and (2.2.1) one has

u z = αy + u (x + βy), (2.2.2)

and the characteristic matrix and the characteristic determinant are(
x α y
y x + β y

)
; x α y

y x + β y
≡ x2 − α y2 + β x y. (2.2.3)

Regarding the product, if z1 = x1 +u y1 and z2 = x2 +u y2 are two hypercomplex
numbers, on the strength of (2.2.1), we have

z1 z2 = (x1 +u y1)(x2 +u y2) ≡ x1 x2 +α y1 y2 +u (x1 y2 +x2 y1 +β y1 y2). (2.2.4)
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For the inverse operation (division), given a number a + u b, one has to look for a
number z = x + u y such that

(a + u b)(x + u y) = 1. (2.2.5)

If (2.2.5) is satisfied, the inverse z of a + u b exists and we can divide any number
by a + u b, by multiplying it by z.

The hypercomplex equation (2.2.5) is equivalent to the real system

a x + α b y = 1,

b x + (a + β b) y = 0, (2.2.6)

whose determinant is

D = a2 + a β b − α b2 ≡
(

a +
β

2
b

)2

−
(

α +
β2

4

)
b2.

If we set
∆ = β2 + 4α, (2.2.7)

then the parabola α = −β2/4 (∆ = 0) divides the (β, α) plane into three regions
(see Fig. 2.1).

• Inside the region I (∆ < 0), D is always > 0 except for a = b = 0 (in this case
D = 0). Therefore the division is always possible for every non-null number.

• In region II, the parabola ∆ = 0, D only vanishes on a + β/2 b = 0.

• In region III (∆ > 0), D vanishes on the two lines a + (β/2 ±
√

∆/2) b = 0.
If D = 0, the system (2.2.6) has solutions for certain non-null a and b;
the associated homogeneous system a x + α b y = 0 , b x + (a + β b) y = 0
admits non-null solutions. This is related to the existence of divisors of zero,
numbers for which the product of two non-null hypercomplex numbers a+u b
and x + u y, is zero.

Therefore the sign of the real quantity ∆ = β2 + 4 α determines the possibility
of executing the division between two hypercomplex numbers. The sign of ∆ also
determines the subdivision of the general two-dimensional hypercomplex number
z = x + u y into three different types. We start from the characteristic equation
for z obtained by means of (2.1.17)∣∣∣∣ x − z α y

y x + β y − z

∣∣∣∣ = 0 ⇒ z2 − z(2x + βy) + x2 − αy2 + βxy = 0, (2.2.8)

whose solutions are

z =
2 x + β y ± y

√
β2 + 4 α

2
. (2.2.9)

Equation (2.2.8), as mentioned in Section 2.1.6, can be also obtained by calculating
the powers of z = x + u y ; z2 = x2 + α y2 + u y (2x + β y) and by substituting
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�

�

∆ = 0
(II)

∆ < 0
(I)

∆ > 0
(III)

1

−1

β

α

Figure 2.1: In this figure we represent in the (β, α) plane the parabola α = −β2

4
obtained by setting ∆ ≡ β2 + 4α = 0. The position of the point P ≡ (β , α)
determines the three types of two-dimensional hypercomplex numbers.
(I) Inside the parabola (∆ < 0) we call these systems elliptic hypercomplex num-
bers. (II) On the parabola (∆ = 0), we call these systems parabolic hypercomplex
numbers. (III) Outside the parabola (∆ > 0), we call these systems hyperbolic
hypercomplex numbers.

in the second equation the value of u y obtained from the first one. Therefore ∆
determines the nature of the solutions of the characteristic equation. On the other
hand, we know that u2 = α + u β is fundamental in the definition of the product
of two hypercomplex numbers, according to (2.2.1) and (2.2.10); therefore, we can
classify the hypercomplex numbers into three classes according to the position of
the point P ≡ (β , α) in the (β, α) plane

1. If P is inside the parabola (∆ < 0), any non-null element has an inverse and,
as a consequence, division is possible for any non-null hypercomplex number.
We call these systems elliptic hypercomplex numbers.

2. If P is on the parabola (∆ = 0), we call these systems parabolic hypercomplex
numbers. Each of them admits divisors of zero satisfying x + (β/2) y = 0.
Division is possible for all the other numbers.
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3. If P is outside the parabola (∆ > 0), we call these systems hyperbolic
hypercomplex numbers. Each of them admits divisors of zero satisfying x +
(β/2 ±

√
∆) y = 0. Division is possible for all the other numbers.

Let us consider the conic with equation

x2 + β x y − α y2 = 0,

where the left-hand side is the characteristic determinant (2.2.3). According to
whether ∆ ≡ β2 + 4 α is < 0, = 0, > 0, the curve is an ellipse, a parabola or a hy-
perbola. This is the reason for the names used for the three types of hypercomplex
numbers. For the three cases, we define our systems as canonical systems if

1. u2 = −1 (i.e., α = −1 , β = 0). This is the case of the ordinary complex num-
bers. One can verify that any elliptic system is isomorphic to the canonical
system.

2. u2 = 0 (i.e., α = 0 , β = 0). One can verify that any parabolic system is
isomorphic to the canonical system.

3. u2 = 1 (i.e., α = 1 , β = 0). This system is related to the pseudo-Euclidean
(space-time) geometry, as we shall see later in this book. One can verify that
any hyperbolic system is isomorphic to the canonical system. In this case the
divisors of zero satisfy y = ±x.

Coming back to the characteristic equation, we have

Theorem 2.9. The square root in (2.2.9) can be replaced with 2 u − β.

Proof. Let us look for a complex number a + u b so that (a + u b)2 ≡ β2 + 4 α.
Taking into account the multiplication rule for u2, we can write for a and b (b �= 0),
a system of degree 2,

2 a + β b = 0 ; a2 + α b2 = β2 + 4 α.

The solutions are a = ∓β , b = ±2. Selecting the upper signs, we obtain the
relation

∆ ≡ β2 + 4α = (2 u − β)2. (2.2.10)
�

We can write the solutions of (2.2.9) as

a) z = x + u y; b) z̄ = x + βy − u y. (2.2.11)

We call z̄ the conjugate of z. In the case of canonical systems, β = 0 and then
z̄ = x − u y (u = i in the particular case of complex numbers). The product
z z̄ = x2 − α y2 + β x y ∈ R is the square modulus of z (z z̄ = x2 + y2 in the
particular case of complex numbers).
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We end this section with a matrix representation (that we write in sans serif )
of the versors and of z. From (2.1.9) and (2.2.3), we have for the unit versor, u
and z

1 =
(

1 0
0 1

)
; u =

(
0 α
1 β

)
; z = x · 1 + y · u (2.2.12)

and also

u2 =
(

α α β
β α + β2

)
≡

(
α 0
0 α

)
+
(

0 α β
β β2

)
≡ α · 1 + β · u. (2.2.13)

2.2.1 Canonical Two-Dimensional Systems

Let us go back to (2.2.10). For canonical systems (β = 0) we have ∆ = (2 u)2 and
the solutions (2.2.9) become

z =
2 x + 2 u y

2
≡ x + u y ; z̄ =

2 x − 2 u y

2
≡ x − u y. (2.2.14)

These solutions are the ones we consider for complex numbers (∆ < 0), whereas
for hyperbolic numbers, because u2 = 1, it is usual to omit the versor. Now, as we
stressed in the preface, even if complex numbers were introduced as square roots
of negative numbers, they have acquired other important meanings, which can be
usefully applied to other two-dimensional number systems. Then, in agreement
with (2.2.14), also for a canonical hyperbolic system we write z = x ± u y. These
solutions are obtained by setting the appropriate versors before the square root.
In Chapters 8 and 9 we shall see how these considerations are fruitfully used for
extending the applications of hyperbolic numbers.

2.2.2 The Two-Dimensional Hyperbolic System

Let us introduce some properties of hyperbolic numbers, considered as belonging
to a decomposable system.

Let us consider the canonical hyperbolic system [47], [80] and [81], defined
as

{z = x + h y; h2 = 1 x, y ∈ R, h /∈ R}, (2.2.15)

where we have set u = h, as we shall do in the following, when we refer to a
canonical hyperbolic system. Let us apply the substitution of versors

e1 =
1
2
(1 + h); e2 =

1
2
(1 − h) ⇒ e2

1 = e1; e2
2 = e2; e1 e2 = 0, (2.2.16)

with inverse transformations

1 = e1 + e2 , h = e1 − e2, (2.2.17)
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and of variables
x + y = ξ, x − y = η, (2.2.18)

with inverse transformations

x =
ξ + η

2
, y =

ξ − η

2
. (2.2.19)

The basis with the versors satisfying (2.2.16), i.e., where the powers of the versors
are equal to the versors themselves and the product of different versors is zero,
is called the idempotent basis and the numbers represented in this basis are said
to be in decomposed form [43], [60] and [70]. By setting ζ = e1 ξ + e2η, it is easy
to check that the conjugate (which we indicate by˜if we refer just to hyperbolic
numbers) is given by

ζ̃ = e2 ξ + e1η (2.2.20)

and that the quantity

ζ ζ̃ = (e1ξ + e2η)(e1η + e2ξ) ≡ (e1 + e2)ξ η ≡ ξ η (2.2.21)

is real. ξ η ≡ x2 − y2 represents the invariant of hyperbolic numbers in their
decomposed form. It coincides with the product of the invariants (the distances
[81]) of the component systems. Now, let us consider the numbers ζ1 = e1 ξ1+e2 η1

and ζ2 = e1 ξ2 + e2 η2. From (2.2.16), it follows [43] that

ζ1 ζ2 = e1 ξ1 ξ2 + e2 η1 η2, (2.2.22)

ζ1

ζ2
≡ e1 ξ1 + e2 η1

e1 ξ2 + e2 η2
≡ (e1 ξ1 + e2 η1)(e1 η2 + e2 ξ2)

(e1 ξ2 + e2 η2)(e1 η2 + e2 ξ2)

≡ e1 ξ1 η2 + e2 η1 ξ2

(e1 + e2)ξ2 η2
= e1

ξ1

ξ2
+ e2

η1

η2
. (2.2.23)

We see from (2.2.23) that division is not possible if ξ2 = 0 or η2 = 0; the coordinate
axes are the divisors of zero for this system in decomposed form. It is immediate
to verify that (e1 0+e2 η)(e1 ξ+e2 0) ≡ 0, i.e., the product of any number lying on
the ξ = 0 axis by any number lying on the η = 0 axis is zero although the factors
are �= 0. For the decomposed systems, this general rule holds: The divisors of zero
are the zeros of the component systems.



Chapter 3

The Geometries Generated by
Hypercomplex Numbers

3.1 Linear Transformations and Geometries

3.1.1 The Continuous Lie Groups

The groups of transformations were introduced and formalized by S. Lie in the
second half of the XIXth century. The concept of group is well known; here we only
recall the definition of transformations or Lie groups that is used in this section.

Let us consider N variables xm and N variables yi that are functions of xm

and of K parameters al. Now, let us consider a second transformation from yi to
the variables zn, given by the same functions but with other values of the param-
eters (b l). We say that these transformations are a group if, by considering them
one after the other (product of two transformations), we have the same functional
dependence between z and x with other parameters, whose values depend on the
parameters of the previous transformations. To express these concepts in formulas,
we indicate by

yi = f i(x1 · · ·xN , a1 · · · aK) ≡ f i(x, a) with i = 1, . . . , N

the first transformation and by zn = fn(y, b) a second transformation with other
parameters. The relation between z and x (composite transformation) is zn =
fn[f(x, a), b]. If these last transformations can be written as zn = fn(x, c) with
c = g(a, b), they represent a group. The number of parameters (K) is the order
of the group. If the parameters can assume continuous values, these groups are
called continuous groups (see Section 7.2.3). A fundamental result obtained by
Lie is that these groups can be related to systems of differential equations and the
number of parameters is linked to the initial conditions.

3.1.2 Klein’s Erlanger Programm

In a talk that introduced his famous “Erlanger Programm”, Felix Klein in 1872
associated the continuous groups with geometries. The guideline is the following:
associated with all the geometries (elementary, projective, etc.) is the notion of
equivalence. It can be shown that the transformations that give rise to equivalent
forms have the properties of groups. Then, the geometries are the theories related
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to the invariants of the corresponding groups. This concept can be inverted and
in this way is applied to hypercomplex numbers.

We begin by recalling the importance of linear transformations as related
to important geometries. An arbitrary linear transformation can be written as
yγ = cγ

βxβ , with the condition ‖cγ
β‖ �= 0; therefore it depends on N2 parameters. By

identifying yγ and xβ as vector components, we can write, following the notation
of linear algebra,⎛⎜⎝ y1

...
yN

⎞⎟⎠ =

⎛⎜⎝ c1
1 · · · c1

N
...

. . .
...

cN
1 · · · cN

N

⎞⎟⎠
⎛⎜⎝ x1

...
xN

⎞⎟⎠ . (3.1.1)

These transformations are known as homographies and are generally non-commut-
ative. From a geometrical point of view, they represent a change of reference frame
through an arbitrary rotation of its axes and a change of length measures on the
axes. The geometry that considers equivalence of geometric figures with respect
to these transformations is called affine geometry, and the corresponding group
is called an affine group. An invariant quantity for such a group is the distance
between two points, expressed by a positive definite quadratic form. Euclidean
geometry, for which the distance is given by Pythagoras’ theorem, is a subgroup
of this group. For the Euclidean group, the constants cγ

β must satisfy N(N +
1)/2 conditions, then the remaining parameters are N2 − N(N + 1)/2 = N(N −
1)/2. From a geometrical point of view, the allowed transformations of Euclidean
geometry are given by rotations of the Cartesian axes.

If we consider also the translations group, we must add N parameters and
we get a group with N(N + 1)/2 parameters, which corresponds to the allowed
motions of geometrical figures in a Euclidean space. These motions also represent
the allowed motions in a homogeneous space (a constant curvature space). In
Chapter 9 we shall recall that Riemann’s and Lobachevsky’s plane geometries are
represented on positive and negative constant curvature surfaces, respectively. Now
let us see how the above notions are applied to hypercomplex systems.

3.2 Groups Associated with Hypercomplex Numbers

A hypercomplex number x can be represented in an N -dimensional space by iden-
tifying its components xα with the Cartesian coordinates of a point P ≡ (xα).
In this space we introduce the metric (distance of a point from the coordinate
origin), given by the N th root of the characteristic determinant. More generally,
the distance between two points shall be given by substituting in the characteristic
determinant the differences of the points’ coordinates. In this space we have

Theorem 3.1. Every commutative system of hypercomplex numbers generates a
geometry. For such geometry, the metric is obtained from a form of degree N given
by the characteristic determinant. Motions are characterized by 2N−1 parameters.
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Proof. As in Euclidean geometry, we define as motions the transformations of
coordinates that leave the metric unchanged. There are two kinds of such trans-
formations.

1. We begin by considering the transformations corresponding to Euclidean
translations. Let us consider the hypercomplex constant a = eαaα and the
hypercomplex variables y ≡ eαyα and x ≡ eαxα. The transformation y =
a+ x, whose components are yγ = aγ + xγ , represents the translation group,
which has the same number of parameters as the equivalent Euclidean one.

2. The second group of motions in Euclidean geometry is given by the rota-
tions that, like the previous one, leave unchanged the Pythagorean distance
between two points. Let us see what this group becomes for hypercomplex
numbers. Let us consider the transformations y = ax, whose components are

eγyγ = eαaαeβxβ ≡ eγCγ
αβaαxβ .

Cγ
αβaα are the elements of the characteristic matrix of the hypercomplex

constant a. Setting Cγ
αβaα = Aγ

β , we have

yγ = Aγ
βxβ , (3.2.1)

therefore y is a linear mapping of x. Let us consider another constant, b =
eα bα, and the corresponding transformation

z ≡ eγ zγ = b y ≡ b a x ≡ eδ bδ eα aα eβ xβ

≡ eγ (Cγ
α ε aα) (Cε

δ β bδ) xβ ≡ eγ Aγ
ε Bε

β xβ . (3.2.2)

Since Aγ
ε = Cγ

α ε aα and Bε
β = Cε

δ β bδ are the elements of characteristic ma-
trices, then, from Theorem 2.4, their product Dγ

β = Aγ
ε Bε

β is a characteristic
matrix too and z = eγ Dγ

β xβ is a linear mapping of x via a characteristic
matrix. This mapping is a group called the multiplicative group. Following
Klein’s program, we can associate the multiplicative group of every hyper-
complex number with a geometry. From (2.1.10) and (3.2.1), it follows that
the characteristic determinants ‖X‖, ‖Y ‖ of the hypercomplex numbers x, y
are the same if

‖A‖ = 1. (3.2.3)

Therefore the characteristic determinant of the hypercomplex number is an
invariant quantity for the unimodular multiplicative group. Since the unimod-
ular characteristic matrix takes the place of the orthogonal matrix of the N -
dimensional Euclidean rotation group, we name this group the hypercomplex
rotation group (HRG). The unimodularity condition for the characteristic
determinant reduces the parameters of this group to N − 1 real constants:
the components aα that are mutually linked by the condition (3.2.3). �
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In the following table (3.2.4) we compare the numbers of parameters of these
geometries with the numbers of parameters (N(N−1)/2) of the Euclidean rotation
group (ERG).

Space dimensions[N ] 2 3 4 5 6
HRG[N − 1] 1 2 3 4 5
ERG[N(N − 1)/2] 1 3 6 10 15

(3.2.4)

Then, the number of parameters is the same for the two geometries only for N = 2.
The unimodular multiplicative group of the complex numbers is the same

as the Euclidean rotation group, as we briefly recall in Section 3.2.1. The geome-
tries generated by the other two-dimensional systems of hypercomplex numbers
are known too. In particular, the geometry generated by parabolic numbers is
extensively studied in [81], where also the geometry associated with hyperbolic
numbers is introduced. A complete formalization of this last geometry and wide-
ranging applications of hyperbolic numbers are the subject of this book.

None of the geometries generated by hypercomplex numbers for N > 2 corre-
sponds to a Euclidean geometry. This fact is a straightforward consequence of the
differences existing between the invariant quantities. Actually the characteristic
determinant of a multidimensional (N > 2) hypercomplex number is an algebraic
form of degree N , whereas the Euclidean invariant is the Pythagorean distance of
degree 2. In addition, it follows that the invariable hypersurfaces for the motions
(compared to the Euclidean hyperspheres) are obtained by equating the charac-
teristic determinant to a constant.

In the studies of hyperbolic geometry by means of hyperbolic numbers, it has
been pointed out ([81], p. 251) that the most suitable geometrical representation
of these numbers is over a plane with the metric (scalar product) that derives from
the structure of the hyperbolic numbers, i.e., from the characteristic determinant.
If we extend this consideration to the above introduced geometries, we can say
that their most suitable representations are obtained in spaces with the metric
fixed by the algebraic form of degree N given by the characteristic determinant.
In these spaces, generated by commutative hypercomplex numbers, we introduce
the functions of a hypercomplex variable, and see (Chapter 7 and Appendix A)
that the hypercomplex conformal mappings have the same geometrical properties
of the conformal mappings corresponding to the functions of a complex variable.

Let us say some words about the geometries just introduced and the ones
associated with the more general mappings of (2.1.11). The differences among
them are the same existing for the following geometries:

1. The Euclidean geometry, associated with orthogonal groups;

2. The affine geometry, associated with affine groups of all non-singular linear
transformations.

If we consider two-dimensional geometries, the first case corresponds to the ge-
ometry generated by complex numbers. In other words, the matrix of a linear
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mapping has the same structure as the characteristic matrix of complex numbers.
Similar considerations hold for all the systems of hypercomplex numbers, for which
a specific geometry can be associated with a linear mapping that has the same
structure as the characteristic matrix. For complex and hypercomplex numbers,
the geometries associated with all non-singular linear mappings are equivalent to
the affine geometry of the second point.

3.2.1 Geometries Generated by Complex and Hyperbolic Numbers

The Geometry Generated by Complex Numbers

Complex numbers can represent plane vectors and the related linear algebra ([54],
p.73). Actually z = x + i y can be interpreted as a vector of components x and
y, along the versors 1 and i, where x and y are the coordinates on the plane.
Considering the product by a constant,

z1 = az ≡ (ar + i ai)(x + i y), (3.2.5)

the complex numbers play the role of both a vector and an operator (matrix) ([54],
p.73). Actually, (3.2.5) is equivalent to the familiar expression of linear algebra(

x1

y1

)
=

(
ar −ai

ai ar

)(
x
y

)
.

In this expression, the double representation of a complex number, introduced
in Section 2.1.3, has been used. In particular, the complex constant a is written
in matrix form (like the operators in linear algebra), while z is represented as a
column vector. If we write the constant a in its exponential form,

a ≡ (ar + i ai) = exp ρ (cos φ + i sinφ),

with the inverse transformation

ρ = ln
√

a2
r + a2

i ; φ = tan−1ai/ar,

we see that the constant a plays the role of an operator representing an orthogonal-
axis rotation with a homogeneous dilatation (homothety). If ρ = 0, and if we add
another constant b = br+i bi, then z1 = az+b gives the permissible vector transfor-
mations in a Euclidean plane. Then, the additive and unitary multiplicative groups
of complex numbers are equivalent to the Euclidean group of roto-translations,
which depends on the three parameters φ, br, bi. Vice versa, we can use complex
numbers for describing plane-vector algebra, because the vectors are usually rep-
resented in an orthogonal coordinate system and the additive and multiplicative
groups of complex numbers are the same as Euclidean groups.
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The Geometry Generated by Hyperbolic Numbers

In Chapter 4 we shall apply to hyperbolic numbers the same considerations ex-
pounded for the geometry generated by complex numbers and, in Section 4.1.2,
we show that the multiplicative group of hyperbolic numbers (hyperbolic geome-
try) represents the space-time geometry. Now, we consider this geometry as the
simplest one associated with decomposable systems of numbers.

The multiplicative group of hyperbolic numbers, expressed in vector-matrix
form, is given by(

y1

y2

)
=

(
A1

1 A1
2

A2
1 A2

2

)(
x1

x2

)
with A1

1 = A2
2, A1

2 = A2
1. (3.2.6)

The unimodularity condition requires that (A1
1)

2 − (A2
1)

2 = 1 and this allows
introducing a hyperbolic angle θ so that A1

1 = cosh θ, A2
1 = sinh θ. This position is

equivalent to writing, in complex analysis, the constant of the multiplicative group
in its polar form. For hyperbolic numbers too, the polar hyperbolic coordinates
are obtained from the exponential transformation x = ρ cosh θ, y = ρ sinh θ [37],
[47] (see Section 4.1.1). In this way, the multiplicative group becomes an additive
group for θ, and the unimodularity condition becomes ρ = 1.

Let us consider the hyperbolic numbers and the hyperbolic constants in the
decomposed form of Section 2.2.2. Equation (3.2.6) becomes(

η1

η2

)
=

(
α1

1 0
0 α2

2

)(
ξ1

ξ2

)
. (3.2.7)

If we express the constants and the variables in exponential form α1
1 = exp[λ], α2

2 =
exp[µ] and ξi = exp[ωi], the transformation (3.2.7) corresponds to translations
along the ω1, ω2 axes.

If we consider one real variable, the multiplicative group is y = a x, but
the unimodularity condition requires that a = 1; then this mapping is the trivial
identity. When we compose two real variables and obtain the hyperbolic numbers,
the unimodularity condition gives λ = −µ which, as we shall better see in Section
4.1.2, represents the Lorentz transformation of Special Relativity [70] and [81]. The
above discussed example shows that the geometry associated with a composite
system adds something new with respect to the geometries associated with the
component systems.

3.3 Conclusions

Hypercomplex numbers, considered as an extension of real and complex numbers,
can not satisfy the four properties of multiplication; if these systems are commuta-
tive, they must have divisors of zero. On the basis of these properties, associative
hypercomplex numbers can be grouped in two classes: to the first class belong
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the non-commutative systems (Hamilton, hyperbolic quaternions etc.), while to
the second class the commutative systems. The peculiar differences between non-
commutative and commutative systems are their invariants and the existence of
differential calculus. As far as the invariant is concerned, for the non-commutative
systems it can be an algebraic quadratic form that can be related with Euclidean
geometry so that, by means of Hamilton’s quaternions, we can represent vectors
in the three-dimensional Euclidean space.

For commutative systems, the invariant is represented by an N -form that,
for N > 2, generates new geometries. Since for these systems the differential
calculus exists, the above-mentioned geometries can be extended for studying non-
flat spaces as it has been done with the complex variable for Euclidean geometry
and, as it will be shown in the following chapters, with the hyperbolic variable
for studying pseudo-Euclidean geometries [81]. Such multidimensional geometries
have not been completely investigated and this allows us to assert the following
consideration: the kind of two-dimensional numbers derives from the solutions of
an equation of degree 2. We find the same classification in other mathematical
fields. We have

• imaginary solutions → complex numbers → Euclidean geometry → Gauss
differential geometry (definite quadratic differential forms) → elliptic partial
differential equations;

• real solutions → hyperbolic numbers → Minkowski (space-time) geometry →
differential geometry on Lorentz surfaces (non-definite quadratic differential
forms) → hyperbolic partial differential equations.

Moreover, in more than two dimensions we suggest the following general links:

• the kind of solutions of an algebraic equation of degree N → systems of
hypercomplex numbers → multiplicative group → geometries → differential
geometries.

In this way, the differential geometry in an N -dimensional space would derive
from a differential form of degree N instead of the quadratic Euclidean or pseudo-
Euclidean differential forms. These peculiar properties could open new ways for
applications in field theories.
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Trigonometry in the Minkowski Plane

We have seen in Section 3.2 how commutative hypercomplex numbers can be asso-
ciated with a geometry, in particular the two-dimensional numbers can represent
the Euclidean plane geometry and the space-time (Minkowski) plane geometry. In
this chapter, by means of algebraic properties of hyperbolic numbers, we formalize
the space-time geometry and trigonometry. This formalization allows us to work
in Minkowski space-time as we usually do in the Euclidean plane, i.e., to give a
Euclidean description that can be considered similar to Euclidean representations
of non-Euclidean geometries obtained in the XIXth century by E. Beltrami [2] on
constant curvature surfaces, as we recall in Chapter 9.

Let us consider the two-dimensional system of hyperbolic numbers defined
as

{z = x + h y; h2 = 1 ; x, y ∈ R},

and see how it is strictly related to space-time geometry [81]. Actually, by calling
z̃ = x − h y the hyperbolic conjugate of z, we have:

• The square modulus given by |z|2 = zz̃ ≡ x2 − y2 represents the Lorentz
invariant of the two-dimensional special relativity.

• The unimodular multiplicative group is the special relativity Lorentz group
[81].

These relations make hyperbolic numbers relevant for physics and stimulate us to
find their application in the same way complex numbers are applied to Euclidean
plane geometry. In this chapter we present a formalization of space-time trigonom-
etry which we derive by first remarking that hyperbolic (complex) numbers allow
us to introduce two invariant quantities with respect to Lorentz’s (Euclid’s) group.
The first invariant is the scalar product, the second one is equivalent to the mod-
ulus of the vector product (an area). These two invariant quantities allow us to
define, in a Cartesian representation, the hyperbolic trigonometric functions that
hold in the whole hyperbolic plane, by which we can solve triangles with sides in
any directions, except parallel to axes bisectors. More precisely we start from the
experimental axiom that the Lorentz transformations represent a “symmetry of
nature” and look for their geometrical “deductions”. In this way the following for-
malization is an axiomatic-deductive theory, starting from experimental axioms,
equivalent to Euclid’s geometry construction.
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4.1 Geometrical Representation of Hyperbolic

Numbers

Now let us introduce a hyperbolic plane by analogy with the Gauss–Argand plane
of a complex variable. In this plane we associate points P ≡ (x, y) to hyperbolic
numbers z = x + h y. If we represent these numbers on a Cartesian plane, in this
plane the square distance of the point P from the origin of coordinates is defined
as

D = zz̃ ≡ x2 − y2. (4.1.1)

The definition of distance (metric element) is equivalent to introducing the bilinear
form of the scalar product. The scalar product and the properties of hypercomplex
numbers allow one to state suitable axioms ([81], p. 245) and to give to a pseudo-
Euclidean plane the structure of a vector space.

Now let us consider the multiplicative inverse of z that, if it exists, is given by
1/z ≡ z̃/zz̃. This implies that z does not have an inverse when zz̃ ≡ x2 − y2 = 0,
i.e., when y = ±x, or alternatively when z = x±hx, that are the “divisors of zero”
defined in Section 2.1. These two straight lines, whose elements have no inverses,
divide the hyperbolic plane in four sectors that we shall call Right sector (Rs), Up
sector (Us), Left sector (Ls), and Down sector (Ds). This property is the same as
that of the special relativity representative plane and this correspondence gives
a physical meaning (space-time interval) to the definition of distance. Now let us
consider the quantity x2 − y2, which is positive in Rs, Ls (|x| > |y|) sectors, and
negative in Us,Ds (|x| < |y|) sectors. As it is known from special relativity and,
as we shall better see in this chapter, this quantity must have its sign and appear
in this quadratic form.

When we must use the linear form (the modulus of hyperbolic numbers or
the side length), we follow the definition of B. Chabat ([47], p. 51), ([25], p. 72)
and I. M. Yaglom ([81], p. 180)

ρ =
√
|z z̃| ≡

√
|D| (4.1.2)

where |D| is the absolute value of the square distance.

4.1.1 Hyperbolic Exponential Function and Hyperbolic Polar
Transformation

The hyperbolic exponential function in pseudo-Euclidean geometry plays the same
important role as the complex exponential function in Euclidean geometry. In
Chapter 7 we shall introduce the functions of a hyperbolic variable and point out
analogies and differences with respect to functions of a complex variable and see
that functions in decomposable systems can be obtained as a continuation from
the real field. Here we define the exponential function of a hyperbolic number
following Euler’s introduction of the complex exponential. Actually, in Euler’s
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time the theory of power series was not sufficiently developed. Then it was not
known that displacement of terms is possible only for absolutely convergent series.
Since the following series have this quality, we apply to the hyperbolic exponential
the properties of the exponential of a real and complex variable and have

exp (ρ′ + h θ) = exp ρ′
∞∑

l=0

(h θ)l

l!
= exp ρ′

( ∞∑
l=0

(h θ)2l

(2l)!
+

∞∑
l=0

(h θ)2l+1

(2l + 1)!

)

= exp ρ′

( ∞∑
l=0

(θ)2l

(2l)!
+ h

∞∑
l=0

(θ)2l+1

(2l + 1)!

)
= exp ρ′(cosh θ + h sinh θ). (4.1.3)

By means of an exponential function, we introduce the exponential transformation
and extend it to all the sectors; thus we have

if |x| > |y|; x + h y = sign(x) exp[ρ′ + h θ] ≡ sign(x) exp[ρ′](cosh θ + h sinh θ);
(4.1.4)

if |x| < |y|; x + h y = sign(y) exp[ρ′ + h θ] ≡ sign(y) exp[ρ′](sinh θ + h cosh θ).
(4.1.5)

Following [47] and [81] we define the radial coordinate as

exp[ρ′] = ρ ≡
√
|x2 − y2|

and the angular coordinate as

for |x| > |y| , θ = tanh−1(y/x); for |x| < |y| , θ = tanh−1(x/y).

For |x| > |y|, x > 0 (i.e., x, y ∈ Rs), we introduce the hyperbolic polar transfor-
mation as

x + h y = ρ exp[hθ] ≡ ρ(cosh θ + h sinh θ). (4.1.6)

Equation (4.1.6) represents the map for x, y ∈ Rs; the extension of the map to
the complete (x, y) plane is reported in Tab. 4.1.

Right sector Left sector Up sector Down sector
(Rs) (Ls) (Us) (Ds)

|x| > |y| |x| < |y|
z = ρ exp[h θ] z = −ρ exp[h θ] z = h ρ exp[h θ] z = −h ρ exp[h θ]
x = ρ cosh θ x = −ρ cosh θ x = ρ sinh θ x = −ρ sinh θ
y = ρ sinh θ y = −ρ sinh θ y = ρ cosh θ y = −ρ cosh θ

Table 4.1: Map of the complete (x, y) plane by hyperbolic polar transformation
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Figure 4.1: For ρ = 1 the x, y in Tab. 4.1 represent the four arms of equilateral
hyperbolas |x2 − y2| = 1. Here we indicate how each arm is traversed as the
parameter θ goes from −∞ to +∞. In particular there is a symmetry with respect
to axis bisectors.

4.1.2 Hyperbolic Rotations as Lorentz Transformations of Special
Relativity

Let us write a space-time vector as a hyperbolic variable1, w = t + hx and a
hyperbolic constant a = ar + h ah with ar > ah in the exponential form

ar + h ah ≡ ρa exp[ hθa ] ≡ ρa (cosh θa + h sinh θa)

where ρa =
√

(a2
r − a2

h); θa = tanh−1(ah/ar).

Then the multiplicative group, w′ ≡ t′ + hx′ = aw becomes

t′ + hx′ =
√

(a2
r − a2

h) [t cosh θa + x sinh θa + h(t sinh θa + x cosh θa)] . (4.1.7)

In this equation, by letting (a2
r − a2

h) = 1 and considering as equal the coefficients
of versors “1” and “h”, as we do in complex analysis, we get the Lorentz trans-
formation of two-dimensional special relativity [55] and [62]. It is interesting to

1In all the problems which refer to Special Relativity we change the symbols by indicating
the variables with letters reflecting their physical meaning x, y ⇒ t, x, i.e., t is a normalized
time variable (light velocity c = 1) and x a space variable.
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note that the same result is normally achieved by following a number of “formal”
steps ([54], p. 94) and ([52], p. 50) i.e., by introducing an “imaginary” time t′ = it
which makes the Lorentz invariant (x2 − t2) equivalent to the Euclidean invariant
(x2 +y2), and by introducing the hyperbolic trigonometric functions through their
equivalence with circular functions of an imaginary angle. Let us stress that this
procedure is essentially formal, while the approach based on hyperbolic numbers
leads to a direct description of Lorentz transformation of special relativity explain-
able as a result of symmetry (or invariants) preservation: the Lorentz invariant
(space-time “distance”) is the invariant of hyperbolic numbers. Therefore we can
say that the hyperbolic numbers have space-time symmetry, while the complex
numbers have the symmetry of two spatial variables represented in a Euclidean
plane. Within the limits of our knowledge, the first description of Special Relativity
directly by these numbers was introduced by I.M. Yaglom [81].

With this formalism we have

Theorem 4.1. The Lorentz transformation is equivalent to a “hyperbolic rotation”.

Proof. Let us write in the Lorentz transformation (4.1.7), the hyperbolic variable
t + hx in exponential form (4.1.6)

t + hx = ρ exp[h θ].

Then
w′ = aw = ρ exp[h (θa + θ) ]. (4.1.8)

From this expression we see that the Lorentz transformation is equivalent to a
“hyperbolic rotation” of the t + hx variable. �

Then the invariance under Lorentz transformation can also be expressed as
independence of the hyperbolic angle θ.

4.2 Basics of Hyperbolic Trigonometry

4.2.1 Complex Numbers and Euclidean Trigonometry

Euclidean geometry studies the properties of figures which do not depend on their
position in a plane. If these figures are represented in a Cartesian plane we can say,
in group theory language, that Euclidean geometry studies the invariant properties
under coordinate axes roto-translations and these properties can be expressed by
complex numbers.

Let us consider the Gauss–Argand complex plane where a vector is repre-
sented by v = x + i y. As is known, an axes rotation of an angle α transforms this
vector into a new vector v′ ≡ v exp[iα]. Therefore we can promptly verify that the
quantity

|v′|2 ≡ v′v̄′ = v exp[iα]v̄ exp[−iα] = v v̄ ≡ |v|2 (4.2.1)
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is invariant under axes rotation. In a similar way we find two more invariants re-
lated to any pair of vectors. Let us consider two vectors v1 = x1+i y1 ≡ ρ1 exp[φ1],
v2 = x2 + i y2 ≡ ρ2 exp[φ2]; we have

Theorem 4.2. The real and imaginary parts of the product v2v̄1 are invariant
under axes rotations and these two invariants allow us an operative definition of
trigonometric functions by means of the components of the vectors:

cos(φ2 − φ1) =
x1 x2 + y1 y2

ρ1 ρ2
; sin(φ2 − φ1) =

x1 y2 − x2 y1

ρ1 ρ2
. (4.2.2)

Proof. Actually
v′2v̄

′
1 = v2 exp[iα]v̄1 exp[−i α] ≡ v2 v̄1, (4.2.3)

and let us represent the two vectors in polar coordinates v1 ≡ ρ1 exp[iφ1], v2 ≡
ρ2 exp[iφ2]. Consequently we have

v2v̄1 = ρ1ρ2 exp[ i (φ2 − φ1) ] ≡ ρ1ρ2[cos(φ2 − φ1) + i sin(φ2 − φ1)]. (4.2.4)

As is well known, the resulting real part of this product represents the scalar
product, while the imaginary part represents the modulus of a cross product, i.e.,
the area of the parallelogram defined by v1 and v2. In Cartesian coordinates we
have

v2 v̄1 = (x2 + i y2)(x1 − i y1) ≡ x1 x2 + y1 y2 + i (x1 y2 − x2 y1), (4.2.5)

and, by comparing (4.2.4) with (4.2.5), we obtain (4.2.2). �
We know that the theorems of Euclidean trigonometry are usually obtained

following a geometric approach; now we have

Theorem 4.3. Using the Cartesian representation of trigonometric functions, given
by (4.2.2), the trigonometry theorems are simple identities.

Proof. We know that the trigonometry theorems represent relations between an-
gles and side lengths of a triangle. If we represent a triangle in a Cartesian plane
it is defined by the coordinates of its vertexes P1, P2, P3. From the coordinates of
these points we obtain the side lengths by Pythagoras’ theorem and the trigono-
metric functions from (4.2.2). By these definitions we can verify that the trigonom-
etry theorems are identities. �

The extension and applications of this procedure to a hyperbolic plane is the
subject of this chapter.

4.2.2 Hyperbolic Rotation Invariants in Pseudo-Euclidean Plane
Geometry

By analogy with the Euclidean trigonometry approach, just summarized, we can
say that pseudo-Euclidean plane geometry studies the properties that are invari-
ant under two-dimensional Lorentz transformations (Lorentz–Poincaré group of
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special relativity) corresponding to hyperbolic rotation (Section 4.1.2). We show
afterwards, how these properties allow us to formalize hyperbolic trigonometry.

Let us define in the hyperbolic plane a hyperbolic vector, from the origin to
point P ≡ (x, y), as v = x + h y. A hyperbolic rotation of an angle θ transforms
this vector into a new vector v′ ≡ v exp[h θ]. Therefore the quantity

|v′|2 ≡ v′ṽ′ = v exp[h θ]ṽ exp[−h θ] ≡ vṽ = |v|2 (4.2.6)

is invariant with respect to hyperbolic rotation.
In a similar way we can find two more invariants related to any pair of vectors.

Let us consider two vectors v1 = x1 + h y1 and v2 = x2 + h y2; we have

Theorem 4.4. The real and the hyperbolic parts of the product v2ṽ1 are invariant
under hyperbolic rotation, and these two invariants allow us an operative definition
of hyperbolic trigonometric functions by means of the components of the vectors:

cosh(θ2 − θ1) =
x1 x2 − y1 y2

ρ1 ρ2
≡ x1 x2 − y1 y2√

|(x2
2 − y2

2)||(x2
1 − y2

1)|
, (4.2.7)

sinh(θ2 − θ1) =
x1 y2 − x2 y1

ρ1 ρ2
≡ x1 y2 − x2 y1√

|(x2
2 − y2

2)||(x2
1 − y2

1)|
. (4.2.8)

Proof. We have
v′
2ṽ

′
1 = v2 exp[hα]ṽ1 exp[−hα] ≡ v2 ṽ1. (4.2.9)

Let us suppose (x, y) ∈ Rs, and represent the two vectors in hyperbolic polar form
v1 = ρ1 exp[h θ1 ], v2 = ρ2 exp[ h θ2 ]. Consequently we have

v2v̄1 ≡ ρ1 ρ2 exp[h(θ2 − θ1)] ≡ ρ1 ρ2[cosh(θ2 − θ1) + h sinh(θ2 − θ1)]. (4.2.10)

As we know from differential geometry [34], the real part of this product represents
the scalar product; as far as the hyperbolic part is concerned, we shall see in Section
4.4.1 that, as for the Euclidean plane, it represents a pseudo-Euclidean area. In
Cartesian coordinates, we have

v2 ṽ1 = (x2 + h y2)(x1 − h y1) ≡ x1 x2 − y1 y2 + h(x1 y2 − x2 y1). (4.2.11)

Comparing (4.2.10) with (4.2.11) we obtain (4.2.7) and (4.2.8). �

The real term of (4.2.11) represents the Cartesian expression of the scalar
product in the hyperbolic plane. We note that, due to the distance definition
(4.1.1), we have a different sign, with respect to Euclidean scalar product. The
classical hyperbolic trigonometric functions are defined for (x, y) ∈ Rs; now we
show

Theorem 4.5. Equations (4.2.7) and (4.2.8) allow us to extend the hyperbolic
trigonometric functions in the complete (x, y) plane.
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Proof. If we put v1 ≡ (1; 0) and (θ2, x2, y2) → (θ, x, y), (4.2.7) and (4.2.8) be-
come

cosh θ =
x√

|x2 − y2|
, sinh θ =

y√
|x2 − y2|

. (4.2.12)

We observe that expressions (4.2.12) are valid for {x, y ∈ R | x �= ±y} so they
allow us to extend the trigonometric hyperbolic functions in the complete (x, y)
plane. This extension is the same as the one proposed in [37] and [38], that we
summarize in Section 4.2.3. �

In the following we will denote with coshe, sinhe these extended hyperbolic
functions. In Tab. 4.2 the relations between coshe, sinhe and traditional hyperbolic
functions are reported. By this extension the hyperbolic polar transformation,
(4.1.6), is given by

x + h y ⇒ ρ(coshe θ + h sinhe θ), (4.2.13)

from which, for ρ = 1, we obtain the extended hyperbolic Euler’s formula [37]

expe[hθ] = coshe θ + h sinhe θ. (4.2.14)

From Tab. 4.2 or Equation (4.2.12) it follows that

for |x| > |y| ⇒ cosh2
e θ − sinh2

e θ = 1 ; for |x| < |y| ⇒ cosh2
e θ − sinh2

e θ = −1.
(4.2.15)

The complete representation of the extended hyperbolic trigonometric functions
can be obtained by giving to x, y all the values on the circle x = cos φ, y = sin φ
for 0 ≤ φ < 2π, in this way (4.2.12) becomes

coshe θ =
cos φ√
| cos 2φ|

≡ 1√
|1 − tan2 φ|

, sinhe θ =
sin φ√
| cos 2φ|

≡ tanφ√
|1 − tan2 φ|

.

(4.2.16)

Geometrical Interpretation of Extended Hyperbolic Trigonometric Functions

We have

Theorem 4.6. Equations (4.2.16) represent a bijective mapping between points on
a unit circle (specified by φ) and points on a unit hyperbola (specified by θ), and
from a geometrical point of view (4.2.16) represent the projection of a unit circle
on a unit hyperbola, from the coordinate origin.

Proof. Let us consider the half-line y = x tanφ , x > 0 which crosses the unit
circle, with center O ≡ (0, 0), in PC ≡ (cos φ; sin φ). The half-line crosses the unit
hyperbola with center O at point

P ′
I ≡

(
1√

1 − tan2 φ
;

tan φ√
1 − tan2 φ

)
∈ Rs for | tanφ| < 1 (4.2.17)
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Table 4.2: Relations between functions coshe, sinhe obtained from (4.2.12) and
classical hyperbolic functions. The hyperbolic angle θ in the last four columns is
calculated referring to semi-axes x, −x, y, −y, respectively.

|x| > |y| |x| < |y|
(Rs), x > 0 (Ls), x < 0 (Us), y > 0 (Ds), y < 0

coshe θ = cosh θ − cosh θ sinh θ − sinh θ
sinhe θ = sinh θ − sinh θ cosh θ − cosh θ

or at point

P ′′
I ≡

(
1√

tan2 φ − 1
;

tan φ√
tan2 φ − 1

)
∈ Us, Ds for | tan φ| > 1. (4.2.18)

The half-line y = x tan φ , x < 0 crosses the left side of the circle and the arms
Ls, Us, Ds of the hyperbola. Since the points of unit hyperbolas are given by
PI ≡ (coshe θ; sinhe θ), by comparing (4.2.17) and (4.2.18) with (4.2.16), we have
the assertion. �

A graph of the function coshe from (4.2.16) is shown in Fig. 4.2.
The fact that the extended hyperbolic trigonometric functions can be repre-

sented in terms of just one expression given by (4.2.12) allows a direct application
of these functions for the solution of triangles with sides in any direction, except
the directions parallel to axes bisectors.

4.2.3 Fjelstad’s Extension of Hyperbolic Trigonometric Functions

In the complex Gauss–Argand plane, the goniometric circle used for the definition
of trigonometric functions is expressed by x + i y = exp[iφ]. In the hyperbolic
plane the hyperbolic trigonometric functions can be defined on the unit equilateral
hyperbola, which can be expressed in a way similar to the goniometric circle: x +
h y = exp[hθ]. However this expression represents only the arm of unit equilateral
hyperbolas ∈ Rs. If we want to extend the hyperbolic trigonometric functions
on the whole plane, we must take into account all arms of the unit equilateral
hyperbola |x2 − y2| = 1, given by x + h y = ± exp[hθ] and x + h y = ±h exp[hθ].

Here we summarize the approach followed in [37] which demonstrates how
these unit curves allow us to extend the hyperbolic trigonometric functions and
to obtain the addition formula for angles in any sector.

These unit curves are the set of points U , where U = {z | ρ(z) = 1}. Clearly
U(·) is a group, subgroups of this group are for z ∈ Rs, and for z ∈ Rs + Us,
z ∈ Rs+Ls, z ∈ Rs+Ds. For z ∈ Rs the group U(·) is isomorphic to θ(+) where
θ ∈ R is the angular function that for −∞ < θ < ∞ traverses the Rs arm of
the unit hyperbolas. Now we can have a complete isomorphism between U(·) and
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Figure 4.2: The function coshe θ = cos φ√
| cos 2φ|

for 0 ≤ φ < 2π. The broken vertical

lines represent the values for which cos 2φ = 0 ⇒ x = ±y.
Because sin φ = cos(φ − π/2) and | cos 2 φ| = | cos(2 φ ± π|, the function sinhe θ
has the same behavior of coshe θ allowing for a shift of π/2.

the angular function, extending the last one to other sectors. This can be done by
Klein’s four-group k ∈ K = {1, h, −1, −h}.

Indeed let us consider the expressions of the four arms of the hyperbolas
(Tab. 4.1 for ρ = 1). We can extend the angular functions as a product of
exp[h θ] and Klein’s group, writing U = {k exp[h θ] | θ ∈ R, k ∈ K}. Calling
Uk = {k exp[h θ] | θ ∈ R}, the hyperbola arm with the value k and, in the same
way θk the ordered pair (θ, k), we define Θ ≡ R × K = {θk | θ ∈ R, k ∈ K}
and Θk ≡ R × {k} = {θk | θ ∈ R}. Θ1 is isomorphic to R(+); then, accordingly,
we think of Θ(+) as an extension of R(+). To define the complete isomorphism
between Θ(+) and U(·), we have to define the addition rule for angles: θk + θ′k′ .
This rule is obtained from the isomorphism itself,

θk + θ′k′ ⇒ Uk · Uk′ ≡ k exp[hθ] · k′ exp[hθ′] ≡ k k′ exp[h(θ + θ′)] ⇒ (θ + θ′)k k′ .
(4.2.19)

On this basis we obtain the hyperbolic angle θ and the Klein index (k) from the
extended hyperbolic trigonometric functions sinhe θ and coshe θ. We have
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if | sinhe θ| < | coshe θ| ⇒ θ = tanh−1

(
sinhe θ

coshe θ

)
, k =

coshe θ

| coshe θ| · 1;

if | sinhe θ| > | coshe θ| ⇒ θ = tanh−1

(
coshe θ

sinhe θ

)
, k =

sinhe θ

| sinhe θ| · h. (4.2.20)

Application of “Klein’s Index” to the Euclidean Plane

Now we see how this “extension” of hyperbolic trigonometric functions can be
applied to circular angles giving well-known results.

By analogy with hyperbolic trigonometric functions we define the circular
trigonometric functions just in sector Ls, i.e., for −π/4 < φ < π/4, by means of
Euler’s formula cosφ + i sinφ = exp[iφ]. Let us consider the product k exp[iφ]
where k ∈ K = {1, i, −1, −i} is a four-value group that for −π/4 < φ < π/4
allows us to obtain the complete circle. The meaning of this product is well known,

i exp[iφ] ≡ exp[i(
π

2
+φ)] ; − exp[iφ] ≡ exp[i(π +φ)] ; −i exp[i φ] ≡ exp[i(

3π

2
+φ)].

These expressions allow one to clarify the properties of circular trigonometric
functions which are determined on the whole circle, from their values for 0 < φ <
π/4.

We can note the different symmetry from Euclidean and pseudo-Euclidean
planes: in the former the angles in all sectors are increasing in the anticlockwise
direction; for the latter the sign of the angles is symmetric with respect to axes
bisectors (see also Fig. 4.1).

4.3 Geometry in the Pseudo-Euclidean Cartesian Plane

Now we restate for the pseudo-Euclidean plane some classical definitions and prop-
erties of the Euclidean plane.

Definitions. Given two points Pj ≡ (xj , yj), Pk ≡ (xk, yk) that are associated
with the hyperbolic variables zj and zk, we define the square distance between
them by extending (4.1.1),

Dj k = (zj − zk)(z̃j − z̃k). (4.3.1)

As a general rule we indicate the square segment lengths by capital letters, and by
the same small letters the square root of their absolute value

dj k =
√
|Dj k|. (4.3.2)

Following ([81], p. 179) a segment or line is said to be of the first (second) kind
if it is parallel to a line through the origin located in the sectors containing the
axis Ox (Oy). Then the segment PjP k is of the first (second) kind if Dj k > 0
(Dj k < 0).
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Straight line equations. We shall see in Section 8.5.1 that the equations of straight
lines, passing through a point (x0, y0), are obtained by means of the method used
in differential geometry for calculating the geodesics on a “flat surface” with the
metric element given by a non-definite quadratic form. The result is that they are
expressed by means of hyperbolic trigonometric functions instead of the circular
trigonometric functions used in the Euclidean plane. So, for |x − x0| > |y − y0|, a
straight line (of the first kind) is written as

(x − x0) sinh θ − (y − y0) cosh θ = 0, (4.3.3)

while for |x− x0| < |y − y0| a straight line (of the second kind), is written as (the
angle θ′ is referred to the y axis as stated in Tab. 4.2)

(x − x0) cosh θ′ − (y − y0) sinh θ′ = 0. (4.3.4)

The straight lines have the expressions (4.3.3) or (4.3.4) which reflect the topolog-
ical characteristics of the pseudo-Euclidean plane. The use of extended hyperbolic
trigonometric functions would give us just one equation for all the straight lines,
but in this section we use the classical hyperbolic trigonometric functions which
make more evident the peculiar characteristics of the pseudo-Euclidean plane and
the differences between lines of the first and second kind.

Pseudo-orthogonality.

Theorem 4.7. Two straight lines are pseudo-orthogonal if they are symmetric with
respect to a couple of lines parallel to axes bisectors.

Proof. As in the Euclidean plane, two straight lines in the pseudo-Euclidean plane
are said to be pseudo-orthogonal when the scalar product of their unity vectors
(direction cosine) is zero [34]. It is easy to show that two straight lines of the
same kind, as given by (4.3.3) or (4.3.4), can never be pseudo-orthogonal. Indeed
a straight line of the first kind (4.3.3) has a pseudo-orthogonal line of the second
kind (4.3.4) and with the same angle (θ = θ′), and conversely. �

This result, well known in special relativity ([30], p. 479) and [55], is repre-
sented in Fig. 4.3.

It is known that in complex formalism, the equation of a straight line is
given by �{(x + i y)(exp[iφ]) + A + i B = 0}, and its orthogonal line by �{(x +
i y)(exp[iφ]) + A + i B = 0}. The same result holds in the pseudo-Euclidean plane
in hyperbolic formalism. Actually we can write the equation of a straight line
in a hyperbolic plane as �{(x + hy)(exp[hθ]) + A + hB = 0}. If, as is usual
for complex variables, we call H{∗ } the coefficient of the hyperbolic versor, it
follows that the hyperbolic part H{(x + hy)(exp[hθ]) + A + hB = 0} represents
its pseudo-orthogonal line. We note that the product of the angular coefficients
for two pseudo-orthogonal lines is +1, instead of −1 as in the Euclidean plane.
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Figure 4.3: Two pseudo-orthogonal straight lines.

Axis of a segment.

Theorem 4.8. The axis of a segment in the pseudo-Euclidean plane, as in the
Euclidean plane, is pseudo-orthogonal to a segment in its middle point.

Proof. Let us consider two points P1(x1, y1), P2(x2, y2). The points that have
the same pseudo-Euclidean distance from these two points are determined by the
equation

PP1
2

= PP2
2 ⇒ (x − x1)2 − (y − y1)2 = (x − x2)2 − (y − y2)2.

This implies that

(x1 − x2)(2x − x1 − x2) = (y1 − y2)(2y − y1 − y2) (4.3.5)

and, in canonical form,

y =
(x1 − x2)
(y1 − y2)

x +
(y2

1 − y2
2) − (x2

1 − x2
2)

2(y1 − y2)
. (4.3.6)

Then from (4.3.6) it follows that the axis is pseudo-orthogonal to segment P1P2,
and from (4.3.5) that it passes through its middle point PM ≡ ((x1 + x2)/2,
(y1 + y2)/2). �

Distance of a point from a straight line.

Theorem 4.9. The linear distance of a point P1 from a straight line γ is propor-
tional to the result of substituting the coordinates of P1 in the equation for γ.
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Proof. Let us take a point P (x, y) on a straight line of the second kind
γ : {y − mx − q = 0; |m| > 1}, and a point P1(x1, y1) outside the straight
line. The square distance P P

2

1 = (x − x1)2 − (y − y1)2 has its extreme for
x ≡ x2 = (x1 − my1 − mq)/(1 − m2), with a square distance

P2P1
2 ≡ D1 2 =

(y1 − mx1 − q)2

m2 − 1
and d1 2 =

|y1 − mx1 − q|√
|m2 − 1|

. (4.3.7)

It is easy to verify that this distance corresponds to a maximum as is well known
from special relativity ([52], p. 315) and [55]. From expression (4.3.7) follows the
theorem. �

The equation of the straight line through P1, P2 is

(y − y1) =
1
m

(x − x1),

that represents a straight line pseudo-orthogonal to γ.

4.4 Goniometry and Trigonometry in the

Pseudo-Euclidean Plane

Hyperbolic angles addition formulas. Using the hyperbolic Euler formula (4.2.14)
we can derive ([37] and [38])

coshe(α±β)+h sinhe(α±β) = (coshe α+h sinhe α)(coshe β±h sinhe β). (4.4.1)

These formulas allow us to obtain for hyperbolic trigonometric functions all the
expressions which are equivalent to the Euclidean goniometry ones. In particular
we have

cosh(α ± β) = cosh α cosh β ± sinh α sinh β, (4.4.2)
sinh(α ± β) = sinh α cosh β ± cosh α sinh β. (4.4.3)

The sum product identity. Summing and subtracting the terms on the same line
and setting θ1 = α + β; θ2 = α − β ⇒ α = (θ1 + θ2)/2; β = (θ1 − θ2)/2, we have
from (4.4.2)

cosh θ1 + cosh θ2 = 2 cosh
θ1 + θ2

2
cosh

θ1 − θ2

2
,

cosh θ1 − cosh θ2 = 2 sinh
θ1 + θ2

2
sinh

θ1 − θ2

2
, (4.4.4)

and from (4.4.3)

sinh θ1 + sinh θ2 = 2 sinh
θ1 + θ2

2
cosh

θ1 − θ2

2
,

sinh θ1 − sinh θ2 = 2 cosh
θ1 + θ2

2
sinh

θ1 − θ2

2
. (4.4.5)
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4.4.1 Analytical Definitions of Hyperbolic Trigonometric Functions

Let us consider a triangle in the pseudo-Euclidean plane, with no sides parallel to
axes bisectors, and call Pn ≡ (xn, yn) ; n = i, j, k | i �= j �= k the vertices, θn the
hyperbolic angles. The square hyperbolic length of the side opposite to vertex Pi

is defined by (4.3.1)

Di ≡ Dj k = (zj − zk)(z̃j − z̃k) and di =
√
|Di| ; (4.4.6)

as pointed out before, Di must be taken with its sign.
Following the conventions of Euclidean trigonometry we associate with the

sides three vectors oriented from P1 → P2; P1 → P3; P2 → P3.
From (4.2.7) and (4.2.8), taking into account the sides orientation as done in

Euclidean trigonometry, we obtain

coshe θ1 =
(x2 − x1)(x3 − x1) − (y2 − y1)(y3 − y1)

d2 d3
,

sinhe θ1 =
(x2 − x1)(y3 − y1) − (y2 − y1)(x3 − x1)

d2 d3
,

coshe θ2 = − (x3 − x2)(x2 − x1) − (y3 − y2)(y2 − y1)
d1 d3

,

sinhe θ2 =
(x2 − x1)(y3 − y2) − (y2 − y1)(x3 − x2)

d1 d3
,

coshe θ3 =
(x3 − x2)(x3 − x1) − (y3 − y2)(y3 − y1)

d1 d2
,

sinhe θ3 =
(x3 − x1)(y3 − y2) − (y3 − y1)(x3 − x2)

d1 d2
. (4.4.7)

It is straightforward to verify that all the functions sinhe θn have the same numer-
ator. If we call this numerator

x1(y2 − y3) + x2(y3 − y1) + x3(y1 − y2) = 2 L, (4.4.8)

where |L| = S, we can write

2S = d2 d3 sinhe θ1 = d1 d3 sinhe θ2 = d1 d2 sinhe θ3. (4.4.9)

In Euclidean geometry a quantity equivalent to S represents the triangle’s area. In
pseudo-Euclidean geometry, S is still an invariant quantity linked to the triangle.
For this reason it is appropriate to call S the pseudo-Euclidean area [81]. We note
that the expression of area (4.4.8), in terms of vertices coordinates, is exactly the
same as in Euclidean geometry (Gauss’ formula for a polygon area applied to a
triangle).



42 Chapter 4. Trigonometry in the Minkowski Plane

4.4.2 Trigonometric Laws in the Pseudo-Euclidean Plane

Law of sines. In a triangle the ratio of the hyperbolic sine to the hyperbolic length
of the opposite side is a constant

sinhe θ1

d1
=

sinhe θ2

d2
=

sinhe θ3

d3
. (4.4.10)

Proof. This theorem follows from (4.4.9) if we divide it by d1 d2 d3. �

We have

Theorem 4.10. If two hyperbolic triangles have the same hyperbolic angles their
sides are proportional.

Napier’s theorem. As in Euclidean trigonometry, Napier’s theorem follows at
once from (4.4.10) and (4.4.5)

d1 + d2

d1 − d2
=

tanhe
θ1+θ2

2

tanhe
θ1−θ2

2

. (4.4.11)

Carnot’s theorem. From the definitions of the side lengths (4.1.2) and hyperbolic
angular functions given by (4.4.7) we can verify that2

Di = Dj + Dk − 2dj dk coshe θi. (4.4.12)

Law of cosines. As in the previous theorem we can verify

di = |dj coshe θk + dk coshe θj |. (4.4.13)

Pythagoras’ theorem.

Proof. Let us consider a triangle with the side Pi Pk orthogonal to Pi Pj . We have

yj − yi

xj − xi
≡ mij =

1
mik

≡ xk − xi

yk − yi
,

then
(xj − xi)(xk − xi) = (yj − yi)(yk − yi), (4.4.14)

and from (4.4.7) it follows that coshe θi = 0 and from (4.4.12) the hyperbolic
Pythagoras’ theorem

Di = Dj + Dk. (4.4.15)

holds. �
2Obtained by another method in [38].



4.4. Goniometry and Trigonometry in the Pseudo-Euclidean Plane 43

It must be noted that in the right-hand sides of (4.4.12) and (4.4.15) there is a
sum of the square side lengths, as in Euclidean geometry, but in pseudo-Euclidean
geometry the square side lengths may be negative. In particular in (4.4.15) Dj

and Dk are pseudo-orthogonal, then they always have opposite signs.

We have seen that the topology of the pseudo-Euclidean plane is more com-
plex with respect to the Euclidean one, as well as the relations between sinhe

and coshe and between the side lengths and the square side lengths. For these
reasons we could think that the triangle solution would require more information,
nevertheless in Section 4.6 we shall see that: All the sides and angles of a pseudo-
Euclidean triangle can be determined if we know three elements (with at least one
side). We have

Theorem 4.11. All the elements (sides and angles) of a triangle are invariant for
hyperbolic rotation.

Proof. Let us consider a triangle with vertices in points

P1 ≡ (0, 0) , P2 ≡ (x2, 0) and P3 ≡ (x3, y3); (4.4.16)

since P1P 3 ≡ d2 and P1P 2 ≡ d3 are invariant quantities, from Theorem 4.4 it
follows that θ1 is invariant too. Since these three elements determine all the other
ones, all elements are invariant. �

From this invariance it follows that, by a coordinate axes translation and a
hyperbolic rotation, any triangle can be constructed with a vertex in P ≡ (0, 0),
and a side on one coordinate axis.

Then we do not lose in generality if, from now on, we consider a triangle
in a position that will facilitate the demonstration of the theorems which follow.
Consequently we will consider triangles with vertices in points given by (4.4.16);
the sides lengths are

D1 = (x3 − x2)2 − y2
3 ; D2 = x2

3 − y2
3 ; D3 = x2

2 . (4.4.17)

By using (4.4.6) and (4.4.7), we obtain the other elements:

coshe θ1 =
x2 x3

d2d3
; coshe θ2 =

x2(x2 − x3)
d1d3

; coshe θ3 =
x3(x3 − x2) − y2

3

d1d2
;

sinhe θ1 =
x2 y3

d2d3
; sinhe θ2 =

x2 y3

d1d3
; sinhe θ3 =

x2 y3

d1d2
≡ d3 y3

d1d2
.

(4.4.18)

4.4.3 The Triangle’s Angles Sum

In a Euclidean triangle, given two angles (φ1, φ2), the third one (φ3) can be found
using the relation φ1 + φ2 + φ3 = π. This relation can be expressed in the form

sin(φ1 + φ2 + φ3) = 0 , cos(φ1 + φ2 + φ3) = −1
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that allows us to verify

Theorem 4.12. By means of the formalism exposed in Section 4.2.3, summarized
by (4.2.19), we can state: the sum of the triangle’s angles is given by

(θ1)k + (θ2)k′ + (θ3)k′′ ≡ (θ1 + θ2 + θ3)k·k′·k′′ = (0)±1 . (4.4.19)

Proof. Exploiting (4.4.1) and using (4.4.18), we obtain

sinhe(θ1 + θ2 + θ3) ≡ sinhe θ1 sinhe θ2 sinhe θ3 + sinhe θ1 coshe θ2 coshe θ3

+ coshe θ1 sinhe θ2 coshe θ3 + coshe θ1 coshe θ2 sinhe θ3

≡ x2
2y3[x2 y2

3 + x2 x3(x2 − x3) + x2
3(x3 − x2)− x3 y2

3 − x3(x2 − x3)
2− y2

3(x2 − x3)]

d2
1d

2
2d

2
3

= 0,

coshe(θ1 + θ2 + θ3) ≡ coshe θ1 coshe θ2 coshe θ3 + sinhe θ1 sinhe θ2 coshe θ3

+ sinhe θ1 coshe θ2 sinhe θ3 + coshe θ1 sinhe θ2 sinhe θ3

≡ x2
2{−x2

3(x2 − x3)
2 + y2

3 [−x3(x2 − x3) + x2 x3] + y2
3 [x2(x2 − x3) − x3(x2 − x3) − y2

3 ]}
d2
1d

2
2d

2
3

≡ x2
2{−x2

3[(x2 − x3)
2 − y2

3 ] + y2
3 [(x2 − x3)

2 − y2
3 ]}

d2
1d

2
2d

2
3

≡ −D1D2D3

d2
1d

2
2d

2
3

= ∓1. (4.4.20)

Then

sinhe(θ1 + θ2 + θ3) = 0 , coshe(θ1 + θ2 + θ3) = ±1, (4.4.21)

that are equivalent to (4.4.19). �

This result allows us to state that if we know two angles, we can determine
if the Klein’s group index of the third angle is ±h : {θ ∈ Us, Ds} or ±1 : {θ ∈
Rs, Ls}. From this we obtain the relation between coshe and sinhe as stated by
(4.2.15). This relation and the condition (4.4.19) allow us to obtain the hyperbolic
functions of the third angle. Then we have

Theorem 4.13. Also for pseudo-Euclidean triangles, if we know two angles we can
obtain the third one.

In Section 4.6 we show some examples of solutions for general triangles.

4.5 Theorems on Equilateral Hyperbolas in the

Pseudo-Euclidean Plane

The unit circle for the definition of trigonometric functions has its counterpart,
in the pseudo-Euclidean plane, in the four arms of the unit equilateral hyperbolas
x2 − y2 = ±1, as shown in [37]. Indeed the equilateral hyperbolas have many
of the properties of circles in the Euclidean plane; here we point out some of
them, showing some theorems in the pseudo-Euclidean plane that represent the
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counterpart of well-known theorems which hold for the circle in the Euclidean
plane.

Definitions. If A and B are two points, lying on an equilateral hyperbola, the
segment AB is called a chord of the hyperbola. We define two kinds of chords: if
points A, B are on the same arm of the hyperbola, we have “external chords”, if
points are in opposite arms, we have “internal chords”. We extend these definitions
to points: given a two-arms hyperbola we call external the points inside the arms,
internal the points between the arms and the axes bisectors. This definition agrees
with the one for circles in which the center is an internal point.

Any internal chord which passes through the center “Pc” of the hyperbola is
called a diameter of the hyperbola. We call p the semi-diameter and P the “square
semi-diameter”, with its sign (p =

√
|P |).

Here we extend to equilateral hyperbolas the definitions stated for segments
and straight lines and call them hyperbolas of the first (second) kind if the tangent
straight lines are of the first (second) kind.

Actually, as far as a general curve is concerned, we can not assign it, in
general, a kind since general curves have tangent straight lines of both kinds and
only equilateral hyperbolas have the peculiar property that the tangent straight
lines to a given arm are of the same kind. This allows us to attribute a kind,
depending on the P sign, to the hyperbola’s arms. Then we have hyperbolas of
the first (second) kind if P < 0 (P > 0), respectively.

The parametric equations of a general equilateral hyperbola are given by

x = xc ± p coshe θ, y = yc ± p sinhe θ (4.5.1)

and depend on three parameters: the center’s coordinates Pc ≡ (xc, yc) and the
half-diameter p. This hyperbola is determined by three conditions as the equations
for circles. In particular these three conditions can be the passage through three
non-aligned points.

Now we enunciate for equilateral hyperbolas the pseudo-Euclidean counter-
part of the well-known Euclidean theorems for circles. The demonstration of these
theorems is performed by elementary analytic geometry.3

Theorem 4.14. The axis of two points on an equilateral hyperbola passes through
the center (xc, yc).

An equivalent form is: The line joining Pc with the midpoint M of a chord is
pseudo-orthogonal to it.

Proof. Let us consider two points P1, P2 on the same arm of equilateral hyperbola
(4.5.1), determined by hyperbolic angles θ1, θ2, and calculate the axis of P1P2.

3Some of these theorems are reported, without demonstration, in [81].
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Substituting in (4.3.5) the coordinates given by (4.5.1), we obtain

(y − yc) = (x − xc)
coshe θ1 − coshe θ2

sinhe θ1 − sinhe θ2
≡ (x − xc)

2 sinhe
θ1−θ2

2 sinhe
θ1+θ2

2

2 sinhe
θ1−θ2

2 coshe
θ1+θ2

2

≡ (x − xc) tanhe
θ1 + θ2

2
. (4.5.2)

Equation (4.5.2) demonstrates the theorem. �

In a similar way we can find that if the points are on different arms of the
hyperbola we have just to change (4.5.2) with (y−yc) = (x−xc) cothe[(θ1+θ2)/2].

This theorem is also valid in the limiting position when the points are coin-
cident and the chord becomes tangent to the hyperbola, and we have

Theorem 4.15. For points M on equilateral hyperbola, the tangent at M is pseudo-
orthogonal to the diameter PcM .

For a demonstration of the following theorems, we do not lose in generality
if we consider hyperbolas of the second kind, with their center at the coordinate
origin. We also put Pc → O and Equations (4.5.1) become

x = ±p coshe θ, y = ±p sinhe θ. (4.5.3)

Theorem 4.16. The diameters of a hyperbola are the internal chord of minimum
length.

Proof. We have

A ≡ (p cosh θ1, p sinh θ1), B ≡ (−p cosh θ2,−p sinh θ2).

The square length of the chord is

AB
2

= p2[(cosh θ1 + cosh θ2)2 − (sinh θ1 + sinh θ2)2] ≡ 4p2 cosh2[(θ1 − θ2)/2],

then
AB

2
= 4p2 for θ1 = θ2 ; AB

2
> 4p2 for θ1 �= θ2. �

Theorem 4.17. If points A and B lie on the same arm of a hyperbola, for any
point P between A and B, the hyperbolic angle ̂APB is half the hyperbolic angle
̂AOB.

Proof. We do not lose in generality by considering a unitary equilateral hyperbola
(p = 1) and the arm of hyperbola ∈ Rs. Let us take points A ≡ (cosh θA; sinh θA),
B ≡ (cosh θB ; sinh θB) with θA < θB and the hyperbola arc between them. If
P ≡ (cosh θ; sinh θ) is a point on this arc, i.e., θA < θ < θB , we call α the
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hyperbolic angle ̂APB. The points A → P → B follow each other in clockwise
direction, then the sign of sinh in (4.4.7) changes and it follows that

tanhα (4.5.4)

=
(cosh θB − cosh θ)(sinh θA − sinh θ) − (cosh θA − cosh θ)(sinh θB − sinh θ)
(cosh θA − cosh θ)(cosh θB − cosh θ) − (sinh θA − sinh θ)(sinh θB − sinh θ)

.

The differences between trigonometric functions in round brackets can be written,
by means of (4.4.4) and (4.4.5), as products and, after simplification, we obtain

tanhα = tanh
θB − θA

2
. (4.5.5)

Now we call β the angle ̂AOB. Points O → A → B follow each other in clockwise
direction and, from (4.4.7), we have

tanhβ = −cosh θA sinh θB − cosh θB sinh θA

cosh θA cosh θB − sinh θA sinh θB
= tanh(θB − θA). (4.5.6)

From (4.5.5) and (4.5.6) the theorem follows. �

We show the complete equivalence with the analogous Euclidean problem for
which also the complementary angles and the chords becoming tangent are consid-
ered.

1. Let us consider a point P outside the arc AB. Points A → P → B follow each
other in anticlockwise direction, then calling γ the angle ̂APB, we obtain

tanh γ = tanh
θA − θB

2
= − tanh

θB − θA

2
⇒ α = −γ.

In the language of Klein’s index (Section 4.2.3), if tanhα = − tanh γ, we have
(α)k = (γ)−k, then α + γ = (α + γ)−k·k ≡ (0)−1. This relation corresponds
to the Euclidean case for which α + γ = π.

2. Let us consider P ∈ Rs, where P ≡ (− cosh θ; − sinh θ). In (4.5.4) we must
change the sign of θ. Then, by calling δ the angle ̂APB, with similar calcu-
lations we obtain tanh δ = tanh θA−θB

2 ⇒ δ = γ.

3. We complete the parallelism with Euclidean geometry by taking P ≡ A, then
α is the angle between the tangent (τ) to the hyperbola in A and the cord
(σ) A − B. Since

angular coefficient of τ ⇒ coth θA ≡ tanhµ, (4.5.7)

angular coefficient of σ ⇒ sinh θA − sinh θB

cosh θA − cosh θB
≡ tanh ν, (4.5.8)
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we obtain

tanhα ≡ tanhµ − tanh ν

1 − tanhµ tanh ν
=

1 − cosh (θA − θB)
sinh (θA − θB)

≡ − tanh
θA − θB

2
,

(4.5.9)
which completes the assertion.

As a straightforward consequence of Theorem 4.17, there follows

Theorem 4.18. If Q is a second point between A and B, we have ̂APB = ̂AQB.

Theorem 4.19. If a side of a triangle inscribed in an equilateral hyperbola passes
through the center of the hyperbola, the other two sides are pseudo-orthogonal.

Proof. For two points on an equilateral hyperbola and on a line passing through
the center, the coordinates are given by

P1 ≡ (p coshe θ1, p sinhe θ1), P3 ≡ (−p coshe θ1, −p sinhe θ1).

Let us consider a third point on the hyperbola P2 ≡ (p coshe θ2, p sinhe θ2) and
the sides on straight lines P1 P3, P2 P3,

P1 P3 ⇒ y − p sinhe θ1

p (sinhe θ2 − sinhe θ1)
=

x − p coshe θ1

p (coshe θ2 − coshe θ1)
,

P2 P3 ⇒ y + p sinhe θ1

p (sinhe θ2 + sinhe θ1)
=

x + p coshe θ1

p (coshe θ2 + coshe θ1)
.

The product of the angular coefficients of these straight lines is 1, then they are
pseudo-orthogonal. �

In Chapter 6 we generalize Euclidean theorems about circumcircles, incircles
and excircles of a triangle to ellipses and general hyperbolas. Now we begin with

Theorem 4.20. If we have three non-aligned points that can be considered the
vertices of a triangle, there is an equilateral hyperbola (circumscribed hyperbola)
which passes through these points, and its semi-diameter is given by

p =
d1d2d3

4 S
≡ dn

2 sinhe θn
, n = 1 , 2 , 3. (4.5.10)

Proof. As three points in Euclidean plane define a circumcircle, in the same way,
in the pseudo-Euclidean plane, the vertices of a triangle define an equilateral hy-
perbola (4.5.1). Let us find its center Pc ≡ (xc, yc) and the square semi-diameter
P . Let us consider three points P1 ≡ (x1, y1), P2 ≡ (x2, y2), P3 ≡ (x3, y3). The
parametric equation of a hyperbola passing through them is obtained by impos-
ing this condition on (4.5.1). By calling θi the hyperbolic angles corresponding to
points Pi, we have

xi = xc ± p coshe θi, yi = yc ± p sinhe θi. (4.5.11)
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For finding the coordinates of the hyperbola center and the condition that states
if it is of the first or second kind, we do not lose in generality if we take three
points in the position of (4.4.16).

Since the center is on the axis of the chord P1P2, we have xc = x2/2. From the
intersection between this axis with another one we obtain the center coordinates

Pc ≡
(

x2

2
,

y2
3 − x2

3 + x2x3

2y3

)
.

Moreover, since the hyperbola passes through the coordinate origin, the square
semi-diameter (P ) is given by

P ≡ PcP 1 =
x2

2

4
− y2

c ≡ x2
2y

2
3 − (y2

3 − x2
3 + x2x3)

2

4y2
3

≡ (x2
3 − y2

3)[y2
3 − (x2 − x3)

2]

4y2
3

.

(4.5.12)

Taking into account the last expressions of (4.4.9) and (4.4.18), we have that the
denominator of (4.5.12) is given by y2

3 = (d1 d2 sinh θ3)2/d2
3 ≡ S2/D3; then, by

means of (4.4.17), expression (4.5.12) can be written as a function of invariant
quantities

P = −D1D2D3

16 S2
; (4.5.13)

for P > 0 we have an equilateral hyperbola of the second kind, while for P < 0 we
have an equilateral hyperbola of the first kind. Then in relation to the hyperbola
type we could say that there are two kinds of triangles depending on the sign of
D1 · D2 · D3. If we put p =

√
|P |, from (4.5.13) and (4.4.9) we obtain (4.5.10),

which is the same relation that holds for the radius of a circumcircle in a Euclidean
triangle. �

Relation (4.5.13) is demonstrated in a more general form (6.2.10) in Chap-
ter 6.

Theorem 4.21. If from a non-external point P ≡ (xp , yp) we trace a tangent and
a secant line to a hyperbola, we have: the square of the distance of the tangent
point is equal to the product of the distances of secant points.

Proof. The stated theorems allow us to give a “Euclidean demonstration”. Refer-
ring to Fig. 4.4, let us call T the tangent point and S1, S2 the intersection points
between the secant and the hyperbola. We also put

PT ≡ t ; PS1 ≡ s1 ; PS2 ≡ s2,

and consider the triangles PS2T and PTS1, they are similar since:

• The angles ̂S2PT and ̂S1PT are the same.

• The angles ̂PTS1 and ̂TS2S1 subtend the same hyperbola arc



TS1; then,
from Theorem 4.18, they are equal.
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P

T

S1

S2

Figure 4.4: Tangent and secant lines to an equilateral hyperbola (Theorem 4.21).

�

�

P

T

S1

S2

Figure 4.5: Secant line on different arms of an equilateral hyperbola.
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• The third angles from Theorem 4.12 are equal.

From Theorem 4.10 the triangles PTS1 and PS2T shall have proportional sides;
then t2 = s1 · s2 follows. �

Now we demonstrate this theorem for secant lines crossing the different arms
of an equilateral hyperbola.

Proof. Referring to Fig. 4.5 we have

• The angles ̂S2PT and ̂S1PT , seen in a Euclidean way are supplementary
angles. In the hyperbolic plane, if we call k the Klein index of the first angle,
the index of the second one is −k with the same value of the angle.

• The angles ̂PTS1 and ̂PS2T subtend the same hyperbola arc



TS1; then, from
Theorem 4.17, point 2, they are equal but for the Klein index. Actually by
calling k1 the Klein index of the first angle, the index of the second one is
−k1.

• The third angles are equal from Theorem 4.12.

Since the hyperbolic sine are the same, but for their sign, for angles with oppo-
site Klein index, from Theorem 4.10 the triangles PTS1 and PS2T shall have
proportional sides; then t2 = s1 · s2 follows. �

This theorem can be demonstrated also by means of the analytic method
exposed in this chapter.

Proof. Let us consider the hyperbola

x2 − y2 = 1, (4.5.14)

the non-external point P ≡ (xp , yp), and the straight line

y − yp = m(x − xp) ≡ (x − xp) tanhe θp. (4.5.15)

Eliminating y between (4.5.14) and (4.5.15) we obtain, for the abscissas of the
intersection points, the equation of degree 2,

(1 − m2)x2 + 2 m x(m xp + yp) − m2x2
p − 2 m xp yp − y2

p − 1 = 0. (4.5.16)

Now let us see that we do not need to find the roots of this equation. Actually
setting S1, 2 ≡ (x1, 2 ; y1 ,2), we have

s1, 2 =
|x1, 2 − xp|
| coshe θp|

≡ |(x1, 2 − xp)|
√
|1 − m2| (4.5.17)

and

s1 · s2 = |(1 − m2)(x1 − xp)(x2 − xp)| = |(1 − m2)[x1x2 − xp(x1 + x2) + x2
p]|

=
∣∣∣∣1 − m2

a
(a x2

p + b xp + c)
∣∣∣∣ (4.5.18)
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where, in the last passage, we use the link between the roots and the coefficients
a, b, c of the equation of degree 2 (4.5.16). Substituting these coefficients and
simplifying we obtain

s1 · s2 = |x2
p − y2

p − 1|, (4.5.19)

which is independent of m. Then the product (4.5.18) is the same for coincident
solutions (tangent line) or if the intersection points are in the same or different
arms of (4.5.14). �

This result can be generalized and we have

Theorem 4.22. If from a non-external point P ≡ (xp , yp) of an equilateral hyper-
bola

(x − xc)2 − (y − yc)2 ± p2 = 0, (4.5.20)

we trace a tangent line to the hyperbola, then the square of the distance between
P and the tangent point is obtained by substituting the coordinates of P in the
equation for the hyperbola

t2 ≡ s1 · s2 = |(xc − xp)2 − (yc − yp)2 ± p2|. (4.5.21)

Proof. The proof can be obtained, as the previous one, by considering (4.5.20)
instead of (4.5.14) or by noting that the last term in the round bracket of (4.5.18)
can be obtained by substituting x → xp in (4.5.16). This substitution, directly into
(4.5.15), gives y = yp and both of these substitutions into (4.5.20) give (4.5.21). �

The theorems we have seen in this section indicate that in some cases prob-
lems about equilateral hyperbolas may be solved more easily in the pseudo-Euclid-
ean plane, by applying the above theory.

4.6 Examples of Triangle Solutions in the Minkowski
Plane

The Elements in a Right-Angled Triangle

The Sum of Internal Angles

Let us consider the right-angled triangle represented in Fig. 4.6 in a Euclidean
plane and call αi the angles in the vertices Pi, and define them as “extended
angles” (see Section 4.2.3). If we indicate with a subscript the “Euclidean Klein
index” (k ∈ K = {1, i, −1, −i}), we have α1 = (α1)1, α2 ≡ π/2 = (0)i, α3 ≡
π/2 − α1 = (−α1)i. Therefore

α1 + α2 + α3 ≡ (α1)1 + (0)i + (−α1)i ≡ (α1 + 0 − α1)i·i = (0)−1 ≡ π,

as is well known.
Now we consider the same triangle in the pseudo-Euclidean plane. Setting in

(4.4.18) x2 = x3, we have
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Figure 4.6: A right-angled triangle.

⎧⎨⎩
D1 = −y2

3

coshe θ1 = x3/d2

sinhe θ1 = y3/d2

⎧⎨⎩
D2 = x2

3 − y2
3

coshe θ2 = 0
sinhe θ2 = 1

⎧⎨⎩
D3 = x2

3

coshe θ3 = −y3/d2

sinhe θ3 = x3/d2.

It results that θ2 = (0)h and we consider the following cases:

1. P3 ∈ Rs ⇒ θ1 = (θ1)1 and by means of Tab. 4.2 we have θ3 = (−θ1)h.
Therefore θ1 + θ2 + θ3 ≡ (θ1)1 + (0)h + (−θ1)h ≡ (θ1 + 0 − θ1)h·h = (0)1.

2. P3 ∈ Us. Setting θ3 = −θ′ we have coshe θ′ = −y3/d2, sin θ′ = −x3/d2.
Therefore θ′ = (θ′)1 ⇒ θ3 = (−θ′)−1, and from Tab. 4.2 we have θ1 = (θ′)h,
and θ1 + θ2 + θ3 ≡ (θ′)h + (0)h + (−θ′)−1 = (0)−1.

We have found the two possibilities of the Klein index shown in Section 4.4.3 for
the sum of the triangle angles.

The Circumscribed Hyperbolas

Let us see what kind of circumscribed hyperbolas we have. From (4.5.13) and
(4.4.17), we have p2 = x2

3 y2
3(x2

3 − y2
3), then

• if |x3| > |y3| ⇒ p2 > 0 ⇒ second kind hyperbolas,

• if |x3| < |y3| ⇒ p2 < 0 ⇒ first kind hyperbolas.

Solution of Hyperbolic Triangles

In this section, in order to point out analogies and differences with Euclidean
trigonometry, we report some examples in which we determine the elements of
hyperbolic triangles. We shall note that the Cartesian representation can give
some simplifications in the triangle solution.
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The Cartesian axes will be chosen so that P1 ≡ (0, 0), P2 ≡ (±d3, 0), or
P2 ≡ (0, ±d3), where P1P2 = d3 is the side (or one of the sides) which we know.
The two possibilities for P2 depend on the D3 sign, the sign plus or minus is chosen
so that one goes from P1 to P2 to P3 anticlockwisely. Thanks to relations (4.4.17)
and (4.4.18), the triangle is completely determined by the coordinates of point P3,
therefore the solution is obtained by finding these coordinates.

Given Two Sides and the Angle Between Them

Let us be given θ1; D2; D3. For D3 positive we put P2 on the x axis, then
P2 ≡ (±d3, 0), the sign of the square root being such that P1, P2, P3 follow each
other anticlockwisely. In this way sinh θi and the triangle’s area are positive, as in
Euclidean trigonometry in a Cartesian representation. So we have

x3 = d2 coshe θ1; y3 = d2 sinhe θ1, (4.6.1)

then Equation (4.4.18) allow us to determine the other elements.
For D3 negative, we must take P2 on the y axis and in (4.6.1) we must change

sinhe θ1 ↔ coshe θ1. Grouping together both examples, we have

if D3 > 0 x3 = d2 coshe θ1; y3 = d2 sinhe θ1;
if D3 < 0 x3 = d2 sinhe θ1; y3 = d2 coshe θ1. (4.6.2)

Given Two Angles and the Side Between Them

Let us be given θ1; θ2; D3. In Euclidean trigonometry the solution of this problem
is obtained by using the condition that the sum of the three angles is π. We use
this method which allows us to use the Klein group defined in Section 4.2.3, as
well as a method peculiar to analytical geometry.

Let us start with the classical method: the Klein indexes (k1, k2) of known
angles θ1, θ2 are obtained by means of (4.2.20). For the third angle we have θ3 =
−(θ1 + θ2) and k3 is such that k1k2k3 = ±1. Then the hyperbolic trigonometric
functions are given by sinhe θ3 = sinh |θ1 + θ2| if k3 = ±1 and by sinhe θ3 =
cosh(θ1 + θ2) if k3 = ±h. Now we can apply the law of sines and obtain d2 =
d3

sinhe θ2
sinhe θ3

. Equations (4.6.1) allow us to obtain the P3 coordinates.
In the Cartesian representation we can use the following method: let us con-

sider the straight lines P1P3 and P2P3. Solving the algebraic system between these
straight lines we obtain the P3 coordinates.

For D3 > 0 the straight line equations are P1P3 ⇒ y = x tanhe θ1 and
P2P3 ⇒ y = −(x − x2) tanhe θ2 , and we obtain

P3 ≡
(

x2
tanhe θ2

tanhe θ2 + tanhe θ1
, x2

tanhe θ1 tanhe θ2

tanhe θ2 + tanhe θ1

)
. (4.6.3)
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For D3 < 0 the straight line equations are y = x cothe θ1 and y − y2 =
−x cothe θ2, with the solution

P3 ≡
(

y2
tanhe θ1 tanhe θ2

tanhe θ2 + tanhe θ1
, y2

tanhe θ2

tanhe θ2 + tanhe θ1

)
. (4.6.4)

Given Two Sides and one Opposite Angle

Let us be given θ1; D1; D3, with D3 >0. Applying Carnot’s theorem (4.4.12) to the
side d1 we have D2 − 2d2d3 coshe θ1 + D3 −D1 = 0, from which we can obtain d2.

Actually for coshe θ1 > sinhe θ1,

D2 = d2
2 ⇒ d2 = d3 coshe θ1 ±

√
d2
3 sinh2

e θ1 + D1 ,

for coshe θ1 < sinhe θ1,

D2 = −d2
2 ⇒ d2 = −d3 coshe θ1 ±

√
d2
3 sinh2

e θ1 − D1 . (4.6.5)

So, as for the Euclidean counterpart, we can have, depending on the value of the
square root argument, two, one or no solutions. The coordinates of the vertex P3

are given by (4.6.1).
Now we use an analytic method typical of the Cartesian plane. The coordi-

nates of P3 can be obtained by intersecting the straight line y = x tanhe θ1 with
the hyperbola centered in P2 and having square semi-diameter P = D1, i.e., by
solving the system

y = x tanhe θ1; (x − d3)2 − y2 = D1. (4.6.6)

The results are the same as those of (4.6.5), but now it is easy to understand the
geometrical meaning of the solutions which can be compared with the equivalent
Euclidean problem with a circle instead of an equilateral hyperbola.

Actually if D1 > 0 and d1 > d3, the point P1 is included in a hyperbola
arm and we have always two solutions. Otherwise, if sinh θ1 < d1/d3, there are no
solutions, if sinh θ1 = d1/d3, there is just one solution and, if sinh θ1 > d1/d3, two
solutions.

If D3 < 0, the P2 vertex must be put on the y axis and we have the system

x = y tanhe θ1; (y − d3)2 − x2 = −D1.

Comparing this result with the solutions of system (4.6.6) we have to change
x ↔ y.

Given Two Angles and One Opposite Side

Let us be given θ1; θ3; D3 with D3 > 0; we have

d1 = d3
sinhe θ1

sinhe θ3
; |d2| = |d1 coshe θ3 + d3 coshe θ1|. (4.6.7)

From (4.6.1) we find P3 coordinates.
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Given Three Sides

From Carnot’a theorem (4.4.12), we have

coshe θ1 =
D2 + D3 − D1

2 d2 d3
. (4.6.8)

For D3 > 0, we take P1 ≡ (0, 0), P2 ≡ (±
√

D3, 0) and sinhe θ1 is given by,

for D2 > 0 ⇒ sinhe θ1 =
√

cosh2
e θ1 − 1, for D2 < 0 ⇒ sinhe θ1 =

√
cosh2

e θ1 + 1.

From (4.6.1) we find P3 coordinates.



Chapter 5

Uniform and Accelerated Motions
in the Minkowski Space-Time
(Twin Paradox)

In this chapter we show how the formalization of trigonometry in the pseudo-
Euclidean plane allows us to treat exhaustively all kinds of motions and to give a
complete formalization to what is called today the “twin paradox”. After a century
this problem continues to be the subject of many papers, not only relative to ex-
perimental tests [1] but also regarding physical and epistemological considerations
[51]. We begin by recalling how this “name” originates.

The final part of Section 4 of Einstein’s famous 1905 special relativity paper
[31] contains sentences concerning moving clocks on which volumes have been
written: “. . . If we assume that the result proved for a polygonal line is also valid
for a continuously curved line, we obtain the theorem: If one of two synchronous
clocks at A is moved in a closed curve with constant velocity until it returns to
A, the journey lasting t seconds, then the clock that moved runs 1

2 t
(

v
c

)2 seconds1

slower than the one that remained at rest”.
About six years later, on 10 April 1911, at the Philosophy Congress at

Bologna, Paul Langevin replaced the clocks A and B with human observers and
the “twin paradox” officially was born. Langevin, using the example of a space
traveler who travels a distance L (measured by someone at rest on the Earth) in
a straight line to a star in one year and than abruptly turns around and returns
on the same line, wrote: “. . . Revenu à la Terre ayant vielli deux ans, il sortira de
son arche et trouvera notre globe vielli deux cents ans si sa vitesse est restée dans
l’interval inférieure d’un vingt-millième seulement à la vitesse de la lumière.”2 We
must remark that Langevin, besides not rejecting ether’s existence, stresses the
point which will be the subject of subsequent discussions, that is the asymmetry
between the two reference frames. The space traveler undergoes an acceleration
halfway through his journey, while the twin at rest in the Earth’s reference frame
always remains in an inertial frame. For Langevin, every acceleration has an ab-

1Obviously neglecting magnitudes of fourth and higher order.
2Langevin’s address to the Congress of Bologna was published in Scientia 10, 31-34 (1911).

As reported by Miller [31], the popularisation of relativity theory for philosophers had an imme-
diate impact which we can gauge from the comment of one of the philosophers present. Henry
Bergson (1922)wrote: “. . . it was Langevin’s address to the Congress of Bologna on 10 April
1911 that first drew our attention to Einstein’s ideas. We are aware of what all those interested
in the theory of relativity owe to the works and teachings of Langevin”.
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solute meaning. Even though the effect foreseen by Einstein’s theory has received
several experimental confirmations, the contribution of accelerated stretches of the
path still stands as a subject of discussion and controversies.

In order to avoid misunderstandings, we stress that the discussions we allude
to are rigorously confined to the ambit of special relativity, that is to the space-time
of special relativity. It is in this ambit that Rindler says: “. . . If an ideal clock moves
non-uniformly through an inertial frame, we shall assume that acceleration as such
has no effect on the rate of the clock, i.e., that its instantaneous rate depends only
on its instantaneous speed v according to the above rule. Unfortunately, there is no
way of proving this. Various effects of acceleration on a clock would be consistent
with S. R. Our assumption is one of simplicity – or it can be regarded as a definition
of an “ideal” clock. We shall call it the clock hypothesis.” [62].

We think that a conclusion on the role of accelerated motions and, most of
all, an evaluation of the amount of slowing down of an accelerated clock, can only
be reached through a rigorous and exhaustive exploitation of the mathematics of
special relativity. If the theory has no logical inconsistencies, the theory itself must
thereby provide a completely accurate account of the asymmetrical aging process.

Even if Minkowski gave a geometrical interpretation of the special relativity
space-time shortly after (1907–1908) Einstein’s fundamental paper, a mathemati-
cal tool exploitable in the context of the Minkowski space-time began to be utilized
only a few decades ago [81]. This mathematical tool is based on the use of hyper-
bolic numbers, as we have seen in Chapter 4. The self-consistency of this formal-
ization allows us to solve problems for every motion in the Minkowski space-time
through elementary mathematics as if we were working on the Euclidean plane.
We note that in some examples, even if we could obtain the result by using directly
the hyperbolic counterpart of Euclidean theorems, we have preferred not to use
this approach. Actually, the results are obtained by means of elementary math-
ematics and the obtained correspondences represent alternative demonstrations
with respect to the ones given in Chapter 4.

5.1 Inertial Motions

In a representative (t, x) plane let us start with the following example:

• the first twin is steady at the point x = 0, his path is represented by the t
axis,

• the second twin, on a rocket, starts with speed v from O ≡ (0, 0) and after
a time τ1, at the point T , he reverses its direction and comes back arriving
at the point R ≡ (τ2, 0).

From a physical point of view the speed cannot change in a null time, but this time
can be considered negligible with respect to τ1, τ2 ([55], p. 41). An experimental
result with only uniform motion is reported in [1]. In this experiment the lifetime of



5.1. Inertial Motions 59

the muon in the CERN muon storage ring was measured. In Fig. 5.1 we represent
this problem by means of the triangle OTR.

�

�

O

x

t
�

T
θ3

θ1

θ′2

θ2

θ′1

θ′3

T’

R

Figure 5.1: The twin paradox for uniform motions.

Solution. From a geometrical point of view we can compare the elapsed travel times
for the twins by comparing the “lengths” (proper times) of the sum OT +TR with
the side OR.

A qualitative interpretation is reported in many books and is easily explained
by means of the reverse triangle inequality in space-time geometry with respect
to Euclidean geometry ([12] p. 130). Also a graphical visualization can be easily
performed considering that a segment must be superimposed on another by means
of an equilateral hyperbola, instead of the Euclidean circle ([81] p. 190). Now we
see that the Euclidean formalization of space-time trigonometry allows us to obtain
a simple quantitative formulation of the problem.

Let us call θ1 ≡ tanh v the hyperbolic angle ̂ROT , θ2 the hyperbolic angle
̂ORT and θ3 the hyperbolic angle ̂OTR. Given their physical meaning, the angles
θ1 and θ2 are such that the straight-lines OT and TR are time-like [55] (in a
Euclidean representation the angle of straight-lines with the t axis must be less
than π/4). Applying the law of cosines (4.4.13) to OR; we have

OR = OT cosh θ1 + TR cosh θ2. (5.1.1)

It follows that the difference between the twins’ proper times ∆ τ is

∆ τ ≡ OR − OT − TR = OT (cosh θ1 − 1) + TR (cosh θ2 − 1). (5.1.2)
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If we call p the semi-diameter of the equilateral hyperbola circumscribed to triangle
̂OTR, from (4.4.10) we have OT = 2 p sinh θ2; TR = 2 p sinh θ1, and

∆τ = 2 p (cosh θ1 sinh θ2 + cosh θ2 sinh θ1 − sinh θ1 − sinh θ2)
≡ 2 p [sinh(θ1 + θ2) − sinh θ1 − sinh θ2]. (5.1.3)

This equation allows us to calculate ∆τ for every specific problem.
Now we consider the following one: given θ1 + θ2 = const ≡ C, what is the

relation between θ1 and θ2, so that ∆ τ has its greatest value?

Proof. The straightforward solution is

∆τ = 2 p [sinhC − sinh θ1 − sinh(C − θ1)],
d (∆τ)
d θ1

= 0 ⇒ θ1 = C/2 ≡ θ2, (5.1.4)

d2 (∆τ)
d θ2

1

∣∣∣∣
θ1=C/2

= − sinh(C/2) < 0.

�
We have obtained the “intuitive Euclidean” solution that the greatest differ-

ence between elapsed times, i.e., the shortest proper-time for the moving twin, is
obtained for θ1 = θ2. For this value (5.1.3) corresponds to the well-known solution
[31]

τOR = τ(OT+TR) cosh θ1 ≡
τ(OT+TR)√

1 − v2
. (5.1.5)

Now we give a geometrical interpretation of this problem. From (4.4.19) we know
that if θ1 + θ2 = C, θ3 is constant too, then the posed problem is equivalent to:
what can be the position of vertex T if starting and final points and angle θ3 are
given?

The problem is equivalent to having, in a triangle, a side and the opposite
angle. In an equivalent problem in Euclidean geometry we know immediately that
the vertex T does move on a circle’s arc. Then, from the established correspondence
of circles in Euclidean geometry with equilateral hyperbolas in pseudo-Euclidean
geometry, we have that in the present space-time problem the vertex T moves on
an arc of an equilateral hyperbola.

Now let us generalize the twin paradox to the case in which both twins change
their state of motion: their motions start in O, both twins move on (different)
straight-lines and cross again in R. The graphical representation is given by a
quadrilateral figure and we call the other two vertices T and T ′. Since a hyperbolic
rotation does not change hyperbolic angles between the sides and hyperbolic side
lengths (Chapter 4), we can rotate the figure so that the vertex R lies on the t
axis (see Fig. 5.1). The problem can be considered as a duplicate of the previous
one in the sense that we can compare proper times of both twins with side OR. If
we indicate by (′) the quantities referred to the triangle under the t axis, we apply
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(5.1.3) twice and obtain ∆τ − ∆τ ′ for every specific example. In particular, if we
have θ1 + θ2 = θ′1 + θ′2 = C, from the result of (5.1.4) it follows that the youngest
twin is the one for which θ1 and θ2 are closer to C/2.

5.2 Inertial and Uniformly Accelerated Motions

Now we consider some “more realistic” examples in which uniformly accelerated
motions are taken into account. The geometrical representation of a motion with
constant acceleration is given by an arm of an equilateral hyperbola with the
semi-diameter p linked to the acceleration a by the relation p−1 = a ([52], p.
166) and ([55], p. 58). In Chapter 10 the hyperbolic motion is obtained as a
straightforward consequence of the invariance of the wave equation with respect
to Lorentz transformations.

Obviously, the geometrical representation of a motion with non-uniform ac-
celeration is given by a curve which is the envelope of the equilateral hyperbolas
corresponding to the instantaneous accelerations. Or, vice versa, we can construct
in every point of a curve an “osculating hyperbola” which has the same proper-
ties of the osculating circle in Euclidean geometry. Actually the semi-diameter of
these hyperbolas is linked to the second derivative with respect to the line ele-
ment ([12] Section 3.3) as the radius of osculating circles in Euclidean geometry.
This general problem is formalized in Section 5.3; now we return to uniformly ac-
celerated motions represented by equilateral hyperbolas. For these hyperbolas we
indicate by C ≡ (tC , xC) its center and with θ a parameter that, from a geometri-
cal point of view, represents a hyperbolic angle measured with respect to an axis
passing through C and parallel to the x axis (Section 4.2.2). Then its equation, in
parametric form, is

I ≡
{

t = tC ± p sinh θ
x = xC ± p cosh θ

for −∞ < θ < +∞, (5.2.1)

where the + sign refers to the upper arm of the equilateral hyperbola and the −
sign to the lower one. We also have

d x = ±p sinh θ d θ, d t = ±p cosh θ d θ (5.2.2)

and the proper time on the hyperbola

τI =
∫ θ2

θ1

√
d t2 − d x2 ≡

∫ θ2

θ1

p d θ ≡ p (θ2 − θ1). (5.2.3)

This relation states the link between proper time, acceleration, and hyperbolic
angle and also shows that hyperbolic angles are given by the ratio between the
“lengths” of hyperbola arcs and semi-diameter, as circular angles in Euclidean
trigonometry are given by the ratio between circle arcs and radius. Moreover, as
in Euclidean geometry, the magnitude of hyperbolic angles is equal to twice the
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Figure 5.2: The uniform and accelerated motions of the first example.

area of the hyperbolic sector (Chapter 6) and, taking into account that the “area”
is the same quantity in Euclidean and pseudo-Euclidean geometries, it can be
calculated in a simple Euclidean way ([81] p. 183).

At the point P , determined by θ = θ1, the velocity is given by v ≡ d x/d t =
tanh θ1 and the straight-line tangent to the hyperbola for θ = θ1 is given by
(Chapter 4):

x − (xC ± p cosh θ1) = tanh θ1 [t − (tC ± p sinh θ1)]
⇒ x cosh θ1 − t sinh θ1 = xC cosh θ1 − tC sinh θ1 ∓ p. (5.2.4)

From this equation we see that θ1 also represents the hyperbolic angle of the
tangent to hyperbola with t axis. This last property means that semi-diameter
CP is pseudo-orthogonal to the tangent in P (see also Figs. 4.3 and 5.3). This
property corresponds, in the Euclidean counterpart, to the well-known property
of a circle where the radius is orthogonal to the tangent-lines.

First Example

We start with the following example in which the first twin, after some accelerated
motions, returns to the starting point with vanishing velocity. The problem is
represented in Fig. 5.2.

• The first twin (I) starts with a constant accelerated motion with acceleration
p−1 (indicated by I1) from O to A and then a constant decelerated (p−1)
motion up to V and then accelerated with reversed velocity up to A′ (I2),
then another decelerated (p−1) motion (I3) up to B ≡ (4 tA, 0).

• The second twin (II) moves with a uniform motion (T1) that, without loss of
generality, can be represented as stationary at the point x = 0.
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Solution. Hyperbola I1 has its center at C ≡ (0, −p). Then we have

I1 ≡
{

t = p sinh θ
x = p (cosh θ − 1) for 0 < θ < θ1. (5.2.5)

We also have A ≡ (p sinh θ1, p cosh θ1 − p).
The symmetry of the problem indicates that for both twins the total elapsed

times are four times the elapsed times of the first motion. The proper time of twin
I is obtained from (5.2.3),

τI ≡ 4 τI1 = 4
∫ θ1

0

√
d t2 − d x2 ≡ 4

∫ θ1

0

p d θ ≡ 4 p θ1; (5.2.6)

the proper time of twin II is four times the abscissa of point A,

τII ≡ 4 tA = 4 p sinh θ1. (5.2.7)

The difference between the elapsed times is ∆τ = 4 p (sinh θ1−θ1), and their ratio
is

τI

τII
=

θ1

sinh θ1
. (5.2.8)

�
For θ1 ≡ tanh−1 v � 1, we have ∆τ � 0, and for θ � 1 ⇒ sinh θ ∝

exp[θ]: The proper time for the accelerated motions is linear in θ and the stationary
(inertial) one is exponential in θ.

• Now we compare the motion on hyperbola I1 with the motion T on the side
OA.

Solution. Let us call θ2 the hyperbolic angle between straight-line OA and the t
axis; the equation of the straight-line OA is

T ≡ {x = t tanh θ2}, (5.2.9)

and we calculate θ2, imposing that this straight-line crosses the hyperbola (5.2.5)
for θ = θ1. By substituting (5.2.9) in (5.2.5), we have{

t = p sinh θ1

t tanh θ2 = p (cosh θ1 − 1) ⇒ sinh θ2

cosh θ2
=

cosh θ1 − 1
sinh θ1

⇒ θ1 = 2 θ2, (5.2.10)

i.e., the central angle (θ1) is twice the hyperbola angle (θ2) on the same chord
(Theorem 4.17 p. 46). Then we have

OA =
OtA

cosh θ2
≡ p sinh θ1

cosh θ2
≡ 2 p sinh θ2 (5.2.11)

and, taking into account the proper time on the hyperbola given by (5.2.3), we
obtain

τI
τT

=
θ2

sinh θ2
. (5.2.12)

�
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Relation 5.2.12 has a simple “Euclidean” interpretation. Actually it can be
interpreted by means of the correspondence (Section 4.1) with Euclidean geometry,
where it represents the ratio between the length of a circle arc and its chord. We
have to note how, in hyperbolic geometry, this ratio is less than 1 whereas in
Euclidean geometry it is greater than 1, as the reverse triangle inequality requires.
We shall look into this property more comprehensively in Section 5.2. It can be
verified that the ratio between (5.2.8) and (5.2.12), gives the ratio (5.1.5).

Second example

�

�
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T1 T ′
1

P P’

V

I

R
t

x

tP tV = tC tP ′ tR

θ1

C

θ1

Figure 5.3: The uniform and accelerated motions of the second example.

In this example we connect the two sides of the triangle of Fig. 5.1 by means of
an equilateral hyperbola, i.e., we consider the decelerated and accelerated motions
too (Fig. 5.3).

• The twin I moves from O ≡ (0, 0) to P ≡ (p sinh θ1, p cosh θ1 − p) with a
uniform motion, indicated as T1, then he goes on with a constant decelerated
motion up to V , and then he accelerates with reversed velocity up to P ′,
where he has the same velocity as the initial one, and moves again with
uniform velocity up to R ≡ (tR, 0) (T ′

1 ).

• The twin II moves with a uniform motion (T2) which, without loss of gener-
ality, can be represented as stationary in the point x = 0.

Solution. A mathematical formalization can be the following: let us consider the
decelerated and accelerated motions that can be represented by the equilateral
hyperbola (5.2.1) for −θ1 < θ < θ1 and the tangent to the hyperbola for θ = θ1 as
given by (5.2.4). This straight-line represents the motion T1 if it passes through O.
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This happens if the center C ≡ (xC , tC) of the hyperbola lies on the straight line
xC cosh θ1 − tC sinh θ1 − p = 0, where tC is given by (5.2.1): tC = tP + p sinh θ1.
If we write down the straight line (5.2.4) in parametric form

T 1 ≡
{

t = τ cosh θ1

x = τ sinh θ1
, (5.2.13)

where τ is the proper time on the straight line, we have at the end of the uniform
motion P ≡ (tP , xP ), with tP = τ cosh θ1. Then the proper time for twin I is
τOP = τ, and from P to the vertex of the hyperbola τI = p θ1. The proper times
of the other lines are a duplicate of these times.

For twin II we have: τII ≡ 2 tC = 2 (τ cosh θ1 + p sinh θ1). Then we have

∆ τ = 2 [τ (cosh θ1 − 1) + p (sinh θ1 − θ1)]. (5.2.14)
�

The proper time on this rounded off triangle is greater than the one on the
triangle, as we shall better see in the next example. The physical interpretation
is that the velocity on the hyperbola arc is less than the one on straight-lines
OT, TR of Fig. 5.1.

Third Example

In the following example we consider the motions

1. stationary motion in x = 0,

2. on the upper triangle of Fig. 5.1 with sides OT = TR,

3. on hyperbola I tangent in O and in R to sides OT and TR, respectively,

4. on hyperbola Ic circumscribed to triangle
�

OTR.

The problem is represented in Fig. 5.4. In this example we can also note a for-
malization of the triangle inequality, reversed with respect to the Euclidean plane
([12] p. 130). Actually we shall see that the shorter the lines (trajectories) look in
a Euclidean representation (Fig. 5.4), the longer they are in space-time geometry
(5.2.16).

Solution. Side OT lies on the straight-line represented by the equation

x cosh θ1 − t sinh θ1 = 0. (5.2.15)

Hyperbola I is obtained requiring that it be tangent to straight-line (5.2.15) in O.
We obtain from (5.2.1) and (5.2.4) tC = p sinh θ1, xC = p cosh θ1 and, from the
definitions of hyperbolic trigonometry, OT = tC/ cosh θ1 ≡ p tanh θ1.

For hyperbola Ic, with vertex in T , its semi-diameter is given by (4.4.10):
pc = OT/(2 sinh θ1) ≡ p/(2 cosh θ1). If we call Cc its center and 2 θc the angle
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Figure 5.4: The uniform and accelerated motions of the third example.

̂OCcR, we note that θc is a central angle of chord OT while θ1 is a hyperbola angle
on the chord TR = OT . Then, as has been shown in the first example, we have
θc = 2 θ1.

Summarizing the lengths (proper times) for the motions are:

1. OR ≡ 2 tT = 2 p sinh θ1;

2. from (5.2.15) it follows that

T ≡ (p sinh θ1, p sinh θ1 tanh θ1) , so that OT = TR = p tanh θ1;

3. from (5.2.3) the length of arc of hyperbola I between O and R is given by

τI = 2 p θ1;

4. from (5.2.3) the length of arc of Ic from O and R is given by

τIc
= 2 pc θc ≡ 2 p θ1/ cosh θ1.

Then the following relations hold:

OR ≡ 2 p sinh θ1 > arc(I) ≡ 2 p θ1 > OT + TR

≡ 2 p tanh θ1 > arc(Ic) ≡ 2 p θ1/ cosh θ1. (5.2.16)
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Figure 5.5: The uniform and accelerated motions of the fourth example.

We also observe that OR is a chord of I, OT is a chord of Ic and their ratios are
given by (5.2.12):

τOR

τI
=

τOT

τIc

≡ sinh θ1

θ1
. (5.2.17)

�

As a corollary of this example we consider the following one: given the side
OR = τ (proper time of the stationary twin) what is the proper time of twin I
moving on an equilateral hyperbola, as a function of the acceleration p−1?

The answer is: as acceleration p−1 does increase, proper time τI can be as
little as we want ([52] p. 167).

Proof. From the hyperbolic motion of (5.2.1) we have t = τ/2 − p sinh θ and for
t = 0 we have 2 p sinh θ1 = τ , and for relativistic motions (θ1 � 1) we obtain

τ � p exp[θ1] ⇒ θ1 � ln
τ

p
. (5.2.18)

Then from relation (5.2.3), τI ≡ 2 p θ1 = 2 p ln[τ/p]
p→0−→ 0. �

Fourth Example

We conclude this section with a more general example in which both twins have
a uniform and an accelerated motion.

• The first twin (I) starts with a constant accelerated motion and then goes
on with a uniform motion.

• The second twin (II) starts with a uniform motion and then goes on with a
constant accelerated motion.

The problem is represented in Fig. 5.5.
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Solution. We can represent this problem in the (t, x) plane in the following way:
(I) starts from point O ≡ (0, 0) with an acceleration given by p−1 (I1) up to

point A ≡ (p sinh θ1; p cosh θ1 − p), then goes on with a uniform motion (T1) up
to time t3 (point B).

(II) starts from the point O ≡ (0, 0) with a uniform motion (T2), (stationary
in x = 0) up to point C, in a time t2 = α p sinh θ1 which we have written pro-
portional to tA. Then he goes on with an accelerated motion (I2), with the same
acceleration p−1 up to crossing the trajectory of twin (I) at time t3.

The analytical representation of I1 is given by (5.2.5). I2 is represented by

I2 ≡
{

t = p (α sinh θ1 + sinh θ)
x = p (cosh θ − 1) for 0 < θ < θ2, (5.2.19)

where θ2 represents the value of the hyperbolic angle in the crossing point B
between I2 and T1.

T1 is given by the straight-line tangent to I1 in θ1:

T1 ≡ {x cosh θ1 − t sinh θ1 = p (1 − cosh θ1)}. (5.2.20)

From (5.2.19) and (5.2.20) we calculate the crossing point between I2 and T1. We
have

cosh(θ2 − θ1) = α sinh2 θ1 + 1. (5.2.21)

This equation has an explicit solution for α = 2. Actually we have
cosh(θ2 − θ1) = 2 sinh2 θ1 + 1 ≡ cosh 2 θ1 ⇒ θ2 = 3 θ1.

Let us calculate the proper times.

• The proper times relative to the accelerated motions are obtained from (5.2.3)
τI1 = p θ1, τI2 = p θ2.

• The proper time relative to T2 is given by t2 = α p sinh θ1.

• On straight-line T1, between points A and B ≡ p (α sinh θ1+sinh θ2, cosh θ2−
1), the proper time is obtained by means of hyperbolic trigonometry,

τT1 ≡ AB = (xB − xA)/ sinh θ1 ≡ p (cosh θ2 − cosh θ1)/ sinh θ1. (5.2.22)

Then the complete proper times of the twins are

τI = p [θ1 + (cosh θ2 − cosh θ1)/ sinh θ1], τII = p (α sinh θ1 + θ2). (5.2.23)
�

Let us consider relativistic velocities (v = tanh θi � 1 ⇒ θ1, θ2 � 1); in this
case we can approximate the hyperbolic functions in (5.2.21) and (5.2.23) with the
positive exponential term and, for α �= 0, we obtain from (5.2.21): exp[θ2 − θ1] �
α exp[2 θ1]/2, and from (5.2.23)

τI � p (θ1 + exp[θ2 − θ1]) � p (θ1 + α exp[2 θ1]/2), τII � p (α exp[θ1]/2 + θ2).
(5.2.24)
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The greatest contributions to the proper times are given by the exponential terms
that derive from uniform motions. If we neglect the linear terms with respect to
the exponential ones, we obtain a ratio of the proper times independent of the
α �= 0 value,

τI � τII exp[θ1]. (5.2.25)

The twin that moves for a shorter time with uniform motion has the shortest
proper time. Since the total time is the same, a shorter time with uniform motion
means a longer time with accelerated motion, so this result is the same as (5.2.12).

With regard to the result of this example we could ask: how is it possible
that a uniform motion close to a light-line is the longer one? We can answer
this question by a glance at (5.2.22). Actually in this equation the denominator
sinh θ1 � 1 takes into account that the motion is close to a light-line, but in the
numerator cosh θ2 � cosh θ1 indicates that the crossing point B is so far away
that its contribution is the determining term of the result we have obtained.

5.3 Non-uniformly Accelerated Motions

In the representative Minkowski plane with coordinates (t, x) we can represent
points P by means of the hyperbolic-polar coordinates (Chapter 4), i.e., by means
of a radius vector r ≡ (t , x) and a hyperbolic angle θ,

|r| =
√

t2 − x2 , tanh θ =
x

t
, (5.3.1)

and consider a time-like curve, in parametric form, from the origin of the coordi-
nates to point A, given by

r = r(τ) , t = t(τ), x = x(τ) (5.3.2)

and
v = v(τ) ; vt ≡ ṫ =

d t

d τ
, vx ≡ ẋ =

d x

d τ
. (5.3.3)

If τ is the proper time on the curve, v ≡ (ṫ, ẋ) is the relativistic velocity unit
vector. For every parametrization, (5.3.3) allows us to obtain the proper time on
the curve if we know its equation. Actually the length of the curve (proper time
on the curve) is given by

τA =
∫ A

0

√
(ṫ)2 − (ẋ)2 dτ. (5.3.4)

Now we consider another problem: to calculate the proper time in an inertial frame
if we know the acceleration on the curve as a function of the proper time on the
curve. Thanks to the established correspondence between Euclidean and space-
time geometry the problem can be solved in a straightforward way in two steps.
As a first step we state Frenet’s formulas for the space-time plane.
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5.3.1 Frenet’s Formulas in the Minkowski Space-Time

Let us consider a parametrization by means of proper time: we have

Theorem 5.1. In the space-time plane the following Frenet-like formulas hold:

d2 r

d τ2
≡ d v

d τ
= K(τ) n, (5.3.5)

d n

d τ
= K(τ) v, (5.3.6)

where n represents the unit vector pseudo-orthogonal to the curve, K(τ) the mod-
ulus of acceleration and K(τ)−1 the semi-diameter of osculating hyperbolas.

We have changed the symbol p , introduced in Chapter 4, with K(τ), that
recalls the non-constant curvature of lines in the Euclidean plane.

Proof. If the parameter τ is the proper time, ẗ and ẍ are the components of a
vector a that represents the relativistic acceleration ([55], p. 56). It can be shown
that v and a are orthogonal ([12], p. 132), [55]. Then a is a space-like vector and
we can write the proportionality equation (5.3.5). Equation (5.3.5) is equivalent
to the first Frenet formula in the Euclidean plane ([28], p. 20). Now we show that
also the second Frenet formula holds.

By indicating with a dot (·) the scalar product in space-time [81] and taking
into account that n, pseudo-orthogonal to v, is space-like (its modulus is negative)
we have

n · n = −1 ⇒ n · d n

d τ
= 0; (5.3.7)

as for Equation (5.3.5) we can write

d n

d τ
= α v (5.3.8)

and taking into account that v · n = 0, from (5.3.5) and (5.3.8) we obtain α,

0 =
d

d τ
(v · n) ≡

(
dv

d τ
· n

)
+
(

dn

d τ
· v

)
≡ −K + α ⇒ α = K. (5.3.9)

So we have the second Frenet-like formula (5.3.6). �

5.3.2 Proper Time in Non-Uniformly Accelerated Motions

Now we apply Frenet space-time formulas for comparing the proper times in the
following motions:

1. motion I, a non-uniformly accelerated motion of which we know the acceler-
ation as a function of the proper time on the curve (K(τ)),

2. motion II, stationary in x = 0,
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3. motion III, uniform motion from O to A.

Solution. Calling θ (τ ) the hyperbolic angle between the tangent-line to the curve
and t axis, we can write3

vt ≡
d t

d τ
= |v| cosh θ(τ) ≡ cosh θ(τ) ; vx ≡ d x

d τ
= |v| sinh θ(τ) ≡ sinh θ(τ).

(5.3.10)
Then v can be written, in the language of “hyperbolic vectors”, as

v ≡ vt + h vx = exp[h θ(τ)] (5.3.11)

and the pseudo-orthogonal unit vector n (Chapter 4) as

n = h exp[h θ(τ)]. (5.3.12)

Substituting (5.3.11) and (5.3.12) into (5.3.5), we obtain

d exp[h θ(τ)]
d τ

≡ {h exp[ θ(τ) ]} d θ(τ)
d τ

= K(τ) {h exp[ θ(τ) ]}

⇒ θ(τ) = θ0 +
∫

K(τ) d τ. (5.3.13)

The same result could be obtained by means of (5.3.6).
By means of the value of θ(τ) obtained by (5.3.13), we obtain the components

of v and n, from (5.3.11) and (5.3.12), respectively.
If we also write r in the language of hyperbolic vectors, we have

r ≡ t + hx ≡
∫

[vt + h vx] d τ =
∫

exp[h θ(τ)] d τ. (5.3.14)

By means of the value of θ(τ) obtained by (5.3.13), from (5.3.14) we obtain the
expressions equivalent to the ones which in the Euclidean plane give the parametric
equation of a curve from its curvature ([28], p. 24)

t(τA) = t0 +
∫ τA

0

cosh θ( τ ′) d τ ′ ≡ t0 +
∫ τ

0

cosh

[∫ τ ′

0

K( τ ′′) d τ ′′

]
d τ ′, (5.3.15)

x(τA) = x0 +
∫ τA

0

sinh θ( τ ′) d τ ′ ≡ x0 +
∫ τ

0

sinh

[∫ τ ′

0

K( τ ′′) d τ ′′

]
d τ ′. (5.3.16)

These expressions have been recently obtained in a different way ([51], (11 a, b)).
Now we consider the straight-line OA which forms with the t axis the hyper-

bolic angle

θ = tanh−1 x(τA)
t(τA)

(5.3.17)

and we have
3The following procedure is formally equal to the ones which, in the Euclidean plane, are

developed by means of complex numbers.
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1. (I) proper time, τA,

2. (II) proper time, t(τA) from (5.3.15),

3. (III) proper time τ(OA) = t(τA)/cosh θ.

Motions (III)+(I) can be considered a round trip.
The motions (I)+(II) are not a closed curve, however we can close it by a

reversed motion of twin (I) up to crossing again the stationary twin. Since the
curvature (acceleration) is given by a second derivative, it is independent of the
parameter direction ([28], p. 17), then the result is to double the proper times and
obtain the ratio τ(I)

τ(II)
=

τA

t(τA)
, (5.3.18)

where t(τA) is given by (5.3.15).
Equation (5.3.18) allows us to construct an inertial clock (e.g., the time on

the Earth) from data taken on a rocket, as is shown in [51].

Conclusions

As we know, the twin paradox spreads far and wide, having been considered the
most striking exemplification of the space-time “strangeness” of Einstein’s theory
of special relativity. What we have striven to show is that hyperbolic trigonometry
supplies us with an easy tool by which one can deal with any kinematic problem in
the context of special relativity. Otherwise it allows us to obtain the quantitative
solution of any problem and dispels all doubts regarding the role of acceleration
in the flow of time.

Actually, if we consider “true” the space-time symmetry stated by Lorentz
transformations, in whatever way obtained, the hyperbolic numbers provide the
right mathematical structure inside which the two-dimensional problems must be
dealt with. Finally, we remark that the application of hyperbolic trigonometry
to relativistic space-time turns out to be a “Euclidean way” of dealing with the
pseudo-Euclidean plane.



Chapter 6

General Two-Dimensional
Hypercomplex Numbers

In this chapter we study the Euclidean and pseudo-Euclidean geometries associ-
ated with the general two-dimensional hypercomplex variable, i.e., the algebraic
ring (see Section 2.2)

{z = x + u y; u2 = α + uβ; x, y, α, β ∈ R; u /∈ R}, (6.0.1)

and we show that in geometries generated by these numbers, ellipses and general
hyperbolas play the role which circles and equilateral hyperbolas play in Euclidean
and in pseudo-Euclidean planes, respectively.

Moreover we show that these geometries can be studied simultaneously by
using a two-dimensional variable without specification if it is elliptic or hyper-
bolic. In this way all the discussed geometries, are “unified” and the theorems
are demonstrated by just one analytical development. By means of this approach
we demonstrate, in an unusual algebraic way, Hero’s formula and Pythagoras’
theorem for the general Euclidean and pseudo-Euclidean plane geometries.

Definitions

Referring to the definitions of Section 2.2, we call

• Euclidean, the geometry associated with complex numbers;

• pseudo-Euclidean, the geometry associated with canonical hyperbolic num-
bers.

In the general case we call

• elliptic, the geometries associated with general systems with ∆ < 0;

• hyperbolic, the geometries associated with general systems with ∆ > 0.

In the following developments we do not consider the geometry associated with
parabolic numbers which has been widely studied by Yaglom [81], who has shown
its link with the Galileo group of classical kinematics.

6.1 Geometrical Representation

Here we briefly extend to general number some definitions given in Chapter 4.



74 Chapter 6. General Two-Dimensional Hypercomplex Numbers

Let us introduce a plane by analogy with the Gauss–Argand plane of the
complex variable. In these representative planes, which are called the names of the
number systems, i.e., elliptic or hyperbolic, we associate points P ≡ (x, y) with
the general two-dimensional hypercomplex numbers z = x+u y. Their topology is
the same as the Euclidean plane for elliptic numbers, and as the pseudo-Euclidean
(space-time) plane for hyperbolic numbers [38]. The hyperbolic plane is divided
into four sectors [47] by straight lines (null lines [81]) x + 1

2 (β ±
√

∆)y = 0. With
the same definitions of Section 4.3, a segment or line is called of the first (second)
kind if it is parallel to a straight line passing through the origin located in the
sectors containing the axis Ox (Oy).

Let us also consider the hypercomplex conjugate of z, which we indicate by
z̄, given by (Section 2.2)

z̄ = x + (β − u)y. (6.1.1)

Therefore we have z + z̄ ≡ 2 x + β y ∈R. The “square module” of z is given by

D ≡ zz̄ = x2 − α y2 + β x y. (6.1.2)

This real quantity is a definite quadratic form for ∆ ≤ 0 and it is not definite (it is
zero for x, y on the null-lines) for ∆ > 0. It defines, in the representative planes,
the square distance of a point from the origin of the coordinates. It must be taken
in the quadratic form of (6.1.2), which can also be negative (see Chapter 4).

If we consider two points Pi ≡ (xi, yi), Pj ≡ (xj , yj), their square distance
Di j is given by an extension of (6.1.2)

Di j = Dj i = (zi − zj)(z̄i − z̄j) ≡ ziz̄i + zj z̄j − ziz̄j − zj z̄i

≡ (xi − xj)2 − α(yi − yj)2 + β(xi − xj)(yi − yj). (6.1.3)

We set
Di O ≡ ziz̄i, (6.1.4)

which represents the square distance from the origin of coordinate axes. For hy-
perbolic numbers this square distance is positive for segments of the first kind,
negative for segments of the second kind. In Section 6.2 we exclude the points in
a position for which Di j = 0 (null distance).

The definition of distances (metric element) is equivalent to introducing the
bilinear form of the scalar product. The scalar product and the properties of hyper-
complex numbers allow us to state suitable axioms ([81], p. 245) and to give the
structure of a vector space to the representative planes of elliptic and hyperbolic
numbers. When the linear distance (a segment length or radial coordinate) has to
be used, we follow the conventions of Section 4.3 and put

di j =
√
|Di j |. (6.1.5)

From (6.1.3) it follows that the equation of the locus of P ≡ (x, y) which has the
same distance from a fixed point Pc ≡ (xc, yc) is

(x − xc)2 − α(y − yc)2 + β(x − xc)(y − yc) = K, (6.1.6)
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which represents a conic section that we call the fundamental conic section. There-
fore in the representative planes of general algebras, these conic sections can be
considered as extensions of Euclidean circles (the locus of points which are at a fixed
distance (r) from a given point Pc.). Moreover, as it has been shown in Chapter 4
for equilateral hyperbolas in the pseudo-Euclidean plane and later in this chapter
for the general geometries, the conic section (6.1.6) retains many peculiar prop-
erties of Euclidean circles. Then, following Yaglom ([81], p. 181) we call “circles”
the conic sections represented by (6.1.6). We call K the square “semi-diameter”,
and Pc ≡ (xc, yc) the center of the conic section, and in general we extend the
Euclidean terminology by using the italic style included in quotation marks.

For ∆ > 0 (the conic sections are hyperbolas) K can be positive or negative
and, as it is shown in Section 4.5, we can assign a kind to these hyperbolas, and
to call hyperbolas of the first (second) kind if their tangent straight lines are of
the first (second) kind ([55], p. 52). For hyperbolas of the first kind K < 0, for
hyperbolas of the second kind K > 0.

We define “semi-diameter” of the hyperbolas to be the quantity

k =
√
|K|. (6.1.7)

The hyperbolas with common center and square “semi-diameter” k2 and −k2 are
said to be conjugate.

For fixed values of α, β we have a family of conics. These conics have the same
coefficients of the quadratic terms; then, as it is known from analytical geometry,
they have the same eccentricity, directions of axes and, as far as hyperbolas are
concerned, the null-lines as asymptotes. From another point of view we can asso-
ciate with a given conic an (α, β) algebra so that this conic, in the representative
plane, has the properties of a circle.

As for complex and hyperbolic planes, the angular coefficient of a straight
line, determined by two points Pi, Pj , is given by (Chapter 4)

mij =
yi − yj

xi − xj
. (6.1.8)

Indicating by m the angular coefficient of straight lines, from the previously given
definition, we have

• if |2 α m − β| <
√

∆ the straight line is of the first kind,

• if |2 α m − β| >
√

∆ the straight line is of the second kind.

Now we are in position to generalize well-known theorems of Euclidean geometry.
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6.2 Geometry and Trigonometry in Two-Dimensional

Algebras

6.2.1 The “Circle” for Three Points

As in Euclidean and in pseudo-Euclidean planes, circles and equilateral hyper-
bolas are determined by three points, so the general “circle”, given by (6.1.6) is
determined by three points. We have

Theorem 6.1. Given three non-aligned points Pi ≡ (xi, yi), i = 1, 2, 3, in the rep-
resentative plane of a generalized two-dimensional hypercomplex number, there is
a “circle” (6.1.6), passing for these points. This “circle” has square semi-diameter
given by

K = −D1 2D1 3D3 2

4∆ · S2
, (6.2.1)

and the “center” in a point Pc, associated with number zc. We have

zc =
(−β + 2 u)[D1 O1(z3 − z2) + D2 O(z1 − z3) + D3 O(z2 − z1)]

2∆ · S . (6.2.2)

Proof. These three points can be considered as the vertexes of a triangle, then
this problem is the generalization of the well-known Euclidean problem of finding
a circumcircle of a triangle. In the representation on a Cartesian plane, the problem
is solved if we know the center Pc ≡ (xc, yc) and the circle radius. Now the problem
is the same and we find xc, yc, K, by solving the system of three equations derived
from (6.1.6)1

Dn c = (zn −zc)(z̄n − z̄c) ≡ znz̄n +zcz̄c −znz̄c −zcz̄n = K for n = 1, 2, 3. (6.2.3)

Subtracting the first equation (n = 1) from the other two (n = 2, 3), we obtain
two equations for the unknown zc, z̄c. In matrix form(

z̄2 − z̄1 z2 − z1

z̄3 − z̄1 z3 − z1

)
·
(

zc

z̄c

)
=

(
z̄2z2 − z̄1z1

z̄3z3 − z̄1z1

)
, (6.2.4)

with the solution

zc =
z1 z2 z̄2 − z1 z2 z̄1 + z2 z3 z̄3 − z3 z2 z̄2 + z1 z3 z̄1 − z1 z3 z̄3

z1 z̄2 + z3 z̄1 + z2 z̄3 − z2 z̄1 − z1 z̄3 − z3 z̄2
. (6.2.5)

The solution for z̄c is the conjugate of (6.2.5). From one of (6.2.3), (6.2.5) and the
equation for z̄c, we find

K = − (z2 − z1)(z̄2 − z̄1)(z3 − z1)(z̄3 − z̄1)(z2 − z3)(z̄2 − z̄3)
(z1 z̄2 + z3 z̄1 + z2 z̄3 − z2 z̄1 − z1 z̄3 − z3 z̄2)2

≡ − D1 2D1 3D3 2

(z1 z̄2 + z3 z̄1 + z2 z̄3 − z2 z̄1 − z1 z̄3 − z3 z̄2)2
. (6.2.6)

1The following calculations have been performed with the scientific software Mathematica
[79].
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Let us call Q the term in round brackets of the denominator, then

Q = −Q, (6.2.7)

and, calculating Q as a function of the points’ coordinates, we have

Q ≡ z1 z̄2 + z3 z̄1 + z2 z̄3 − z2 z̄1 − z1 z̄3 − z3 z̄2

= (−β + 2u)[x1(y3 − y2) + x2(y1 − y3) + x3(y2 − y1)]. (6.2.8)

The content of the square brackets can be recognized, but for the sign (Chapter
4), as the double of the area (S) of the triangle and, by means of (2.2.10), we have

Q2 = 4 ∆ · S2, (6.2.9)

and from (6.2.5) and (6.2.6) we obtain (6.2.2) and (6.2.1), respectively. �
We note that the area of the triangle is independent of the particular geom-

etry. It is shown in Chapter 4 that it has the same value for Euclidean and for
pseudo-Euclidean geometries. In the same way it can be shown that it is indepen-
dent of α, β too.

Equation (6.2.1) represents the generalized expression for the square “semi-
diameter” of the circumcircle of a Euclidean triangle and for the circumscribed
equilateral hyperbola in pseudo-Euclidean geometry. For the canonical systems
(6.2.1) becomes

K =

⎧⎪⎪⎨⎪⎪⎩
D1 2D1 3D3 2

16 S2
⇒ k =

d1 2d1 3d3 2

4 S
(u2 = −1, ∆ = −4)

−D1 2D1 3D3 2

16 S2
(u2 = 1, ∆ = 4).

(6.2.10)

For hyperbolic numbers, K can be positive or negative, i.e., the circumscribed
hyperbola is of the second or first kind, depending on the sides’ kinds.

6.2.2 Hero’s Formula and Pythagoras’ Theorem

In this section we demonstrate in an unusual, algebraic way Hero’s formula and, as
a consequence, the theorem of Pythagoras. These demonstrations hold for elliptic
geometries, as well as for hyperbolic ones.

We know that in Euclidean geometry the triangle area can be expressed as a
function of the triangle sides lengths by means of Hero’s formula. Now, since the
characteristic quantities are the square distances, we have

Theorem 6.2. For the general two-dimensional geometries the area of a triangle as
a function of the square side lengths can be obtained by the following generalized
Hero’s formula:

S2 =
D2

1 2 + D2
1 3 + D2

3 2 − 2(D1 2D1 3 + D1 2D3 2 + D1 3D3 2)
4∆

≡ (D1 3 + D2 3 − D1 2)2 − 4 D1 3 D2 3

4∆
. (6.2.11)
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Proof. We start from the identity

(z1 − z2)(z̄1 − z̄2) ≡ [(z1 − z3) − (z2 − z3)][(z̄1 − z̄3) − (z̄2 − z̄3)]. (6.2.12)

Expanding the right-hand side and taking into account (6.1.3) and (6.2.8), we
obtain

D1 2 = D3 2 + D3 1 − 2(z̄2 − z̄3)(z1 − z3) − Q

⇒ 2(z̄2 − z̄3)(z1 − z3) = −D1 2 + D3 2 + D3 1 − Q. (6.2.13)

Multiplying (6.2.13) by its hypercomplex conjugate and taking into account
(6.2.7), we have

4 D3 2 D3 1 = (−D1 2 + D3 2 + D3 1)2 − Q2. (6.2.14)

Substituting (6.2.9) into (6.2.14) we obtain Hero’s formula (6.2.11). �

We note that this demonstration is another example of how the proposed
approach allows us to demonstrate theorems by means of identities as shown in
Chapter 4. For complex numbers (Euclidean geometry) this expression can be
easily reduced to the product of four linear terms which represents the well-known
Hero’s formula.

As a consequence of (6.2.11) we obtain

Theorem 6.3. For a right-angled triangle the following generalized theorem of
Pythagoras holds between the square side lengths,

D3 2 = D1 3 + D1 2. (6.2.15)

Proof. Let us solve (6.2.11) in terms of the quadratic distance D3 2,

D3 2 = D1 3 + D1 2 ∓ 2
√

D1 2D1 3 + ∆ · S2; (6.2.16)

if D1 2D1 3 +∆ ·S2 = 0, (6.2.16) becomes (6.2.15) which for Euclidean and pseudo-
Euclidean geometries is the theorem of Pythagoras for a right-angle triangle.

For a general algebra, if we have D1 2D1 3 + ∆ · S2 = 0, we say that sides
P1 P2 and P1 P3 are “orthogonal”, and the theorem of Pythagoras holds for all
two-dimensional hypercomplex systems.

We note that the definition of “orthogonal” line, here reported, is the same
as that of differential geometry, i.e., two vectors are “orthogonal” if their scalar
product (which depends on the metric) is null. �

As already pointed out in [38] this theorem holds, in the form of (6.2.15), for
all systems, i.e., with a sum in the right-hand side but for hyperbolic geometries,
since the sides are of different kinds, the square distances have opposite signs.
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6.2.3 Properties of “Orthogonal” Lines in General Algebras

We have

Theorem 6.4. For the general two-dimensional geometry the angular coefficients
(mN ) and “m” of “orthogonal” lines are related by

mN =
β m + 2
2α m − β

. (6.2.17)

Proof. The relation we are looking for can be obtained using Pythagoras’ theorem
(6.2.15). Let us consider the straight lines determined by points P1, P2 and P1, P3;
if these straight lines are orthogonal, substituting in (6.2.15) the coordinates of
points, we have

(x3 − x2)2 − α(y3 − y2)2 + β(x3 − x2)(y3 − y2) = (x3 − x1)2 − α(y3 − y1)2

+ β(x3 − x1)(y3 − y1) + (x1 − x2)2 − α(y1 − y2)2 + β(x1 − x2)(y1 − y2).
(6.2.18)

After simplifying this equation and substituting the angular coefficients given by
(6.1.8), we obtain the relation (6.2.17). �

Equation (6.2.17) can be written in a form which shows immediately the
reciprocity relation between mN and m,

2 α mN m − β(mN + m) = 2 ; or (2α mN − β)(2 α m − β) = ∆. (6.2.19)

From the second relation it follows that if a straight line is of one kind (Section
6.1), its “orthogonal” straight line is of the other kind.

For canonical systems β = 0 and α = ∓1, we obtain the well-known relations
of Euclidean and pseudo-Euclidean geometries

mN =
1

α m
. (6.2.20)

6.3 Some Properties of Fundamental Conic Sections in

General Two-Dimensional Algebras

6.3.1 “Incircles” and “Excircles” of a Triangle

Let there be given three points which can be considered the vertexes of a triangle,
and the three straight lines passing through them. We put the problem of finding
a “circle” inside the triangle “(incircle)” and three “circles”, outside the triangle
and tangent to the straight line prolongations of the three sides “(excircles)”.
This problem represents an extension to geometries associated with a general
two-dimensional algebra of a well-known Euclidean problem. The solution of this
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problem shows the properties which are preserved when going from Euclidean
geometry to general geometries, which properties must be considered peculiar to
the Euclidean geometry. On the other hand we cannot construct a hyperbola inside
a triangle, but we see that, solving together problems concerning “incircle” and
“excircles”, we find four “circles” with the properties of the four Euclidean circles
(Figs. 6.2–6.4).

By utilizing a property of Euclidean incircles and excircles, we change the
problem to the follwing one: to find “circles” with their centers equidistant from
three straight lines.

This problem has a solution; moreover the “circles” which we find, also have
other properties of the corresponding Euclidean circles. These other properties can
be demonstrated by simple calculations, as it is shown in Chapter 4 for equilateral
hyperbolas in the pseudo-Euclidean plane. We note that for hyperbolic geometry
we must consider, in general, both conjugate arms of the hyperbolas, since the
square distance from a straight line and the center of a hyperbola can be positive
or negative depending on the side (straight lines) kind, as we also see in the
numerical examples of Section 6.4.

For the solution of the problem we must find the center Pc ≡ (xc, yc) and
“semi-diameter” k ≡

√
|K| of “incircle” and “excircles”. This problem is solved

by means of two linear equations, as in Euclidean geometry. Let us begin with
pseudo-Euclidean geometry.

Distance Between a Point and a Straight Line in a Pseudo-Euclidean Plane

In Euclidean geometry the distance dc γE
, between a point Pc ≡ (xc, yc) and a

straight line γE : {sin φx+cos φ y + q = 0}, is equal to the value which we obtain
after substituting the coordinates of Pc in the equation of γE . Moreover we usually
take the positive quantity

dc γE
= | sinφ xc + cos φ yc + q| (6.3.1)

as the distance between the point Pc and the straight line γE . Actually the quantity
sin φxc + cos φ yc + q can be positive or negative depending on the position of the
point with respect to the straight line.

By means of Theorem 4.9 we know that the same relation holds for pseudo-
Euclidean geometry. In particular if we consider a straight line in canonical form
γH : {sinhe θ x + coshe θ y + q = 0}, (4.3.7) becomes the linear function of xc, yc

given by
dc γH

= | sinhe θ xc + coshe θ yc + q|, (6.3.2)

and, as in Euclidean geometry, we take the absolute value which removes the sign
depending on the position of the point with respect to the straight line.

For the solution of the problem we must preserve the sign with a simple geo-
metrical consideration. Actually, for Euclidean geometry, we note that the centers
of excircles, with respect to the incircle, are on opposite sides of one straight line,
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then since we are finding the centers of the four circles by means of the same
linear equations, we have to equate the distances but for the sign. Therefore,
let us consider the straight lines determined by three points P1, P2, P3 and let
us denote γi : {sinhe θi x + coshe θi y + qi = 0} the straight line between points
Pj , Pk, i �= j, k. By introducing two quantities ε1, ε2 equal to ±1, which take into
account the elimination of the absolute values in (6.3.2), we find the centers of the
inscribed and circumscribed hyperbolas by means of equations

dc γ1 = ε1 dc γ2 , dc γ1 = ε2 dc γ3 . (6.3.3)

The semi-diameters shall be obtained from the center coordinates and one of
(6.3.2).

The Solution for General Algebras

All the exposed considerations can be applied to general algebras, and we have

Theorem 6.5. Given a straight line γi : {y−mi x−ci = 0} and a point Pc ≡ (xc, yc)
outside the straight line, the distance between them is a linear function of the point
coordinates, given by

dcγi
=

1
2

√∣∣∣∣ ∆
f(mi)

∣∣∣∣ |(yc − mi xc − ci)|, (6.3.4)

where
f(mi) = 1 − α(mi)2 + βmi. (6.3.5)

Proof. With the definition (6.3.5) we obtain, as for canonical systems, that the
square distance from Pc and γi is proportional to the result of substituting the
coordinates of Pc in the equation of γi, in particular

Dcγi
= −∆ · (yc − mi xc − ci)2

4 f(mi)
(6.3.6)

and, also in this case, the distance can be put in the linear form (6.3.4) �
As for Euclidean and pseudo-Euclidean planes, the sign of yc − mi xc − ci is

determined by the position of the point Pc with respect to straight line γi.
In our specific problem the straight line passing through points Pk and Pj is

given by

γi : {y − yj =
yk − yj

xk − xj
(x − xj) | i �= j �= k}, (6.3.7)

and the angular coefficient of the straight line “orthogonal” to γi, is given by
(6.2.17)

mN =
2 (xj − xk) + β (yj − yk)

−β (xj − xk) + 2 α (yj − yk)
.

Therefore for the starting problem, we have
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Theorem 6.6. The centers and “semi-diameters” of “incircle” and “excircles” of
a triangle are given, as functions of the side lengths, by

xc =
ε1 x1 d2 3 − ε2 x2 d1 3 + ε3 x3 d1 2

ε1 d2 3 − ε2 d1 3 + ε3 d1 2
,

yc =
ε1 y1 d2 3 − ε2 y2 d1 3 + ε3 y3 d1 2

ε1 d2 3 − ε2 d1 3 + ε3 d1 2
, (6.3.8)

K = − ∆ · S2

(ε1 d2 3 − ε2 d1 3 + ε3 d1 2)2
⇒ k =

√
|∆| · S

|ε1 d2 3 − ε2 d1 3 + ε3 d1 2|
,

where e1 , ε2 = ±1 and ε3 = ε1 ε2.

Proof. The results (6.3.8) are obtained by solving the system (6.3.3), with dc γi

given by (6.3.4) and mi, γi given by (6.3.7) and setting ε3 = ε1 ε2. �
We have obtained the centers and the semi-diameters of “incircle” and “ex-

circles” by means of the same equations. By analogy with Euclidean geometry, we
define as inscribed the “circle” with the smallest semi-diameter (ε1 = −ε2 = ε3 =
−1).

We note that the expressions for k as a function of the side lengths are the
same as those of Euclidean geometry.

In Section 6.4 we show two numerical examples relative to elliptic and hy-
perbolic planes, and their graphical representation.

6.3.2 The Tangent Lines to the Fundamental Conic Section

By means of the analytic methods used up to now and by the support of an
adequate software, the theorems of Section 4.5 can be demonstrated for the fun-
damental conic section associated with the general two-dimensional algebra. In
particular Theorem 4.22 becomes

Theorem 6.7. If from a point P ≡ (xp , yp) we trace a straight line which crosses
the fundamental conic section (6.1.6) in points S1 and S2, the product of the
square distances from P to S1 and S2 is constant and is obtained by substituting
the coordinates of P in the equation for the fundamental conic section

DP S1
· DP S2

= [(xc − xp)2 − α(yc − yp)2 + β(xc − xp)(yc − yp) − K]2. (6.3.9)

Because the theorem holds for all the secants, in particular it is true for
tangent lines, if they exist. In this case we have S1 ≡ S2 ≡ T and

D2
PT

≡ (DPC − K)2 ⇒ DPC = DPT + K , (6.3.10)

which represents Pythagoras’ theorem for the right-angled triangle PTPC . Then
we have the extension of Theorem 4.15

Theorem 6.8. The tangent line to a fundamental conic section is “orthogonal” to
the diameter.
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6.4 Numerical Examples

Figs. 6.2–6.4 represent two applications of the results obtained in section (6.2)
about the “circumcircle”, “incircle” and “excircles” of a triangle2.

In particular let us consider three points P1 ≡ (3, 4), P2 ≡ (6, 8), P3 ≡
(7, 3); the first application is pertinent to elliptic geometry and in Fig. 6.2 we
report the five ellipses, obtained with the values of the parameters α = −3, β =
−1, ∆ = −11 < 0.

In the second application we refer to hyperbolic geometry and in Figs. 6.3 and
6.4, the five hyperbolas, obtained with the values of the parameters α = 3, β =
−1, ∆ = 13 > 0, are reported.

The “circumcircles” have the coordinates of the centers obtained by (6.2.2)
and the square “semi-diameters” given by (6.2.6). The centers and “semi-diame-
ters” of the “incircle” and “excircles” are obtained by (6.3.8). Following the
convention of Section 6.1 we have m1 2 = 4/3, m1 3 = −1/4, m2 3 = −5 and
|2α m1 2 −β| ≡ 9 >

√
∆ ≡

√
13, |2α m1 3 −β| ≡ 1/2 <

√
∆, |2α m2 3 −β| ≡ 29 >√

∆.
Then the sides P1P 2 and P2P 3 (the straight lines γ3, γ1) are of the second

kind, the side P1P 3 (the straight line γ2) is of the first kind. The hyperbola tangent
to straight lines γ3, γ1 is of the second kind (x−xc)2−(y−yc)2 = k2, the hyperbola
tangent to straight line γ2 is of the first kind (x − xc)2 − (y − yc)2 = −k2.

As far as the circumscribed hyperbola is concerned, we report both the con-
jugate arms, tough the problem is solved by a hyperbola of a specific kind. In this
particular example D1 2, D1 3 < 0, D2 3 > 0, then from (6.2.1) we have K < 0,
i.e., as one can note from Fig. 6.3, the circumscribed hyperbola is of the first kind
(y − yc)2 − (x − xc)2 = k2.

As far as the inscribed and ex-inscribed hyperbolas are concerned, their pa-
rameters are obtained by means of (6.3.8) and, by analogy with Euclidean geom-
etry, we define as inscribed the hyperbola with the smallest “semi-diameter”. By
observing Figs. 6.3 and 6.4, we shall see that these hyperbolas also have other
properties of the corresponding Euclidean circles.

2These figures were obtained with the software Mathematica [79].
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Figure 6.1: Given, in the Euclidean plane, three points P1 ≡ (3, 4), P2 ≡ (6, 8),
P3 ≡ (7, 3), these points can be considered the vertices of a triangle. In this figure
we report the incircle, circumcircle and ex-circles of the triangle, associated with
the canonical complex algebra {z = x + i y}.

Figure 6.2: Given three points P1 ≡ (3, 4), P2 ≡ (6, 8), P3 ≡ (7, 3), these points
can be considered the vertices of a triangle. In this figure we report the in-
scribed, circumscribed, and ex-inscribed ellipses associated with the elliptic algebra
{z = x + u y; u2 = α + β u; x, y ∈ R, α = −3, β = −1, ∆ = −11}. This example
and the following ones are generalisations of the Euclidean circles shown in Fig.
6.1.
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Figure 6.3: Given three points P1 ≡ (3, 4), P2 ≡ (6, 8), P3 ≡ (7, 3), these
points can be considered the vertices of a triangle. In these figures and in the
following ones we report the hyperbolas associated with the hyperbolic algebra
{z = x + u y; u2 = α + β u; x, y ∈ R, α = 3, β = −1, ∆ = 13}.
• Up: The “circumscribed” hyperbola.
• Down: The “inscribed” hyperbola.
As for Euclidean incircles, the inscribed hyperbola is tangent to the triangle sides
(and not to the external straight line) and its center is inside the triangle.
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P1

P2

P3

x

y

O

Figure 6.4: The “ex-inscribed” hyperbolas of the triangle of Fig. 6.3. As for
Euclidean excircles, the ex-inscribed hyperbolas are tangent to a triangle side
and to two external straight lines and their centers are outside the triangle.



Chapter 7

Functions of a Hyperbolic Variable

7.1 Some Remarks on Functions of a Complex Variable

For real variables, the definition of polynomials (linear combinations of powers)
stems from the definitions of elementary algebraic operations. Since for complex
variables the same algebraic rules hold, also for them the polynomial can be defined
and, grouping together the terms with and without the coefficient i, we can always
express them as P (z) = u (x, y)+ i v (x, y), where u, v are real functions of the real
variables x, y.

As far as the transcendental functions of a complex variable are concerned,
we cannot “a priori” assume that they can be written in a similar form, i.e., that
the versor i can be taken out from the function for obtaining two real functions
linked by i. The Euler formula for the exponential function has been considered
as a secret of nature up to the formalization of the theory of analytic functions
given by absolutely convergent power series to which the same algebraic rules
of the polynomial can be applied. Then for these functions we can always write
w ≡ f(z) ≡ f(x + i y) = u (x, y) + i v (x, y). Since u and v are obtained in an
algebraic way from the binomial x + i y, they cannot be arbitrary functions but
must satisfy definite conditions. These conditions can be obtained in many ways.
Following Riemann, we say that a function w ≡ f(z) = u (x, y) + i v (x, y) is a
function of the complex variable z if its derivative is independent of the direction
with respect to which the incremental ratio is taken. From these conditions two
partial differential equations, named after Cauchy and Riemann, link u and v.

A formal way for obtaining these equations is the following one. Let us con-
sider a generic expression w = u (x, y) + i v (x, y) and perform the bijective sub-
stitution z = x + i y, z̄ = x − i y; we say that w is a function of z if it does not
depend on z̄, i.e., its partial derivative w,z̄ = 01. By means of the derivative chain
rule we carry out the calculation and obtain

w,z̄ = u,x x,z̄ + u,y y,z̄ + i (v,x x,z̄ + v,y y,z̄) ≡ [u,x − v,y + i (u,y + v,x)]/2 = 0,

from which the Cauchy–Riemann conditions follow;

u,x = v,y , u,y = −v,x. (7.1.1)

The functions of a complex variable have the property that, even if they are
functions of x and y, they are just functions of z.

1The comma stands for differentiation with respect to the variables which follow.
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The same conclusion is obtained if we consider functions of just z̄. In this
case u, v must satisfy the partial differential equations

u,x = −v,y , u,y = v,x. (7.1.2)

These equations have a physical relevance. Actually if we give to u, v the physical
meaning of the components of a two-dimensional vector field E ≡ (u, v), (7.1.2)
represent the conditions rot E=0, div E =0. E is a harmonic field since, thanks to
(7.1.1) and (7.1.2), u and v satisfy the Laplace equation U,xx +U,yy = 0. Moreover
the Laplace equation is also invariant under the transformations x, y ⇒ u, v,
where u, v are given by the real and imaginary part of a function of a complex
variable [69]. These functional transformations are called a conformal group.

This link between functions of a complex variable and relevant physical fields
is outstanding, as we can see with the following examples. We know that the
study of a central field is simplified if we use polar coordinates which have the
same “symmetry” of the problem and reduce the dependence of the function we
have to calculate (as an example the potential) just on one variable (the distance
from the source). The same result occurs with functions of a complex variable
and a harmonic field. Actually two functions (u (x, y), v (x, y)) of the variables
x , y become one function of one variable w(z). A practical result is that some
problems related to Laplace or Poisson partial differential equations can be reduced
to integrals or solved by means of functional transformations.

Now let us state a link between the multiplicative group of complex numbers
and the conformal group of functional transformations. In the language of the
classical Lie groups, the two-dimensional Euclidean group (recalled in Section
3.1.2) is said to be a finite group because it depends on three parameters, whilst
the conformal group is said to be infinite because it depends on arbitrary functions
(see Section 7.2.3).

The Euclidean group is very important in itself. Moreover, if considered as
addition and multiplication of complex constants and variables, it represents the
simplest subgroup of the conformal group. Both groups derive from the symmetries
related to the “operator” “i” of a complex variable. A connection between these
two groups can be found if one looks for a field which satisfies the Laplace equation
and is invariant for the rotation group. Having set these requirements the problem
is equivalent to calculating the potential of a central field, which is a function only
of distance from the source. This problem is usually solved ([69], p. 341) by means
of a polar coordinate transformation (x, y ⇒ ρ, φ), which transforms the Laplace
equation into u,ρρ + ρ−1u,ρ + ρ−2u,φφ = 0.

The use of a complex exponential transformation, which has the same sym-
metries as the polar one, leaves the Laplace equation invariant; then with the
transformation

x = exp X cos Y, y = expX sinY or X = ln
√

x2 + y2, Y = tan−1(y/x),
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we have to solve the equation

U,XX + U,Y Y = 0. (7.1.3)

The U invariance for rotation means independence of the rotation angle, repre-
sented here by Y . Therefore U,Y Y ≡ 0, and U depends only on the variable X.
The partial differential equation, (7.1.3), becomes an ordinary differential equation
d2U/dX2 = 0, with the elementary solution

U = aX + b ≡ a ln
√

x2 + y2 + b, (7.1.4)

which represents the potential of a point charge. Then in the (X , Y ) plane the
straight lines X = const. give the equipotential, and, as is better known, the circles
x2 + y2 = const. are the equipotentials in the x , y plane. We can note that, from
the “symmetry” of the finite rotation group, we have obtained the Green function
for the partial differential Laplace equation.

From this example there follows a practical and simple solution for particular
problems, as an example: if we know an equipotential of a plane harmonic field
and a conformal transformation u, v ⇔ x, y, which maps the given equipotential
into a circle, the other equipotentials are given by ln

√
u2 + v2.

7.2 Functions of Hypercomplex Variables

7.2.1 Generalized Cauchy–Riemann Conditions

In Appendix C we shall introduce the functions of a hypercomplex variable by
means of matrix algebra; here, following an approach that is similar to the one
used for introducing the functions of a complex variable, we obtain the Generalized
Cauchy–Riemann (GCR) conditions, for functions of N -dimensional commutative
systems.2 Scheffers’ theorem quoted in Section 2.1 allows us to define the functions
of commutative hypercomplex variables by extending Riemann’s ideas concerning
the functions of complex variables. Let us denote by x = x0 + ei xi (the unity
versor e0 has been omitted) the hypercomplex variable and w = w0 + ei wi a hy-
percomplex function. wα are real and differentiable functions of the real variables
x0, . . . , xN−1.

We say that w is a function of the variable x in a domain D if for all P0 ≡
(xα

0 ) ∈ D, the limit of the incremental ratio ∆w does not depend on the manner in
which the point P0 + ∆ P approaches the point P0, with the additional condition
that ∆ x is not a divisor of zero. If these conditions are satisfied w is called a
holomorphic function [60].

2The functions of hypercomplex variables allow us to associate the group of functional trans-
formations (conformal mapping) with the hypercomplex numbers. In Section 7.2.3 we explain
their relevance.
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This requirement implies that the components must satisfy some Cauchy–
Riemann-like equations given by a system of first-order partial differential equa-
tions. These equations, as Cauchy–Riemann conditions, can be obtained in many
ways and with the same mathematical rigor as for the theory of functions of a
complex and bicomplex variable [60] and [73]. Here we give two equivalent formu-
lations.

Theorem 7.1. w is a holomorphic function of the variable x if the following Gen-
eralized Cauchy–Riemann conditions (GCR) are satisfied:

(GCR)
∂ w

∂ xm
≡ w,m = emw,0, (7.2.1)

Proof. Let us denote by d w and d x the differentials and by p ≡ eαpα the hyper-
complex derivative of w with respect to the hypercomplex variable x, so that

d w = p d x. (7.2.2)

We can write
p =

dw

dx
≡ w,γ dxγ

eγ dxγ
. (7.2.3)

Since the incremental ratio must be independent of the dx direction, we can take
d xγ ≡ (d x0, 0, . . . , 0) obtaining

dw/dx ≡ w,x = w,0 . (7.2.4)

I.e., The derivative of w with respect to the hypercomplex variable x is given by the
partial derivative with respect to the variable x0.

If we take d x ≡ (0, . . . , d xm, . . . , 0) in the direction of the coordinate axis
m, we obtain the Generalized Cauchy–Riemann conditions (7.2.1) which are an
extension of the one which holds for functions of a complex variable w,y = i w,x.

�
The partial differential equations (7.2.1) are N − 1 differential conditions

between hypercomplex functions; then they correspond to N(N − 1) relations
between real functions. Since all the partial derivatives of the N functions wα with
respect to the N variables xα are N2, only N partial derivatives are independent,
i.e., the number of derivatives of a component with respect to the N variables.
Then we have

Theorem 7.2. All the partial derivatives can be expressed as functions of the partial
derivatives of just one component.

A straightforward consequence of this property is: if we know, in a simply
connected domain, a component of a holomorphic function, we can calculate, but
for a constant term, the other components by means of line integrals. This property
is similar to the well-known property of functions of a complex variable, and in
Section A.3.1 we see the application to quaternions.
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Now let us show a relation between the partial derivatives of the components
wα and the characteristic matrix. This relation represents an alternative formu-
lation for (GCR). In [73] it is demonstrated that this condition is necessary and
sufficient for the definition of the functions of a hypercomplex variable.

Theorem 7.3. The Jacobian matrix of the components of a hypercomplex function
is the same as the characteristic matrix.

Proof. By substituting the components in (7.2.2) we have

dw ≡ eβ dwβ ≡ eβ
∂ wβ

∂xγ
d xγ ; p d x ≡ eαpαeγd xγ ≡ eβCβ

α γ pα d xγ . (7.2.5)

Equating the last terms of these equations, by means of (2.1.4), we have

∂ wβ

∂xγ
= Cβ

α γ pα ≡ P β
γ . (7.2.6)

By noting that the elements on the left-hand side are the ones of the Jacobian
matrix, we obtain the demonstration of the theorem and a second formulation of
(GCR) conditions. �

From this theorem follows

Theorem 7.4. The characteristic determinant of the derivative of a hypercomplex
function is the same as the Jacobian determinant.

7.2.2 The Principal Transformation

As for complex numbers, let us consider the bijective transformation between the
components of a hypercomplex number and its principal conjugations:

x0, x1, . . . , x(N−1) ⇔ x,1x̄, . . .(N−1)x̄ where, as in Sections 2.1.6 and C.3.5,
kx̄ indicates the kth conjugation. We call this transformation the principal trans-
formation. As well as for complex variables we equate real with hypercomplex
variables and this is algebraically correct since the determinant of transformation
is different from zero. So we write the hypercomplex function w as a function of
kx̄,

w = w(x,1x̄, . . . ,(N−1)x̄).

Calculating by the derivative chain rule, the partial derivatives of w with respect
to the components xµ, we have

w,µ = w,xx,µ +
N−1∑
k=1

w,(kx̄)
kx̄,µ, (7.2.7)

where we have pointed out the dependence on hypercomplex variable x. Since
x,µ = eµ, by comparing (7.2.7) with (7.2.1), we have w,(kx̄) ≡ 0, and it follows
that w depends only on x.
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This result allows us to obtain (7.2.1) in the same way as for the functions of
a complex variable, i.e., by requiring that wkx̄ = 0 for all kx̄. The derivative can
be formally obtained as a derivative of a function of x. Therefore we can state

Theorem 7.5. The derivative of a function of a hypercomplex variable is a function
just of x, and not of its conjugations; then it is a holomorphic function as well.

These considerations lead us to believe that it is important, for both mathe-
matical analysis and for applied sciences, to develop a function theory for hyper-
complex variables analogous to the one for a complex variable. In this chapter we
begin these studies as regards the hyperbolic variable and in Chapters 8–10, we
give some geometrical and physical applications.

7.2.3 Functions of a Hypercomplex Variable as
Infinite-Dimensional Lie Groups

S. Lie showed [50] that continuous groups can be related to systems of differential
equations. This property can be inverted in the following way: If the “composi-
tion” of solutions of a differential system is yet a solution, this system defines a
continuous group [5]. Two possibilities can occur;

1. solutions depend on arbitrary constants,

2. solutions depend on arbitrary functions.

In the first case we have a finite continuous group and its order is given by the
number of arbitrary constants. In the second one (the system is a partial differential
system) the group is an infinite-dimensional Lie group.

Let us consider the well-known example of complex numbers. We know that
the variable z is used for representing plane vectors in Euclidean plane, i.e., in
a plane with its own geometry, summarized by the invariance with respect to
roto-translations group. The functions of a complex variable satisfy the partial
differential Cauchy–Riemann system and so do their compositions (the functions
of a function). Therefore they can be related to an infinite-dimensional Lie group
(conformal group), which represents the two-dimensional harmonic field. Among
these functions there is the identity function w = z and we can say: vectors and
vector fields, belong to the same group; then they have the same symmetries. Oth-
erwise the functions of a complex variable can be considered as a function of just
one variable (z) with the symmetry between components stated by the structure
constants. This property characterizes all the commutative hypercomplex systems.

Actually GCR conditions (7.2.1) represent a partial differential system and
the composition of solutions (functions of a function) is yet a solution of this sys-
tem; then the functions of commutative hypercomplex variables define an infinite-
dimensional Lie group. We have

1. every hypercomplex number can be associated with the finite group of a
geometry,
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2. the functions of a hypercomplex variable can be associated with the infinite-
dimensional group of functional mappings.

The first group can represent vectors, the second one can be associated with phys-
ical fields. Therefore it follows

Theorem 7.6. If vectors and vector fields can be represented by hypercomplex
variables and hypercomplex functions, they have automatically the same invari-
ant quantities. The structure constants can be considered as symmetry preserving
operators not only from an algebraic point of view, but also for functions.

Vector functions of vectors

The just exposed considerations allow us to introduce a concept which relates
vectors to vector fields: vector functions of a vector. Now let us explain what this
statement means.

Vectors are usually represented in a three-dimensional Euclidean space by
the expression �r =�ı x +�j y +�k z and are determined by modulus and direction (a
scalar quantity and angles). As it is known, the modulus represents the invariant
quantity with respect to the Euclidean group of roto-translations.

In addition to vectors also vector fields are of physical relevance. They are
given by three functions of the point (x, y, z) and are represented as �E(x, y, z) =
�ıE1(x, y, z) + �jE2(x, y, z) + �k E3(x, y, z). The three components are independent
one from the others except that, for relevant physical fields, they must satisfy
some (partial) differential equations. As a consequence of their representation
in Euclidean space, we require that components are transformed as components
of vectors and have the same invariant (the modulus given by a quadratic ex-
pression). We do not give any meaning to an expression like �E(�r). On the con-
trary, for representations by means of complex numbers we give a meaning to
w = f(z) ≡ f(�1 x +�i y) and the same meaning can be given to functions of
commutative hypercomplex variables. Moreover, the functions of a hypercomplex
variable can be considered as functions of just one variable, as shown in Section
7.2.2, with the symmetry between the components stated by the structure constants.

7.3 The Functions of a Hyperbolic Variable

7.3.1 Cauchy–Riemann Conditions for General Two-Dimensional
Systems

Now we apply the methods exposed in Section 7.2.1 to general two-dimensional
systems considered in Section 2.2; we have w = w0 + uw1 and x = x0 + ux1. The
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other symbols have the meaning of Section 2.2. The conditions (7.2.6) become⎛⎜⎝ ∂w0

∂x0

∂w0

∂x1

∂w1

∂x0

∂w1

∂x1

⎞⎟⎠ =
(

z0 α z1

z1 z0 + β z1

)
(7.3.1)

and we obtain the GCR

∂w0

∂x1
= α

∂w1

∂x0
;

∂w0

∂x0
=

∂w1

∂x1
− β

∂w1

∂x0
. (7.3.2)

The same conditions are obtained from (7.2.1)

∂w0

∂x1
+ u

∂w1

∂x1
= u

(
∂w0

∂x0
+ u

∂w1

∂x0

)
≡ α

∂w1

∂x0
+ u

(
∂w0

∂x0
+ β

∂w1

∂x0

)
.

By equating the coefficients of the versors we obtain (7.3.2).

7.3.2 The Derivative of Functions of a Canonical Hyperbolic
Variable

Let us consider in a domain D of the (x, y) plane two real differentiable functions
u ≡ u(x, y), v ≡ v(x, y) of the real variables x, y. We associate with these func-
tions a function of a canonical hyperbolic variable w ≡ f(z) ≡ f(x+h y) = u+h v.
We say that the function w = u + h v is a function of z if the GCR conditions are
satisfied. Equations (7.3.2) become

u,x = v,y; u,y = v,x. (7.3.3)

These functions are called hyperbolic analytic or more simply h-analytic [47], and
the derivative is given by

dw

d z
≡ f ′(z) = ux + h vx ≡ ux + huy. (7.3.4)

Differentiating (7.3.3) with respect to x (or y) and equating the mixed partial
derivatives v,xy = v,yx we see that u(x, y) (and v(x, y)) satisfy the wave equation.
This result is analogous to that obtained for functions of a complex variable with
respect to the Laplace equation. In particular the system (7.3.3) represents the
canonical form of hyperbolic partial differential equations. Moreover we have

Theorem 7.7. The transformations with functions of a hyperbolic variable leave
the wave equation unchanged.

Proof. It can be demonstrated with the procedure followed for the Laplace equa-
tion with respect to the conformal group. �
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As well as for functions of a complex variable it can be easily shown [47] that
rational functions are h-analytic with the additional condition that the denomi-
nator is not a zero-divisor. This last condition represents a peculiar characteristic
of hyperbolic functions and of a representative hyperbolic plane. Actually, if we
approach z0 on an arbitrary line, the tangent to this line must not be parallel to
axes bisectors. In particular, if we call τ a real parameter and consider the line

C ≡ x(τ) + h y(τ), (7.3.5)

this line, in addition to being “ a Jordan line”, must satisfy this condition which
also means that in the hyperbolic plane we can consider just some closed cycles.

7.3.3 The Properties of H-Analytic Functions

Equations (7.3.3), as functions of decomposed variables ξ, η (Section 2.1.7), be-
come

u,ξ − v,ξ ≡ (u − v),ξ ≡ ψξ = 0; u,η + v,η ≡ (u + v),η ≡ φ,η = 0, (7.3.6)

where we have put , ψ = u − v and φ = u + v. Then ψ is a function of just η and
φ of ξ and can be put as arbitrary functions of ξ = x + y, η = x− y, respectively.
As a consequence the general expression of the functions of hyperbolic variables
can be expressed as the linear combination [47]

u =
1
2
[φ(x + y) + ψ(x − y)] , v =

1
2
[φ(x + y) − ψ(x − y)]. (7.3.7)

If we give to x the physical meaning (see Section 4.1.2 at p. 30) of a normalized
time variable, (7.3.7) show that φ, ψ represent the onward and backward solutions
of the wave equation and u, v are a linear combination of them (Section C.7). Vice
versa we can say that the real decomposition of a hyperbolic system is equivalent
to D’Alembert transformation of the wave equation [72].

7.3.4 The Analytic Functions of Decomposable Systems

From (2.2.22) and (2.2.23) it follows that the positive and negative powers of de-
composable systems are obtained as the powers of the decomposed systems [43].
Then by calling e1, e2 the versors of an idempotent basis, ξ, η the hyperbolic de-
composed variables (Section 2.1.7), we have: The elementary functions, expressed
by power series of ζ = e1 ξ + e2 η with coefficients ak ∈ R, are given by

f(ζ) =
∑

k

ak ζk ≡
∑

k

ak (e1 ξ + e2 η)k = e1 f(ξ) + e2 f(η). (7.3.8)

Then the elementary functions of these systems are an analytic continuation of the
functions of a real variable. From (2.2.20) it follows: Analytic functions, defined by
series with real coefficients, of conjugate variables are conjugate analytic functions

f(z) = f(z). (7.3.9)
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In particular, following the same procedure shown in ([60], Section 17) for the
bicomplex functions and in Appendix C for the commutative hypercomplex sys-
tems, it can be demonstrated that analytic continuations of circular, exponential
and logarithm functions have the same properties as the corresponding real and
complex functions. Then the decomposability of hyperbolic systems allows us to
set up their functions

• in the same way of functions of a complex variable [47],

• or by means of (7.3.8) which represents an analytic continuation of real func-
tions of a real variable.

7.4 The Elementary Functions of a Canonical

Hyperbolic Variable

Exponential Function

This function has been already introduced in Section 4.1.1 where it was the starting
point for introducing hyperbolic trigonometry.

exp[z] ≡ exp[x + h y] = exp[x] (cosh y + h sinh y). (7.4.1)

This function can be extended as is shown in Section 4.2.2. We can easily verify
that “real” and “hyperbolic” components of (7.4.1) satisfy (7.3.3).

Logarithm Function

It is defined as the inverse of the exponential function [47]

for |x| > |y| ⇒ ln z ≡ ln[x + h y] =
1
2

ln[x2 − y2] + h tanh−1 y

x
, (7.4.2)

for |x| < |y| ⇒ ln z ≡ ln[x + h y] =
1
2

ln[y2 − x2] + h tanh−1 x

y
.

Hyperbolic Trigonometric Function

Setting in (7.4.1) x = 0, we have

exp[h y] = cosh y + h sinh y ; exp[−h y] = cosh y − h sinh y

and

cosh y =
exp[h y] + exp[−h y]

2
; sinh y =

exp[h y] − exp[−h y]
2 h

. (7.4.3)

As well as for functions of a complex variable, the substitution y ⇒ z allows us to
define cosh z, sinh z. Comparing the series development of (7.4.3) with the ones
of real functions cosh y, sinh y we obtain

cosh[h y] = cosh[y], sinh[h y] = h sinh[y]. (7.4.4)
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Then from (4.4.2), (4.4.3) and (7.4.4) we get

cosh z ≡ cosh[x + h y] = cosh x cosh y + h sinhx sinh y,

sinh z ≡ sinh[x + h y] = sinhx cosh y + h cosh x sinh y. (7.4.5)

Circular Trigonometric Functions

In complex analysis the circular trigonometric functions are defined by a continu-
ation into the complex field by means of Euler’s formula, exactly as we did in the
previous section when we defined the hyperbolic trigonometric functions. From
this point of view circular trigonometric functions seem not to be in agreement
with the properties of functions of a hyperbolic variable. Nevertheless we know
that the circular trigonometric functions are usually considered for describing the
solution of the wave equation, and thus their introduction appears important.
They can be introduced by means of (7.3.8) or, comparing absolutely convergent
series, we extend (7.4.4) to circular trigonometric functions and apply the usual
properties of the functions of the sum of angles. Following ([25], p. 72) we define

cos z ≡ cos[x + h y] = cos x cos y − h sin x sin y,

sin z ≡ sin[x + h y] = sin x cos y + h cos x sin y. (7.4.6)

We note that in the complex field the components of hyperbolic and circular
trigonometric functions are given by products of both circular and hyperbolic
functions and they can be obtained one from the others. Now from (7.4.5) and
(7.4.6) we see that circular and hyperbolic trigonometric functions hold the same
properties that they have in the real field.

Derivatives

It is easy to verify that the functions just defined satisfy conditions (7.3.3) and
their derivatives can be obtained by the same differentiation formulas which hold
for real and complex variables. As an example, we have

d exp[z]
d z

= exp[z],
d ln z

d z
=

1
z
.

7.5 H-Conformal Mappings

As well as for functions of a complex variable we call [47] h-conformal mappings the
functional bijective mappings x, y ⇔ u, v with u, v satisfying conditions (7.3.3).
The first property must be that the Jacobian determinant (J) of the mapping

J(x, y) ≡
∥∥∥∥∂(u, v)

∂(x, y)

∥∥∥∥ ≡
(

∂u

∂x

)2

−
(

∂v

∂x

)2

≡ |f ′(z)|2, (7.5.1)
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must be �= 0.
Therefore, since analytic functions are defined if f ′(z) �= 0 and is not a zero

divisor, we have

Theorem 7.8. For a domain in which f(z) is differentiable the mapping is bijective.

Writing (7.3.3) in decomposed form (7.3.7), the Jacobian determinant be-
comes

J(x, y) ≡
∥∥∥∥∂(φ, ψ)

∂(ξ, η)

∥∥∥∥ ≡
(

d φ

d ξ

)(
dψ

d η

)
≡ φ′(x + y)ψ′(x − y), (7.5.2)

which is zero when the derivatives with respect to ξ or η are zero, i.e., on the
straight lines parallel to axes bisectors x ± y = const. These straight lines are
called characteristic lines of the differential system (7.3.3). Unlike for conformal
mappings of a complex variable for which J is never < 0, for hyperbolic mappings it
changes sign when crossing the characteristic lines which represent [47] ramification
lines. From (7.3.7), it follows that the characteristic lines of system (7.3.3) are
mapped into the new characteristic lines

u + v = φ(x + y); u − v = ψ(x − y), (7.5.3)

i.e., for x ± y = const, it is u ± v = const. From this we have [47]

Theorem 7.9. In an h-conformal mapping, lines parallel to characteristic lines are
transformed into lines parallel to characteristic lines: the topologies of starting and
transformed planes are the same.

In other words both planes are divided into the four sectors which, in Section
4.1, we have called Rs, Us, Ls, Ds. Since a Jacobian determinant cannot change
sign in bijective mappings, the borderlines of starting and transformed domains
must be on the same side with respect to characteristic lines.

As an example, this implies that we cannot map the internal points of a
circle into a half-plane. Vice versa we shall see that we can map the points of an
equilateral hyperbola on the x axis of the transformed plane (Theorem 7.20).

Now we see that if we represent hyperbolic functions in a plane in which the
geometry is the one generated by hyperbolic numbers (Section 3.2), in every point
z0 in which f(z0) is holomorphic we have

Theorem 7.10. The hyperbolic conformal mappings have exactly the same proper-
ties as the conformal mappings of a complex variable, in particular:

1. The stretching is constant in hyperbolic geometry and is given by ‖f ′(z)‖
which is equal to the Jacobian determinant of the mapping.

2. The hyperbolic angles between any two curves passing through z0, are pre-
served.
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Proof. 1. From the definition of the derivative we have

lim
∆ z→0
|∆ z|�=0

∆ w

∆ z
≡ d w

d z
= f ′(z) (7.5.4)

and
d w

d z
= f ′(z). (7.5.5)

If we multiply the sides of (7.5.4) by the corresponding ones of (7.5.5) we have

‖dw‖ = ‖f ′(z)‖ · ‖d z‖, (7.5.6)

then in hyperbolic geometry (distance defined as ‖z‖) the stretching does not
depend on direction, moreover ‖f ′(z)‖ is the characteristic determinant of the
derivative of f(z), then it is equal to the Jacobian determinant of f(z).

2. Let us consider, in the representative hyperbolic plane, a regular curve λ(τ)
given by (7.3.5), which passes through the point z0 ≡ z(τ0). This curve is mapped
into a curve Λ of the w plane passing through the point w0 ≡ f(z0) = f [z(τ0)].
For the derivative chain rule we have

w′
0 = f ′(z0) z′(τ0); (7.5.7)

since differentiability requires that f ′(z0) �= 0 and for regular curves z′(τ0) �= 0,
we can put all terms in (7.5.7) in exponential form and by calling ϑ, φ, γ the
arguments of w′, f ′(z), z′(τ), respectively, we have

exp[ϑ] = exp[φ] exp[γ] ⇒ ϑ − γ = φ. (7.5.8)

Then the mapping w = f(z) rotates all curves passing through the point z0 of the
same hyperbolic angle equal to the argument of the derivative at the point z0. �

7.5.1 H-Conformal Mappings by Means of Elementary Functions

Exponential and Hyperbolic Trigonometric Functions

Exponential function w = exp[x+h y]. Let us consider the mapping between the
planes (x, y) ⇔ (u, v) by means of the exponential function (7.4.1)

u + h v = exp[x + h y] ≡ exp[x](cosh y + h sinh y).

• Whereas the variables x, y assume all the values in their plane, the functions
u, v assume just the values ∈ Rs.

• The zero divisors of the (x, y) plane (axes bisectors x = ±y) are mapped
into the half-lines u ± v = 1 for {u ± v = 1} ∈ Rs.



100 Chapter 7. Functions of a Hyperbolic Variable

• Since J = exp[2x] > 0, sectors (Rs, Ls) of the (x, y) plane are mapped into
the same sectors of the (u, v) plane starting from the crossing point of lines
u + v = 1; u − v = 1, i.e., in point u = 1, v = 0.

• The border-lines of sector (Ls) of the (u, v) plane are given by the square
inside the lines u ± v = 1 and the axes bisectors.

• Lines H( z ) : {y = y0} are mapped into the half-lines u = v · coth y0 ; u > 0.

u

v

x

y

x0 x1

y0

y1

Figure 7.1: Mapping of a rectangle in the (x, y) plane by means of function u+h v =
exp[x+h y]. The lines Hz : {y = y0} are mapped into the half-lines u = v · coth y0

u > 0. The lines �z : {x = x0, y = τ ; τ ∈ R} are mapped into the arm (∈ Rs) of
equilateral hyperbolas u+h v = exp[x0 +h τ ]. So the rectangle in the (x, y) plane,
c1 < x < c2; b1 < y < b2, is mapped into the domain of the (u, v) plane between
the equilateral hyperbolas exp[c1 +h τ ] < u+h v < exp[c2 +h τ ] and the half-lines
u = v · coth b1; u = v · coth b2 ; u > 0. We note, once again, that this mapping
is equivalent to a sector of an annulus obtained in the complex plane, mapping a
rectangle by the complex exponential.

• Lines �( z ) : {x = x0, y = τ ; τ ∈ R} are mapped into the arm (∈ Rs) of
equilateral hyperbolas u + h v = exp[x0 + h τ ].

• The rectangle in the (x, y) plane c1 < x < c2; b1 < y < b2 is mapped into the
domain of the (u, v) plane between the equilateral hyperbolas exp[c1 +h τ ] <
u + h v < exp[c2 + h τ ] and the half-lines u = v · coth b1; u = v · coth b2 (Fig.
7.1).
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u

v

x

y

x0 x1

y0

y1

Figure 7.2: Mapping of a rectangle in the (x, y) plane by means of the function
u + h v = cosh[x + hy]. Lines ∈ Rs x = const ≡ x0, y < x0 are mapped into a
part of the arm ∈ Rs of hyperbolas u2/cosh2 x0 − v2/sinh2 x0 = 1 with vertex
on the u axis in point uV = cosh x0, focuses in points uF ≡ (± cosh 2x0, 0) and
asymptotes u = ±v · cothx0. As x0 increases the vertex goes far from the axes
origin, asymptotes go near the axes bisectors. Lines y = const ≡ y0, x > y0

are mapped into hyperbolas u2/cosh2 y0 − v2/sinh2 y0 = 1 with vertex on the u
axis in point uV = cosh y0, focuses in points uF ≡ (± cosh 2y0, 0) and asymptotes
u = ±v·coth y0. As y0 increases the vertex goes far from the axes origin, asymptotes
go near the axes bisectors. For the bijective mappings it must be x > y.

Hyperbolic cosine w = cosh[x + h y]. We have

u = cosh x cosh y, v = sinhx sinh y. (7.5.9)

• In decomposed variables we have φ = cosh ξ, ; ψ = cosh η ⇒ φ, ψ ≥ 1 and
J = sinh ξ sinh η changes its sign on the axes bisectors x+y = 0 and x−y = 0
which are mapped into the lines u + v = 1 and u − v = 1, respectively.

• All points of the (ξ, η) plane are mapped into points of the first quadrant for
φ, ψ ≥ 1.

• In the (x, y) plane, points in all sectors are mapped into points ∈ Rs with
|u| > 1. This is evident from (7.5.9) since u, v have the same value by chang-
ing x ↔ y and x, y ↔ −x, −y.
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• Lines ∈ Rs x = const ≡ x0, y < x0 are mapped into a part of the arm ∈ Rs
of hyperbolas

Ix :
{

u2

cosh2 x0

− v2

sinh2 x0

= 1
}

.

These hyperbolas have the properties

– vertex VIx
≡ (cosh x0 , 0),

– focus FIx
≡ (cosh 2 x0 , 0),

– asymptotes u = ±v · coth x0 ∈ (Ls, Rs).

– As x0 increases the vertex and focus go far from the axes origin, the
asymptotes go near the axes bisectors.

• Lines y = const ≡ y0, x > y0 are mapped into hyperbolas

Iy :
{

u2

cosh2 y0

− v2

sinh2 y0

= 1
}

.

These hyperbolas have

– vertex VIy
≡ (cosh y0 , 0),

– focus FIy ≡ (cosh 2 y0 , 0),

– asymptotes u = ±v · coth y0 ∈ (Ls, Rs).

– As y0 increases the vertex goes far from the axes origin, asymptotes go
near the axes bisectors (Fig. 7.2).

• Now we verify that all hyperbolas are ∈ Rs of the (u, v) plane inside the
lines u ± v = 1.

Proof. If we look for the intersections of these lines with hyperbolas, we have
u± v ≡ cosh x cosh y ± sinhx sinh y ≡ cosh[x± y] = 1; since this condition is
satisfied just for zero divisors, it never happens. �

• The hyperbolas Ix : {x = x0} and Iy : {y = y0} are the transformed curves
of two orthogonal lines; therefore for the second property of h-conformal
mapping (Section 7.5), they must cross orthogonally. Now we verify this
property.

Proof. In the Euclidean plane the cosine of the angle between two crossing
curves is proportional to the scalar product between the gradients to the
curves. This property also holds for curves in the hyperbolic plane by the
formal changes of cos ⇒ cosh and Euclidean scalar product ⇒ hyperbolic
scalar product (see p. 33). Since the components of the versors of the gradients
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in the crossing point PI ≡ (cosh x0 cosh y0 , sinh x0 sinh y0) are proportional
to

for Ix :
{

cosh x0

cosh y0
,

sinhx0

sinh y0

}
, for Iy :

{
cosh y0

cosh x0
,

sinh y0

sinhx0

}
,

the hyperbolic scalar product is zero. �

Hyperbolic sine w = sinh[x + h y]. Unlike the previously considered functions,
sinh[x + h y] maps the complete (x, y) plane into the complete (u , v) plane.
Actually functions φ = sinh ξ, ψ = sinh η are an increasing bijective mapping
ξ, η ↔ φ, ψ. Coming back to x, y variables, we have

u = sinhx cosh y, v = cosh x sinh y. (7.5.10)

J = cosh(x + y) cosh(x − y) > 0, i.e., the whole (x, y) plane can be mapped into
the whole (u, v) plane.

• Lines x ± y = 0 are mapped into lines u ± v = 0.

• Lines x = const ≡ x0 for x0 > 0 are mapped into the arm ∈ Rs and for
x0 < 0 in the arm ∈ Ls of hyperbolas

Ix :
{

u2

sinh2 x0

− v2

cosh2 x0

= 1
}

.

These hyperbolas have

– vertex VIx ≡ (± sinhx0 , 0),

– asymptotes u = ±v · tanhx0 ∈ (Us, Ds).

– As x0 increases the vertex and focus go far from the axes origin, asymp-
totes go near the axes bisectors.

• Lines y = const ≡ y0 are mapped, for y0 > 0 into the arm ∈ Us, and for
y0 < 0 into the arm ∈ Ds of hyperbolas

Iy :
{

v2

sinh2 y0

− u2

cosh2 y0

= 1
}

.

These hyperbolas have

– vertex VIy ≡ (0 , ± sinh y0),

– asymptotes u = ±v · coth y0 ∈ (Ls, Rs).

– As y0 increases the vertex goes far from the axes origin, the asymptotes
go near the axes bisectors.
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u

v

x

y

x0 x1

y0

y1

Figure 7.3: Mapping of a rectangle in the (x, y) plane by means of the
function u + h v = sinh[x + h y]. Lines x = const ≡ x0 are mapped for
x0 > 0 into the arm ∈ Rs and for x0 < 0 in the arm ∈ Ls of hyperbolas
(u2/sinh2 x0) − (v2/cosh2 x0) = 1. The vertexes of these hyperbolas
are on the u axis at the point uV = ± sinhx0. The asymptotes u =
±v · tanhx0 are in sectors Us, Ds. As x0 increases the vertex goes far
from the axes origin, the asymptotes go near the axes bisectors. The
lines y = const ≡ y0 are mapped for y0 > 0 into the arm ∈ Us and for
y0 < 0 in the arm ∈ Ds of hyperbolas (v2/sinh2 y0)− (u2/cosh2 y0) = 1.
These hyperbolas have the vertexes on v axis, in points vV = ± sinh y0

and asymptotes u = ±v · coth y0.

• The rectangle of the (x, y) plane ±c1 < x < ±c2; ±b1 < y < ±b2 is mapped
into the domain of the (u, v) plane, between the hyperbolas (see Fig. 7.3)

Ls − Rs

⇒ ± sinh c1 cosh τ + h cosh c1 sinh τ < u + h v

< ± sinh c2 cosh τ + h cosh c2 sinh τ ;
Us − Ds

⇒ ± sinh b1 cosh τ + h cosh b1 sinh τ < v + hu

< ± sinh b2 cosh τ + h cosh b2 sinh τ.
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A short summary

Let us summarize the elements of the three just exposed mappings which can be
considered peculiar to the hyperbolic plane.

We have seen that for both exp[z] and sinh[z], J is always > 0. This property
means that the whole z plane can be bijectively mapped into the w plane with the
following difference: sinh[z] is mapped into the whole w plane, exp[z] ∈ Rs.

In particular, let us consider exp[z] in the (ψ, φ) plane; we have:

• the η = 0 axis is mapped into the line ψ = 1,

• the ξ = 0 axis is mapped into the line φ = 1;

then, numbering anticlockwisely the quadrants in the Cartesian representation of
the decomposed variables, we have:

• I Q. of the (ξ, η) plane is mapped into the sector ψ > 1, φ > 1,

• II Q. of the (ξ, η) plane is mapped into the band 0 < ψ < 1, φ > 1,

• III Q. of the (ξ, η) plane is mapped into the square 0 < ψ < 1, 0 < φ < 1,

• IV Q. of the (ξ, η) is mapped into the band 0 < φ < 1, ψ > 1.

Now let us consider cosh[z]. We have J = 0 on axes bisectors of the (x, y)
plane. Therefore no domain which crosses the axes bisector can be bijectively
mapped. Actually sectors (Us) and (Rs) of the (x, y) plane are mapped into
the (Rs) sector of the (u, v) plane. Further since cosh is an even function, the
sectors (Ls) and (Ds) too, are mapped into (Rs) of the (u, v) plane. Moreover
characteristic lines of the (x, y) plane are mapped into lines u± v = 1, the sector
(Rs) of the (u, v) plane is |u| > |v|, u > 1.

Logarithm Function

We have J = 1/(zz̃) ≡ 1/(x2 − y2), then the axes bisectors are the characteristic
lines. The mapping can be bijective just for domains inside one of the four sectors.

Circular Trigonometric Functions

Sine w = sin[x + h y]. We have

u = sin x cos y ; v = cos x sin y (7.5.11)

and u + v = sin(x + y), u − v = sin(x − y), then |u + v| < 1, |u − v| < 1.
J = cos(x + y) cos(x − y) so J = 0 for x ± y = π/2. These lines limit the domain
for bijective mapping to points x + y < π/2 and x − y < π/2. The domain of the
(x, y) plane, given by |x + y| < π/2, |x− y| < π/2, is the square with vertexes at
the points P1,3 ≡ (0, ±π/2) e P2,4 ≡ (±π/2, 0). This square is mapped into the
square of the (u, v) plane with vertexes at P ′

1,3 ≡ (0, ±1) and P ′
2,4 ≡ (±1, 0) (see.

Fig. 7.4).
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The zero divisors x = ±y are mapped into u = ±v.
Segments x = const = γ1 < π/2, |y| < π/2−γ1, are mapped into ellipse arcs3

u = sin γ1 cos y, v =
√

1 − sin2 γ1 sin y. In the same way, segments y = const =
γ2 < π/2, |x| < π/2 − γ2, are mapped into ellipse arcs.

�

�

�

�

x

y

u

v

a1

b1

a2

b2

a′
1

b′1

a′
2

b′2

P1

P2

P3

P4

P ′
1

P ′
2

P ′
3

P ′
4

Figure 7.4: The square domain h-conformally mapped by the function u + h v =
sin[x+h y]. Since u+v = sin(x+y), u−v = sin(x−y), then |u+v| < 1, |u−v| < 1.
J = cos(x + y) cos(x − y) so J = 0 for x ± y = π/2. These lines limit the domain
for bijective mappings to points x + y < π/2 and x− y < π/2. The domain of the
(x, y) plane, given by |x + y| < π/2, |x − y| < π/2, is the square with vertexes
at the points P1,3 ≡ (0, ±π/2) and P2,4 ≡ (±π/2, 0). This square is mapped into
the square of the (u, v) plane with vertexes at the points P ′

1,3 ≡ (0, ±1) and
P ′

2,4 ≡ (±1, 0). The zero divisors x = ±y are mapped into u = ±v.

Cosine w = cos[x + h y]. We have

u = cos x cos y ; v = − sin x sin y. (7.5.12)

The zero divisors x ± y = 0 are mapped into the lines u ± v = 1. We have
J = sin(x + y) sin(x − y), then J = 0 for x = ±y; it changes its sign on the
axes bisectors which represent the limit for bijective mappings of domains. We
can also see, from (7.5.12), that points symmetric with respect to axes bisectors
P1 ≡ (x1, y1) and P2 ≡ (y1, x1) are mapped into the same point of the (u, v) plane.
Then we can have bijective mappings for points in the triangle |x| > |y|, 0 < x <
π/2, −π/2 < y < π/2. The triangle with vertexes at the origin P1 ≡ (0, 0) and
at P2, 3 ≡ (π/2, ±π/2) on axes bisectors are bijectively mapped into points of the
triangle with vertexes on the axes at P ′

1 ≡ (1, 0) and P ′
2,3 ≡ (0, ∓1) of the (u, v)

plane (see Fig. 7.5).

3Circles for γ1 = π/4, segments of v axes between −1 < v < 1 for γ1 = 0.
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We also have u + v = cos(x + y), u − v = cos(x − y), then |u + v| < 1,
|u − v| < 1.

Segments x = const = γ1 < π, y < γ1 are mapped into ellipse arcs4 u =
cos γ1 cos y, v = −

√
1 − cos2 γ1 sin y.

Segments |y| = const = γ2 < π, x > γ2 are again mapped into ellipse arcs.

�

�

�

�

x

y

u

v ≡ c′

a

b

c

a′

b′

P1

P2

P3

P ′
1

P ′
2

P ′
3

Figure 7.5: The triangular domain h-conformally mapped by the function u+h v =
cos[x + h y]. We have bijective mappings for points in the triangle |x| > |y|, 0 <
x < π/2, −π/2 < y < π/2. The triangle with vertexes at the origin P1 ≡ (0, 0)
and at P2, 3 ≡ (π/2, ±π/2) of (x , y) plane is bijectively mapped into the triangle
with vertexes at P ′

1 ≡ (1, 0) and P ′
2,3 ≡ (0, ∓1) of the (u, v) plane.

The Function w=1/z

We have J = 1/(x2−y2)2 > 0, then the whole hyperbolic z plane can be bijectively
mapped and, from the symmetry of the transformation, it goes into the whole w
plane.

In decomposed variables we have

1
ζ

=
1

e0 ξ + e1 η
≡ e0

1
ξ

+ e1
1
η
, (7.5.13)

then the mapping is equivalent to two inversions with respect to the unit points
on the axes of decomposed variables. The point P (ξ, η) is mapped into the point
PT (x0

T ≡ 1
ξ , x1

T ≡ 1
η ) and, coming back to x, y variables, we have

xT =
x

x2 − y2
, yT = − y

x2 − y2
. (7.5.14)

4In particular, we have circles for γ1 = π/4, segments of v axes between −1 < v < 1 for
γ1 = π/2.
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If we put the variables in exponential form x + hy = ρh expe[h θ], we find in the
hyperbolic plane the well-known results for complex variables,

(ρh)T =
1
ρh

, θT = −θ. (7.5.15)

Now we look for the geometrical meaning of (7.5.14) and (7.5.15).

1. Sectors are mapped into themselves.

2. Arms of the hyperbola x2 − y2 = 1 are mapped into themselves, but for the
inversion y > 0 ⇒ y < 0 and vice versa.

3. Arms of the hyperbola y2 − x2 = 1 are mapped into themselves, but for the
inversion x > 0 ⇒ x < 0 and vice versa.

4. Points defined in Section 4.5 as external points, x2−y2 ≥ p2 > 1, are mapped
into points defined as internal points, which are between the axes bisectors
and the hyperbola x2 − y2 = 1/p2 and vice versa.

5. The four arms of the hyperbolas x2 − y2 = ±p2 are mapped into the same
arms of the hyperbolas x2 − y2 = ±1/p2.

Points symmetric with respect to equilateral hyperbolas. Two points P, P ∗ in
Euclidean geometry are symmetric with respect to a straight line if the segment
between them is orthogonal to the straight line and their distance from the straight
line is the same. A similar definition is extended to symmetry with respect to a
circle: two points P, P ∗, in Euclidean geometry, are symmetric with respect to a
circle with center at O ≡ (0, 0) and radius R if the three points O, P, P ∗, lie on
a single ray which start from point O and if OP × OP

∗
= R2.

The complex function w = 1/z is related with this symmetry ([69], p. 284).
Actually, if z represents the complex coordinate of P , the coordinate of P ∗ is R2/z̄.

We obtain the same result in a hyperbolic plane by considering the symmetry
with respect to equilateral hyperbolas.

Let us consider the equilateral hyperbolas with center in O ≡ (0, 0):

Γ : [x2 − y2 = p2]. (7.5.16)

We say that points P ≡ (z), P ∗ ≡ (z∗) are symmetric with respect to Γ, if the
three points O, P, P ∗, lie on a single ray and OP × OP

∗
= p2. The same as in

complex analysis, from (7.5.15) we obtain z∗ = p2/z̃. For symmetric points the
following theorem holds.

Theorem 7.11. By considering points P ≡ (z) and P ∗ ≡ 1/(z̃) symmetric with
respect to the hyperbolas (7.5.16), all equilateral hyperbolas passing through P and
P ∗ are pseudo-orthogonal to Γ.

Proof. Thanks to Theorem 4.20 on p. 48, the proof of this theorem is the same as
for functions of a complex variable ([69], p. 285). �
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7.5.2 Hyperbolic Linear-Fractional Mapping

In the complex field the following functions are also called circular (or Möbius),
bilinear or homographic mappings. We extend to hyperbolic variables the well-
known studies about complex variables ([69], p. 282 and [48], p. 128).

As for complex variables, we call hyperbolic linear-fractional or bilinear, the
mappings

w =
α z + β

γ z + δ
≡ α

γ
− α δ − β γ

γ2(z + δ/γ)
⇒ w − α

γ
=

β γ − α δ

γ2(z + δ/γ)
≡ B

z + δ/γ
(7.5.17)

where w, z are hyperbolic variables and α, β, γ, δ, B = (β γ − α δ)/γ2 hyper-
bolic constants which must satisfy the conditions γ �= 0; ‖α δ − β γ‖ �= 0. These
conditions imply that w is not a constant and J �= 0. We have

J =
(α δ − β γ)(α̃ δ̃ − β̃ γ̃)
[(γz − δ)(γ̃z̃ − δ̃)]2

≡ ‖α δ − β γ‖
‖γz − δ‖2

.

The sign of J , which is the same for all z, is determined by (α δ−β γ)(α̃ δ̃−β̃ γ̃) �= 0.
If we include the “points at infinity” (w = ∞ for z = −δ/γ and limz→∞ w = α/γ)
and let the points at infinity of axes bisectors ([81], p. 278) correspond to zero
divisors, the mapping from the closed z plane and the closed w planes is bijective.
Then we have

Theorem 7.12. The linear-fractional function maps the extended hyperbolic plane
h-conformally into the extended hyperbolic plane.

As for complex variables we have the group property

Theorem 7.13. The bilinear-mappings constitute a (non-commutative) group, i.e.,

1. a linear-fractional transformation of a linear-fractional transformation is a
linear-fractional transformation;

2. the inverse of a linear-fractional transformation is a linear-fractional trans-
formation.

Proof. The demonstrations are the same as for complex variables. �

From (7.5.17) follows: a linear-fractional transformation is equivalent to the
transformations

I) z′ = z +
δ

γ
, II) w′ =

B

z′
, III) w =

α

γ
+ w′ (7.5.18)

performed in the specified order.

• Transformations I) and III) correspond to axes translations in z and w planes,
respectively.
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• Transformations II) correspond to an inversion and a homothety. Actually
w′w̃′ = BB̃/(z′z̃′), and unit hyperbola z′z̃′ = 1 is transformed into hyperbola
w′w̃′ = BB̃.

Now let us see how z and w planes are divided in sectors. The transformed sectors
can be determined by considering the three mappings of (7.5.18). We have to note
that this division is not a limit to bijectivity of transformation but means: if a line
in the z plane passes through many sectors, the transformed line will pass through
the transformed sectors of the w plane.

Actually the centers of inversion are at the points z0 ≡ {�(−δ/γ), H(−δ/γ)}
and w0 ≡ {�(α/γ), H(α/γ)} of z and w planes, respectively; then unitary hy-
perbolas with center in z0 are transformed into hyperbolas with center at w0 and
square semi-diameter p2

w = BB̃. The sign of p2
w is the same as the one of J .

Sectors in the two planes are defined by lines from points z0 and w0 and
parallel to axes bisectors. These lines correspond to zero divisors of z + δ/γ, w −
α/γ.

If J ∝ BB̃ > 0, the sectors of the z plane are mapped into the same sectors
of the w plane.

If J < 0, the sectors (Rs; Ls) of the z plane are mapped into sectors (Us, Ds)
of the w plane and vice versa.

In these sectors the internal parts of hyperbolas (z − z0)(z̃ − z̃0) = ±1 are
mapped into the external parts of hyperbolas (w − w0)(w̃ − w̃0) = ±p2

w and vice
versa. This means: equilateral hyperbolas (z−z0)(z̃− z̃0) = ±p2

i < ±1 are mapped
into the equilateral hyperbolas (w − w0)(w̃ − w̃0) = ±p2

w/p2
i > ±p2

w.
Now let us extend to hyperbolic plane some well-known theorems of complex

analysis ([69], p. 282).

Theorem 7.14. The image of a straight line or an equilateral hyperbola under a
linear-fractional mapping is a straight line or an equilateral hyperbola.

In particular, straight lines and equilateral hyperbolas which pass through
z = −δ/γ are mapped into straight lines; all other straight lines and equilateral
hyperbolas are mapped into equilateral hyperbolas. Moreover if J > 0, the hyper-
bolas are mapped into hyperbolas of the same kind, if J < 0, into hyperbolas of
the other kind.

Proof. The theorem is evident for the linear mappings I) and III) of (7.5.18).
For mapping II) we begin to show the property that for complex variables is

called circular property : the function w = 1/z maps straight lines and equilateral
hyperbolas into straight lines or equilateral hyperbolas.

The equations of straight lines and equilateral hyperbolas are given by

a(x2 − y2) + b x + c y + d = 0. (7.5.19)

If a = 0, we have straight lines. As a function of hyperbolic variables we have

x2 − y2 ≡ (x + hy)(x − hy) ≡ z z̃ , x = (z + z̃)/2, y = h(z − z̃)/2
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and (7.5.19) becomes

a z z̃ + D z + D̃z̃ + d = 0 with D = (b + h c)/2. (7.5.20)

Substituting z ⇒ 1/w the form of (7.5.20) does not change, then we have again
straight lines and equilateral hyperbolas. �
Theorem 7.15. A pair of points z1, z2 symmetric with respect to an equilateral
hyperbola (Γ) is mapped by a linear-fractional transformation into a pair of points
z∗1 , z∗2 symmetric with respect to the image of the hyperbola (Γ∗).

Proof. Actually equilateral hyperbolas passing through z1, z2 are pseudo-ortho-
gonal to Γ and are mapped into equilateral hyperbolas passing through points
z∗1 , z∗2 . Thanks to the preservation of hyperbolic angles for h-conformal mappings,
these hyperbolas are pseudo-orthogonal to Γ∗, then from Theorem 7.11, p. 108,
they are symmetric with respect to Γ∗.

We note that if Γ is a straight line, the symmetry means that points P, P ∗

lie on a pseudo-Euclidean normal and have the same pseudo-Euclidean distance
from the straight line. �

The linear-fractional mappings depend on three hyperbolic constants, i.e.,
on six real constants, thus they are determined by six conditions. The simplest
ones are to require that three arbitrary points of the z plane correspond to three
arbitrary points of the w plane. This transformation is determined by means of
the following theorem.

Theorem 7.16. There is only one linear-fractional transformation which maps three
given points z1, z2, z3 (so that their difference is not a divisor of zero), into three
given points w1, w2, w3. This transformation is given by the formula

w − w1

w − w2
· w3 − w2

w3 − w1
=

z − z1

z − z2
· z3 − z2

z3 − z1
. (7.5.21)

Proof. The proof is the same as for the complex variable [47] and ([69], p. 287). �
From this theorem follows

Theorem 7.17. The function w = f(z) given by (7.5.21) maps the equilateral
hyperbola which passes through three points zk (k = 1, 2, 3), into the equilateral
hyperbola which passes through three points wk (k = 1, 2, 3).

With respect to the same problem of complex analysis we have to note: as it
is demonstrated in Chapter 4, the equilateral hyperbola that passes through three
points has square semi-diameter given by (4.5.13), from which

Pz ∝ −(z1 − z2)(z̃1 − z̃2)(z1 − z3)(z̃1 − z̃3)(z3 − z2)(z̃3 − z̃2)

and the same expression holds for Pw. If the signs of Pz and Pw are the same, the
kind of the corresponding hyperbolas is the same and J > 0.
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Theorem 7.18. The linear-fractional transformations preserve the cross ratio be-
tween four corresponding points of an equilateral hyperbola.

Proof. The proof follows from (7.5.21). �

Examples of linear-fractional transformations

Theorem 7.19. The linear-fractional function which maps unit hyperbola |z| = 1
with center at O ≡ (0, 0) into unit hyperbolas is given by

w = exp[hα]
z − z1

1 − z̃1z
, (7.5.22)

where z1 (with |z1| < 1) is the point of the z plane mapped into O of the w plane.

Proof. Since z1 with |z1| < 1 is mapped into w ≡ (0, 0), the point 1/z̃1 is mapped
into w = ∞; then the transformation is given by w = C(z − z1)/(1 − z̃1 z).

Let us show that |C| = 1. Since all the points on the boundary of the unit
hyperbola in the z plane are mapped into points on the boundary of the unit
hyperbola of the w plane, i.e., |w| = 1 for z = exp[h θ], from (7.5.22) we obtain

|w| ≡ 1 =
|C|

exp[h θ]
|(exp[−h θ] − z1)|
|(exp[h θ] − z̃1)|

≡ |C|,

hence C = exp[hα] and we obtain (7.5.22). �
We conclude this paragraph by studying the hyperbolic counterpart of the

linear-fractional transformations of complex variables used by Poincaré for rep-
resenting in a half-plane the non-Euclidean geometry which Beltrami and Klein
considered in a circle ([25], p. 55) (see Chapter 9).

For a complex variable the linear-fractional transformation w = (z−i)/(z+i)
maps the internal points of the unit circle with center at O ≡ (0, 0) into the half-
plane y > 0, and, in particular, its circumference into the y = 0 axis. Considering
the same transformation in the hyperbolic plane, we have

Theorem 7.20. The linear-fractional function

w =
z − h

z + h
≡ 1 − 2 h

z + h
⇒ w − 1 = − 2 h

z + h
, (7.5.23)

whose inverse transformation is

z ≡ x + h y = h
1 + w

1 − w
≡ 2v + h(1 − u2 + v2)

1 + u2 − v2 − 2u
(7.5.24)

maps the left and right arms of unit hyperbolas into the y = 0 axis.

The following proof allows us to see how the topology of a hyperbolic plane
determines a more intricate mapping with respect to the one of the complex plane,
but also has similar properties.
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Proof. Divisors of zero in the z plane are given by the straight lines y ± x = −1
and in the w plane by the straight lines u ± v = 1.

Since J ∝ h · (−h) ≡ −1 < 0, the corresponding equilateral hyperbolas of the
w and z planes are of different kinds.

The center of inversion in the z plane is at Cz ≡ (0, −1), in the w plane is
at Cw ≡ (1, 0). The unit hyperbola with center at z0 ≡ (0, −1) is mapped into
a hyperbola with semi-diameter p = 2 and center at w0 ≡ (1, 0). Internal and
external points, as usual, are inverted.

Equilateral hyperbolas are mapped into equilateral hyperbolas that pass
through the transformed domain.

In the complex plane the limiting circle (mapped into the x axis) is given by
ww̄ = 1. Now let us consider in the hyperbolic plane the same equation ww̃ = 1,
which is mapped on the z plane into (z−h)(z̃ +h) = (z +h)(z̃−h) and, as in the
complex plane, represents the straight line z − z̃ = 0, i.e, the x axis.

Let us investigate in more detail the transformation of the two arms of a unit
hyperbola. By considering the parametric equations

1) u = cosh θ, v = sinh θ , 2) u = − cosh θ, v = − sinh θ, (7.5.25)

their mapping into the (x, y) plane is obtained by (7.5.24)

1) x + h y =
sinh θ

(1 − cosh θ)
≡ − coth(θ/2) ,

2) x + h y = − sinh θ

(1 + cosh θ)
≡ − tanh(θ/2). (7.5.26)

Now we see how the two arms of the unit hyperbola and some points are mapped
in agreement with the topology of the hyperbolic plane.

• The arm 1) of (7.5.26) ∈ Rs is mapped into the exterior part of segment
−1 ↔ +1 of the y = 0 axis (sectors Ls, Rs with respect to zero divisors of
the z plane).

• The arm 2) of (7.5.26) ∈ Ls is mapped into the segment −1 ↔ +1 of the
y = 0 axis (sectors Us with respect to zero divisors of the z plane).

• Point (−1, 0) corresponds to point +∞ of both arms of the hyperbola.

• Point (+1, 0) corresponds to point −∞.

• The vertex of the right arm (w0 ≡ w − 1 = 0) corresponds to x → ∞.

• The vertex of the left arm corresponds to point z ≡ (0, 0).

• Points of the hyperbola with v > 0 are mapped into the semi-axis x < 0.

• Points v < 0 are mapped into the semi-axis x > 0.

• The axes bisectors u = ±v are mapped into y = 1 + ±x.
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• The center of the “limiting hyperbola” is mapped into the point (0, h).

The first two results are the same as the mapping of the circle into the complex
plane. With the same symbol, in the complex plane we have

z ≡ x + i y = i
1 + w

1 − w
≡ 2v + i (1 − u2 − v2)

1 + u2 + v2 − 2u

and for u = cos φ, v = sin φ we have z = − cot(φ/2). The half-circle on the
right and left sides with respect to the coordinates’ origin are mapped as the
corresponding arms of the unit hyperbola.

Let us consider the conjugate arms of the limiting hyperbola ∈ Us, Ds :
ww̃ = −1 in the z plane; we have

(z − h)(z̃ + h) = −(z + h)(z̃ − h) ⇒ zz̃ = 1 ∈ Ls, Rs.

We say, as a particular example of a general rule, that conjugate arms are not
mapped into conjugate arms, i.e., only conjugate hyperbolas with center at the
“inversion center” of the z plane are mapped into conjugate hyperbolas with center
at the “inversion center” of the w plane. �

7.6 Some Introductory Remarks on Commutative
Hypercomplex Systems with Three Unities

We have seen in Section 2.2 that the types of two-dimensional systems derive from
the kind of solutions of the characteristic equation of degree 2. The same happens
for hypercomplex numbers with more than two dimensions and the types of the
numbers are linked to the possible solutions of an equation of degree N . Then the
number of the systems is always limited. Here we make some introductory notes
and give the multiplication tables for systems with unity or in decomposed form.

The classification of these systems is known. In particular for non-separable
(commutative and non-commutative) systems the classification is reported in [13],
while for separable systems it is reported in [24].

The commutative systems with unity are five. Two of these systems are non-
separable and have the following multiplication tables:

e0 e1 e2

e1 e2 0
e2 0 0

( a );
e0 e1 e2

e1 0 0
e2 0 0

( b ). (7.6.1)

In the tables for non-separable systems the versor e0 represents unity. In general,
the product ei ek is in the (i + 1)th row and in the (k + 1)th column. By analogy
with two-dimensional systems we call these systems generalized parabolic systems.

The other three systems are separable and each of them is composed of a
system with two units and a system with one unit (real). By setting α = 0,±1 the
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three separable systems can be summarized in the following table, where e0 and
e2 are the idempotent sub-unities.

e0 e1 0
e1 αe0 0
0 0 e2

. (7.6.2)

7.6.1 Some Properties of the Three-Units Separable Systems

We obtain systems with a unity versor by means of a linear transformation. If we
call the new versors 1, i, j we have 1 = e0 + e2. As far as the other versors are
concerned, we can put i, j as an arbitrary linear transformation of e0, e1, e2. In
particular, by setting i = e1 ; j = e0 − e2, we have in vector-matrix form⎛⎝ 1

i
j

⎞⎠ =

⎛⎝ 1 0 1
0 1 0
1 0 −1

⎞⎠⎛⎝ e0

e1

e2

⎞⎠ (7.6.3)

and the inverse ⎛⎝ e0

e1

e2

⎞⎠ =
1
2

⎛⎝ 1 0 1
0 2 0
1 0 −1

⎞⎠⎛⎝ 1
i
j

⎞⎠ . (7.6.4)

The multiplication table for the new versors is easily obtained from the multipli-
cation table (7.6.2)

1 i j
i α

2 (1 + j) i
j i 1

. (7.6.5)

We say that ζ ≡ e0 τ + e1 ξ + e2 η = t + ix + jy ≡ z. The transformation for the
variables is given by (7.6.3) and (7.6.4) by substituting the variables τ, ξ, η for the
versors 1, i, j and t, x, y for e0, e1, e2, respectively. The characteristic matrix is
obtained by multiplying the hypercomplex number (ζ) by the versors and taking
the coefficients of the versors. By using table (7.6.2) we obtain⎛⎝ τ α ξ 0

ξ τ 0
0 0 η

⎞⎠ , (7.6.6)

from which it follows that the invariant is given by ρ = η (τ2−α ξ2); this quantity
is equal to the product of the invariants of the component systems. As a function
of the variables t, x, y, the invariant becomes

ρ = (t − y)[(t + y)2 − α x2]. (7.6.7)
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The plane t = y is a divisor of zero for all three systems. The existence of other
divisors of zero depends on the two-dimensional component systems.

Let us see how the three-dimensional systems are related to the possible so-
lutions of a cubic equation. The systems of Table (7.6.2) correspond, depending on
the α = 1, 0, −1 value, to three real solutions, three real but two equal solutions,
one real and two complex conjugate solutions, respectively. The systems of Table
(7.6.1) correspond to three real but equal solutions.

The Exponential and Logarithm Functions

As an example we report these functions obtained by means of the property (7.3.8)

exp[ζ] = e0 exp[τ + e1 ξ] + e2 exp[η]. (7.6.8)

For α = 1 we have (Section 4.1.1)

exp[ζ] = e0 exp[τ ] (cosh ξ + e1 sinh ξ) + e2 exp[η].

For the variable z we obtain

exp[t + i x + j y] =
1
2
{exp[t + y] cosh x + exp[t − y]}

+ i exp[t + y] sinhx +
j

2
{exp[t + y] cosh x − exp[ t − y]} .

(7.6.9)

By inverting these expressions, we obtain the definition of the logarithm

ln[t + ix + jy] =
1
2

ln
[
(t − y)

√
(t + y)2 − x2

]
+ i tanh−1

[
x

t + y

]
+

j

2
ln

[√
(t + y)2 − x2

t − y

]
. (7.6.10)

For α = −1 the hyperbolic functions must be replaced by the circular functions
and −x2 by x2.

The Generalized Cauchy–Riemann Conditions

Let us put
F (z) = U(t, x, y) + i V (t, x, y) + j W (t, x, y) ; (7.6.11)

then the function F (z) is called a function of the hypercomplex variable z = t +
i x + j y, if the real functions U, V, W have partial derivatives with respect to the
variables t, x, y and these derivatives satisfy (7.2.1), which in this case become

∂ F

∂ t
=

1
i

∂ F

∂ x
=

1
j

∂ F

∂ y
. (7.6.12)
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Substituting in the function F the components U, V, W , we obtain the following
partial differential equations:

∂U

∂x
+ i

∂V

∂x
+ j

∂W

∂x
= i

(
∂U

∂t
+i

∂V

∂t
+j

∂W

∂t

)
≡ α

2
∂V

∂t
+ i

(
∂U

∂t
+

∂W

∂t

)
+j

α

2
∂V

∂t
,

∂U

∂y
+ i

∂V

∂y
+ j

∂W

∂y
= j

(
∂U

∂t
+ i

∂V

∂t
+ j

∂W

∂t

)
≡ ∂W

∂t
+ i

∂V

∂t
+ j

∂U

∂t
.

Equating the coefficients of the versors we obtain the (GCR) conditions. We ex-
press these conditions writing the partial derivatives of V, W as functions of the
partial derivatives of U ,

∂V

∂t
=

∂V

∂y
=

2
α

∂U

∂x
,

∂V

∂x
=

∂U

∂t
+

∂U

∂y
,

∂W

∂t
=

∂U

∂y
,

∂W

∂x
=

∂U

∂x
,

∂W

∂y
=

∂U

∂t
.

It is easy to verify that these conditions are satisfied by the functions U, V, W
given by (7.6.9) and (7.6.10).



Chapter 8

Hyperbolic Variables on Lorentz
Surfaces

8.1 Introduction

In this chapter we start from two fundamental memoirs of Gauss [39] and Beltrami
[3] on complex variables on surfaces described by a definite quadratic form. By
using the functions of a hyperbolic variable, we extend the results of the classic
authors to surfaces in space-times described by non-definite quadratic forms.

To make our exposition self-consistent, we are obliged to begin by summa-
rizing the essential points of the authors’ memoirs which can quite rightly be
considered two milestones in the history of mathematics, not only for their scien-
tific contents but also for the perfection of style and neatness of expressions1. Of
course our summary can not substitute for reading of the original sources or, at
least, an unabridged complete translation, but allows us to stress the points we
consider essential for our treatment. Here we briefly recall the basics of Gauss’
differential geometry and some remarks taken from Beltrami’s introduction to the
paper we summarize in Section 8.4.

The starting idea of Gauss was: to study the properties of surfaces in Eu-
clidean space by means of a quadratic differential form which gives the distance
between two neighboring points (infinitesimal distance). This quadratic form is ob-
tained by applying Pythagoras’ theorem to two points on a surface in Euclidean
space, represented by Cartesian coordinates:

d s2 = d x2 + d y2 + d z2. (8.1.1)

The equation of the surface f(x , y , z) = 0 can be replaced by the parametric
equations

x = x(u, v) ; y = y(u, v) ; z = z(u, v), (8.1.2)

where the two parameters u , v can be taken as curvilinear coordinates on the sur-
face. Thus one can write the differentials of x , y , z as functions of the differentials
of u, v:

d x =
∂ x

∂ u
d u +

∂ x

∂ v
d v ; d y =

∂ y

∂ u
d u +

∂ y

∂ v
d v ; d z =

∂ z

∂ u
d u +

∂ z

∂ v
d v . (8.1.3)

1These last words are taken from the commemoration of Beltrami at the London Mathematical
Society [10].
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By substituting (8.1.3) into (8.1.1), Gauss obtained the2 � metric (or line) ele-
ment �

ds2 = E(u, v) du2 + 2 F (u, v) du dv + G(u, v) dv2. (8.1.4)

Here we report the meaning of the metric element and the required regularity
conditions from the introduction of Beltrami’s paper (Section 8.4).

� We recall that when we study a surface just from its metric element it
must be considered regardless of its representation, as an example in a Cartesian
space. Actually these representations can generate misleading. What we have to
take into account is that different points on the surface correspond to different
values of coordinates u, v. The possibility that one point in the space corresponds
to different values of u, v, is a consequence of its representation.

The nature of coordinate lines u = const., v = const. remains undefined,
while for giving exact formulations, we consider the regions Ω of the surface S in
which the following conditions are satisfied:

1. the functions E, F, G in every point are real, monodromic, continue and
finite;

2. the functions E, G, EG−F 2 ≡ H2, in every point are positive and different
from zero so that the differential form is positive definite.

Some of these conditions are necessary so that all points of Ω are real, the other
ones give conditions about the coordinate system. Actually, since in general cos θ =

F√
EG

, sin θ = H√
EG

, where θ is the angle between the tangent to coordinate lines
in point u, v, the condition H > 0 implies that θ is different from 0o or 180o,
i.e., that two curves of different coordinate systems are tangent. Summarizing,
all small regions of the surface around an internal point of Ω are covered by a
network of coordinate curves similar to the ones of two systems of parallel lines
on a plane (systems which, in general, are not orthogonal). These regions can be
called ordinary regions. �

Coming back to Gauss, he showed that from line element (8.1.4) it is possible
to obtain all the geometrical features of a surface, in particular the angle between
two curves, the area of a part of the surface and the finite distance between two
faraway points. This last aspect allows us to introduce the geodesic lines which
generalize a property of a straight line on a plane: the shortest line between two
given points. In Chapter 9 we see how the introduction of geodesic lines has allowed
Beltrami to give a Euclidean interpretation of non-Euclidean geometries.

Another fundamental quantity which can be obtained from the metric el-
ement is the Gauss curvature. We give its geometrical meaning: let us consider
a straight line orthogonal to a surface and the sheaf of planes specified by the
straight line. The intersection of each of these planes with the surface gives a line.
Every one of these lines is better approximated, in the given point, by a circle

2In this and subsequent chapters, we use � . . . � to identify material that is a literal translation
of the original author’s words.
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called an “osculating circle”. The circles with the minimum and maximum radius
are in two orthogonal planes and Gauss found (Theorema Egregium) that their
product is independent of the surface representation, i.e., it is an invariant quan-
tity with respect to the transformations of parameters u, v. Gauss called curvature
the reciprocal of this quantity which can be calculated by means of the functions
E, F , G and of their first and second derivatives. Actually it is given by

K = − 1
2H

[
∂

∂u

[
1
H

(
∂G

∂u
− F

E

∂E

∂v

)]
+

∂

∂v

[
1
H

(
∂E

∂v
− 2

∂F

∂u
+

F

E

∂E

∂u

)]]
(8.1.5)

with H2 = EG − F 2.
In general the curvature changes from point to point. If it is constant in all

points, the curvature radii with respect to the sheaf of planes are also constant. If
this property holds true, the surface is called a constant curvature surface as we
shall see in Chapter 9.

8.2 Gauss: Conformal Mapping of Surfaces

The development of the theory of conformal mappings is directly connected to the
involvement of Gauss in geodesic observations [11].

In 1822 the Danish Academy of Science announced a prize for a derivation of
all possible projections of the Earth’s surface which could be used for the produc-
tion of maps. The precise problem was to map a given arbitrary area into another
area in such a way that “the image is similar to the original in the smallest parts”.
Gauss won the prize with an essay [39] which laid the formalization of � The the-
ory of conformal mapping for functions of a complex variable. � We give below
the salient points of the Gauss essay.

Let us consider two surfaces represented by means of their line elements
(8.1.4) as functions of the parameters t, u, and T, U , respectively:

I) ds2 = e(t, u) dt2 + 2 f(t, u) dt du + g(t, u) du2 ; (8.2.1)
II) dS2 = E(T, U) dT 2 + 2 F (T,U) dT dU + G(T,U) dU2 . (8.2.2)

For representing the first surface on the second one we must define a bijective
mapping T (t , u) , U(t , u). This mapping must satisfy both the conditions imposed
by the problem and by the nature of surfaces. After this transformation the line
element of the second surface is written as

dS2 = E(t, u) dt2 + 2 F (t, u) dt du + G(t, u) du2 . (8.2.3)

The requirements of the problem can be put in the form: � let us consider two
arbitrary infinitesimal arcs on a surface and the transformed ones on the second
surface, the latter must be proportional to the former and the angles between
them must be equal. �
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Gauss’ solution of the problem. Since the conditions must be true for every dt, du,
then e, f, g must be proportional to E, F, G, respectively. Moreover the trigono-
metric functions of the angles depend on the ratios between e, f, g, then the second
condition is satisfied if the first is.

The analytical condition required by the problem becomes

E

e
=

F

f
=

G

g
= m2, (8.2.4)

where m is the magnification ratio of the linear elements of the first surface when
they are mapped on the second one. This ratio is, in general, a function of t, u,
i.e., of points. If it is constant the map is a homothety between the finite parts of
the surfaces too.

Let us now return to quadratic forms and decompose them into linear factors.
Since ds2 > 0, the differential form is definite, then it must be f2 − eg < 0 and
the factors are complex conjugate

ds2 =
1
e

[
e dt +

(
f + i

√
e g − f2

)
du

] [
e dt +

(
f − i

√
e g − f2

)
du

]
; (8.2.5)

the problem is reduced to two separate integrations of linear differential equations.
The first one is given by

e dt + (f + i
√

e g − f2)du = 0 , (8.2.6)

the second one is obtained by exchanging i → −i. Equation (8.2.6) can be inte-
grated by means of an integrating factor (in general complex) function of t, u, as
we shall see in Beltrami’s work (Section 8.4).

The integral can be split into a “real” and an “imaginary” part and written
as p + i q, where p and q are real functions of t, u. The integral of the second
equation is p − i q and the integrating factor is the complex conjugate of the first
one. Differentiating, we have

ds2 = n(dp + i dq)(dp − i dq) ≡ n(dp2 + dq2) , (8.2.7)

where n is the square modulus of the integrating factor and is a real finite func-
tion of t, u. This expression of line element is called isometric. In the same way
the second form can be decomposed into linear terms and we can write dS2 =
N(dP 2 + dQ2), where P, Q, N are real functions of T, U . These integrations
(which, from a practical point of view, can be performed just for particular cases)
must be done before solving the problem.

If we express T ,U by means of such functions of t , u that satisfy the problem
conditions given by (8.2.4), we have dS2 = m2 ds2 and, using the new variables,

(dP + i dQ)(dP − i dQ)
(dp + i dq)(dp − i dq)

= m2 n

N
; (8.2.8)



8.2. Gauss: Conformal Mapping of Surfaces 123

the numerator of the left-hand side is divisible by the denominator if (dP + i dQ)
is divisible by (dp + i d q) and (dP − i dQ) by (dp − i d q), or vice versa. Then
(dP + i dQ) is zero when dp + i d q = 0, i.e., � P + iQ is constant if p + i q is
constant. This means that P + i Q is a function just of p + i q and P − i Q just of
p − i q. � Or, inversely, if P + i Q is a function of p − i q and P − iQ of p + i q. In
particular, it can be shown that if P + i Q is a function of p + i q and P − iQ of
p − i q, the angles are the same if P + i Q is a function of p − i q and P − iQ of
p + i q, the angles change sign. These conditions are also sufficient.

Setting
P + i Q = f(p + i q), P − i Q = f ′(p − i q),

the function f ′ is determined by f : if the constants in f are real, then f ′ ≡ f , so
that to real values of p, q, real values of P, Q correspond. If there are imaginary
elements we must exchange i for −i. In every case f ′ = f̄ , then f f ′ = |f |2, and
a problem described by a differential quadratic form has been reduced to a problem
for a linear form. We also obtain

P =
1
2

(f + f ′) , Q =
1
2

(f − f ′) .

Calling φ, φ′ the derivative of f and f ′,

φ(p + i q) =
dP + i dQ

dp + i d q
, φ′(p − i q) =

dP − i d Q

dp − i dq
,

we have

m =

√
N

n
φφ′ ≡

√
N

n
|φ|. (8.2.9)

Then, using curvilinear coordinates and integrating the differential form (8.2.6),
we obtain the � complete solution of the proposed problem by applying the theory
of functions of a complex variable. �

8.2.1 Mapping of a Spherical Surface on a Plane

The general theory is now applied to the proposed problem: let us consider the
sphere with radius R represented by

x = R cos t sin u, y = R sin t sin u, z = R cos u; (8.2.10)

the metric element is

ds2 = R2(sin2 u dt2 + du2) ≡ R2 sin u2

(
dt + i

d u

sin u

)(
dt − i

d u

sin u

)
. (8.2.11)

We must solve the integrable differential equation d t ∓ i d u
sin u = 0, the integral of

which is t ± i ln cot (u/2) = Const.. Introducing the new variables

p = t, q = ln cot (u/2), and dp = dt, dq =
du

sin u
, (8.2.12)
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we have the isometric form

ds2 = R2 sin2 u (d p2 + d q2) ≡ R2

cosh2 q
(d p2 + d q2) . (8.2.13)

In the last passage we have used the equality sin u ≡ 2 cot (u/2)
1+cot2 (u/2) = 2 exp q

1+exp 2q ≡
1/ cosh q. Let us now consider the plane with metric element

dS2 = dT 2 + dU2 ; P + i Q ≡ T + i U ⇒ E = G = 1, F = 0.

Then, if f is an arbitrary function, we put

P = �{f (t + i ln cot u/2)} and Q = �{f (t + i ln cot u/2)}.
Let us take a linear function f(v) = k v; we have

T + i U = k (t + i ln cot u/2) (8.2.14)

and the amplification ratio is

m =
k

R sin u
. (8.2.15)

This representation is the Mercator projection. Setting f(v) = k exp[i v], we have

T + i U = k exp [ln tan (u/2) + i t] = k (cos t + i sin t) tan (u/2) (8.2.16)

and the amplification ratio is

m =
k tan (u/2)

R sin u
. (8.2.17)

This representation corresponds to a polar stereographic projection.

8.2.2 Conclusions

We have seen how the idea of decomposing the differential quadratic form of a line
element into two linear complex conjugate factors allows us to obtain the solution
of the problem by considering just one of them.

Let us now examine the main passages of Gauss’ demonstration and the
meaning assumed by i.

1. For obtaining the metric element in isometric form, the quadratic form is
decomposed into two linear forms. In this passage the i is introduced as the
square root of −1.

2. The linear form is considered as a two-component quantity (real and imagi-
nary parts), then i assumes the meaning of a versor.

3. The last step is the introduction of functions of a complex variable and i
becomes a symmetry preserving operator.

Since all these properties are in common with hyperbolic numbers, as shown in
Section 2.2.1 for point 1) and in Section 7.2.3 for point 3), in the next section all
the above results are extended to non-definite line elements.
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8.3 Extension of Gauss Theorem: Conformal Mapping

of Lorentz Surfaces

Let us consider the same problem solved by Gauss with reference to Lorentz sur-
faces, i.e., with f2 − eg > 0, represented by their line elements

I) ds2 = e(t, u) dt2 + 2 f(t, u) dt du + g(t, u) du2 ; (8.3.1)
II) dS2 = E(T,U) dT 2 + 2 F (T, U) dT dU + G(T, U) dU2 . (8.3.2)

Thanks to observations in Section 2.2, we can decompose the line elements into
the product of two hyperbolic conjugate linear factors

ds2 =
1
e

[
e dt +

(
f + h

√
f2 − e g

)
du

] [
e dt +

(
f − h

√
f2 − e g

)
du

]
; (8.3.3)

the problem, as before, is reduced to the integration of a linear differential equation

e dt + (f + h
√

f2 − e g) du = 0. (8.3.4)

The integral of (8.3.4) can be divided into a “real” and a “hyperbolic” part and
written as p + h q, where p and q are real functions of t, u. The integral of the
other factor of (8.3.3) is p − h q. Differentiating, we have

ds2 = n(dp + h dq)(dp − h dq) ≡ n(dp2 − dq2), (8.3.5)

where n is the square modulus of an integrating factor (generally hyperbolic) and
is a real finite function of t, u.

In the same way the second form can be decomposed into linear terms and
we can write dS2 = N(dP 2 − dQ2), where P, Q, N are real functions of T, U .

Let us now introduce the hyperbolic variable z = p + h q and the hyperbolic
function w = P + hQ and the differentials d z = d p + h d q , d z̃ = d p − h d q ,
dw = dP + h dQ , d w̃ = dP − h dQ; we have

dS2

d s2
≡ N

n

d w

d z

(̃
dw

d z

)
. (8.3.6)

From Section 7.5 we know that this ratio is independent of direction, and the
hyperbolic angle between two lines is preserved, if w is a hyperbolic function of
the hyperbolic variable z. Calling J the Jacobian determinant, we have that the
constant “amplification” (M) is given by

M =
N

n
J . (8.3.7)

We can extend to the pseudo-Euclidean plane the well-known theorem valid in the
Euclidean plane:
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Theorem 8.1. The mappings by functions of a hyperbolic variable preserve the
isometric form of the non-definite line elements.

Proof. If we consider line elements in isometric form, we have

d u2 − d v2 ≡ (d u + h d v)(d u − h d v)
≡ (ux + h vx)(ux − h vx)(d x + h d y)(d x − h d y)
≡ (u2

x − v2
y)(d x2 − d y2) = J(d x2 − d y2) . (8.3.8)

�

8.4 Beltrami: Complex Variables on a Surface

The starting point of Beltrami’s paper is the just exposed Gauss’ work. In partic-
ular Beltrami applies the results of his own research on differential geometry ([4],
I, p. 143) and the properties of the quantities called � differential parameters �
[34].

Gauss started from a particular problem, solved it in a general way and
applied the results to the original problem for which the necessary integrations
could be performed in elementary ways. Beltrami pursues the common properties
to solutions of Gauss’ problem and obtains a result which goes beyond the specific
problem and becomes very important for partial differential elliptic equations [75].

Let us consider the line element (8.1.4) and, following Beltrami, summarize
some expressions that will be used. Let us consider the line elements ds, δs start-
ing from point u, v, to which the increments du, dv and δu, δv, respectively,
correspond and the angle ε between them which is considered positive from ds to
δs. The following expressions are true for every ε:

dsδs cos ε = Eduδu + F (duδv + dvδu) + Gdvδv,

dsδs sin ε = H(du δv − dv δu). (8.4.1)

Calling ∆Ω the area of the parallelogram with sides ds, δs, we have

∆Ω = ±ds δs sin ε ≡ ±H(du δv − dv δu).

Now we recall the expressions of differential parameters ([4], I, p. 143)

∆1φ =
Eφ2

,v − 2Fφ,vφ,u + Gφ2
,u

H2
,

∆1(φ, ψ) = Eφ,vψ,v − F (φ,vψ,u + φ,uψ,v) + Gφ,uψ,uH2,

∆2φ =
1
H

[(
Gφ,u − Fφ,v

H

)
,u

+
(

Eφ,v − Fφ,u

H

)
,v

]
, (8.4.2)

where φ and ψ are two arbitrary functions of u, v.



8.4. Beltrami: Complex Variables on a Surface 127

• ∆1φ is called the differential parameter of the first order,

• ∆1(φ, ψ) is called the mixed differential parameter of the first order,

• ∆2φ is called the differential parameter of the second order.

The order is determined by the maximum order of the derivatives of functions φ, ψ.
The differential parameters are invariant with respect to the transformations of
variables u, v. They also have the following properties:

1. Since the equations φ = const, ψ = const represent two surfaces, ∆1 φ repre-
sents the squared length of the gradient of φ as well as of a vector orthogonal
to the surface φ = const ; for the same reason, if ∆(φ, ψ) = 0, then the two
surfaces φ = const and ψ = const are orthogonal.

2. If ∆2φ = 0, and we take the curves φ=Const, together with the orthogonal
curves, as a coordinate system, the metric element is in isometric form.

8.4.1 Beltrami’s Equation

Let there be
U du + V dv, U du + V ′dv,

the imaginary conjugate factors, introduced by Gauss, in which the right-hand
side of (8.1.4) is decomposed. We have

U =
√

E, V =
F + i H√

E
, V ′ =

F − i H√
E

. (8.4.3)

Then V V ′ = G. With the same symbols of Section 8.2, we consider the ratio

Uδu + V δv

Udu + V dv
≡ Eδu + Fδv + i Hδv

Edu + Fdv + i Hdv
.

The complex term in the right-hand side (obtained by multiplying the numerator
and denominator by the conjugate of the denominator) can be put in exponential
form ρei λ and, equating the real and imaginary parts from (8.4.1), we have

ρ cos λ =
δs

ds
cos ε, ρ sin λ =

δs

ds
sin ε,

and ρ = δs
ds , λ = ε; then

Uδu + V δv

δs
=

Udu + V dv

ds
ei ε. (8.4.4)

If we take δs = ds, the element in the left-hand side can be considered as given by
a rotation of an angle ε of the element in the right-hand side. Then the complex
differential binomial Uδu+V δv is obtained from the binomial Udu+V dv multiplied
by ei ε, where ε is the rotation angle. This property is the same as that is satisfied
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by complex variable x+i y represented in a Gauss plane. This property is true even
if we multiply Udu + V dv by an integrating factor (in general complex) γ (u, v),
so that γ (Udu + V dv) = dp + i dq ≡ dw. Since γ̄ (Udu + V ′dv) = dp − i dq ≡ dw̄,
we see that the variables p, q are the same used by Gauss for expressing ds2 in
isometric coordinates. Actually we have

ds2 ≡ (Udu + V dv)(Udu + V ′dv) ≡ dp2 + dq2

|γ|2 .

From these observations we infer that if we want to fruitfully apply to surfaces the
theory of functions of a complex variable, we do not have to use u+i v but rather the
variables p, q, introduced by Gauss, after multiplication by a complex integrating
factor γ (u, v), so that γ (Udu + V dv) = dp + i dq ≡ dw and γ̄ (Udu + V ′dv) =
dp − i dq ≡ dw̄.

The integration can be performed just for particular problems, however some
peculiar characteristics of the Gauss functions f(u, v), for transforming a metric
element into an isometric form, can be known.

Let us consider its derivative

f,w =
f,udu + f,vdv

γ (Udu + V dv)
≡ f,u + f,vv,u

γ (U + V v,u)
. (8.4.5)

Following Riemann, this derivative must be independent of direction v,u, then it
must be

Uf,v − V f,u = 0.

All the characteristic properties of f(w) are contained in this equation.
Actually, by substituting U, V from (8.4.3), we have

Ef,v − Ff,u = iHf,u.. (8.4.6)

By squaring, we have
Ef2

,v − 2Ff,uf,v + Gf2
,u = 0,

which means
∆1f = 0. (8.4.7)

This is the first property: the functions f(w), as functions of u, v, have null the
first differential parameter and are the only ones with this property.

Writing the function f by means of its real and imaginary parts, f = φ+i ψ,
and substituting in (8.4.7) we obtain ∆1φ−∆1ψ+2i∆1(φ, ψ) = 0, and since φ, ψ
are real functions it follows that

I) ∆1(φ, ψ) = 0 , II) ∆1φ = ∆1ψ.

The first equation means that the family of curves φ = Const, ψ = Const are
orthogonal. The second one that curves φ = Const, ψ = Const are isometric.



8.4. Beltrami: Complex Variables on a Surface 129

Substituting f = φ + i ψ in (8.4.6) we obtain the real equations

Eφ,v − Fφ,u

H
= −ψ,u ;

Eψ,v − Fψ,u

H
= φ,u, (8.4.8)

and also
Gφ,u − Fφ,v

H
= ψ,v ;

Gψ,u − Fψ,v

H
= −φ,v. (8.4.9)

These equations give necessary and sufficient conditions for characterizing the
real and imaginary parts of the function f , which allow us to solve the proposed
problem.

Differentiating and equating the second mixed derivatives, we obtain an equa-
tion for both φ or ψ which is today called Beltrami’s equation

Lφ ≡
[(

Gφ,u − Fφ,v

H

)
,u

+
(

Eφ,v − Fφ,u

H

)
,v

]
= 0 (8.4.10)

and the operator L is called Beltrami’s operator [29]. The same equation is obtained
for the function ψ. Thanks to (8.4.2), we can write

∆2φ = 0, ∆2ψ = 0. (8.4.11)

The complex functions f = φ+i ψ, given by two conjugate solutions of Beltrami’s
equations (8.4.11) can be called, following Beltrami, complex variables on surfaces.
Then summarizing we have obtained for functions φ, ψ the following properties:

1. The first and the second differential parameters are zero.

2. The real components have the second differential parameters equal to zero.

3. All real functions φ, which satisfy Beltrami’s equation, can be considered as
the real part of a complex function f(w).

Functions of Ordinary Complex Variables

f(w) is a function of u + i v if (7.1.1) are satisfied. By means of these conditions
we can eliminate ψ from (8.4.8), and we find, for the unknown φ,v, φ,u, the ho-
mogeneous linear system

(H − E)φ,v + Fφ,u = 0, Fφ,v − (H − E)φ,u = 0 ;

this system is satisfied only if the determinant of the system (H − E)2 + F 2 = 0,
equivalent to the conditions F = 0, H = E. Since H2 = EG, it follows that
E = G, which are the conditions for isometric expression of the line element.

So we have: for isometric coordinates on surfaces the same properties which
are satisfied on a plane (referred to x, y coordinates) by the function of an ordinary
complex variable x+i y hold. Actually Beltrami’s equation allows us to reduce the
general partial differential elliptic equations to canonic form [75].
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8.5 Beltrami’s Integration of Geodesic Equations

In the previous chapters we have seen how hyperbolic numbers and functions of
a hyperbolic variable can be successfully used for solving problems in space-time
as well as complex analysis is used for problems in the Euclidean plane. So it is
natural to try to extend Beltrami’s results, just reported, to “Lorentz surfaces”,
i.e., to space-time surfaces described by a non-definite quadratic differential form.

We begin by recalling another Beltrami theorem which refers to integration
of geodesic equations.

8.5.1 Differential Parameter and Geodesic Equations

We recall some concepts of classical differential geometry [6] and [34] which do
not appear in recent books [28] and [57]. In particular we report a method for
obtaining the equations of the geodesics firstly obtained by E. Beltrami ([4], Vol.
I, p. 366) who extended to line elements an integration method used by Jacobi for
integrating the dynamics equations.

Let us extend the definitions of differential parameters to an N -dimensional
semi-Riemannian space VN with a line element given by ([34], p. 39)

ds2 = e
N∑

i, k=1

gik dxi dxk, (8.5.1)

where e = ±1 in a way that ds2 ≥ 0. If U, V are any real functions of the xi

(i = 1, 2, . . . , N), the invariants defined by

∆1 U = gih ∂ U

∂xi

∂ U

∂xh
≡ gihU,i U,h, (8.5.2)

∆1 (U, V ) = gih ∂ U

∂xi

∂ V

∂xh
≡ gihU,i V,h (8.5.3)

where gik are the reciprocal elements of the metric tensor gik, are called Beltrami’s
differential parameters of the first order. Since the equations U = const, V = const
represent (N − 1)-dimensional hypersurfaces in VN , ∆1 U represents the squared
length of the gradient of U as well as of a vector orthogonal to the hypersurface
U = const ; for the same reason, if ∆(U, V ) = 0, then the two hypersurfaces
U = const and V = const are orthogonal.

The Equations of the Geodesics

We report an important application of differential parameters, due to Beltrami,
which is an alternative way (with respect to the classical one) for obtaining the
equations for geodesics [34]. This method, recently applied for integrating impor-
tant fields of General Relativity [7], is used in this section, in Chapter 9 and in
Appendix B.
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Let us now consider the non-linear partial differential equation of the first
order

∆1 τ = e , (8.5.4)

where e is the same as in (8.5.1). The solution of this equation depends on an
additive constant and on N − 1 essential constants αi [34]. Now if we know a
complete solution of (8.5.4), we can obtain the equations of the geodesics by the
following theorem ([6], p. 299) and ([34], p. 59).

Theorem 8.2. When a complete solution of (8.5.4) is known, depending on N − 1
essential constants αi, the equations of the geodesics are given by

∂τ/∂αi = βi, (8.5.5)

where βi are new arbitrary constants, and the arc of the geodesics is given by the
value of τ .

Obviously the above theorem is particularly useful for applications with re-
spect to Euler’s differential system

d2xl

ds2
+

N∑
i, k=1

Γl
ik

dxi

ds

dxk

ds
= 0, (8.5.6)

when we have a complete solution of (8.5.4) at our disposal or this solution is
easily obtained.

To be sure, the integration of a partial differential equation is usually con-
sidered as a problem more difficult than that of a system of ordinary differential
equations. Actually Hamilton and Jacobi achieved a major success by recognizing
that this relationship may be reversed. In particular a result due to Bianchi [6]
and [34] is the following:

If the fundamental form (8.5.1) can be re-expressed in the generalized Liou-
ville form

ds2 = e [X1(x1) + X2(x2) + · · · + XN (xN )]
N∑

i=1

ei(dxi)2 , (8.5.7)

where ei = ±1 and Xi is a function of xi alone, then a complete integral of (8.5.4)
is

τ = c +
N∑

i=1

∫ √
ei(eXi + αi) dxi, (8.5.8)

where c and αi are constants, the latter being subject to the condition
∑N

i=1 αi = 0.
In this case the geodesic equations are immediately given by

∂τ

∂αl
≡ 1

2

∫
ei dxi√

ei(eXi + αl)
= βl. (8.5.9)
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Geodesics Equations in the Hyperbolic Plane

Let us extend to infinitesimal distances the hyperbolic or space-time distance
defined in Section 4.1.1,

ds2 = dx2 − dy2. (8.5.10)

By means of the method just summarized, we can find the geodesics in pseudo-
Euclidean plane, described by line element (8.5.10). At first we have to solve the
partial differential equation with constant coefficients

∆1τ ≡
(

∂τ

∂x

)2

−
(

∂τ

∂y

)2

= e ≡ ±1.

The elementary solution is given by τ = Ax+By+C with the condition A2−B2 =
±1. Then we can put

I) A = cosh θ, B = sinh θ, if ∆1τ = +1 ; (8.5.11)
II) B = cosh θ, A = sinh θ, if ∆1τ = −1 . (8.5.12)

The equations of the geodesics are obtained by equating ∂τ/∂θ to a constant c:

I) if ∆1τ = +1 ⇒ x sinh θ + y cosh θ = c,

II) if ∆1τ = −1 ⇒ x cosh θ + y sinh θ = c. (8.5.13)

Equations (8.5.13) demonstrate the result anticipated in Chapter 4: In the pseudo-
Euclidean plane it is more appropriate to write the straight line equations by means
of hyperbolic trigonometric functions instead of circular trigonometric functions
as it is done in Euclidean plane. We note that integration of the equations of the
geodesics in Euler’s form (8.5.6) would not give the condition on the integration
constants of (8.5.11) and (8.5.12) which allows us to introduce the hyperbolic
trigonometric functions in a natural way. With the definitions of Chapter 4, we
see that the geodesics (8.5.13) represent lines of the first kind for ∆1τ = +1 and
lines of the second kind for ∆1τ = −1.

Equations (8.5.13) in parametric form become

I)
{

x = φ cosh θ + xo

y = −φ sinh θ + yo
and II)

{
x = φ sinh θ + xo

y = −φ cosh θ + yo
. (8.5.14)

By means of this integration method we have obtained at once the two kinds of
straight lines anticipated in Section 4.3.

Now let us consider, together with straight line (8.5.13, I), a second one
(x sinh θ1 + y cosh θ1 = γ) and calculate with the methods of differential geometry
the trigonometric functions of the crossing angle θc. Actually in the Riemannian
geometry by means of differential parameters we have cos θc = ∆1(u, v)√

∆1(u)∆1(v)
. Now

performing the calculations with the metric element (8.5.10) we obtain
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∆1(u, v) = cosh(θ − θ1), ∆1(u) = ∆1(v) = 1. The cosine of Riemannian
geometry has been substituted by hyperbolic cosine, the same result is obtained
for sine.

The same results hold for surface geometry and expressions (8.5.2) become

dsδs cosh ε = Eduδu + F (duδv + dvδu) + Gdvδv, (8.5.15)
dsδs sinh ε = H(duδv − dvδu). (8.5.16)

To these expressions we can give the same meaning of classical differential geom-
etry, (8.5.15) represents the scalar product and, thanks to results of Chapter 4,
(8.5.16) represents an area.

8.6 Extension of Beltrami’s Equation to Non-Definite

Differential Forms

Using the theory developed in previous chapters by means of hyperbolic numbers,
we can extend Beltrami’s results to Lorentz surfaces, by the following

Theorem 8.3. The “Gauss’ problem”, for both definite and non-definite quadratic
forms, is solved by the same Beltrami’s equation, taking the absolute value of H.

Proof. Let us consider a differential quadratic form

ds2 = Edu2 + 2Fdudv + Gdv2 (8.6.1)

with ∆2 ≡ F 2−EG > 0, which represents a Lorentz surface, and its decomposition
into linear elements

Udu + V dv, Udu + V ′dv.

By analogy with definite forms, we have the decomposition into two hyperbolic
conjugate factors

U =
√

E, V =
F + h ∆√

E
, V ′ =

F − h ∆√
E

; (8.6.2)

we proceed as Beltrami and, with the same meaning of symbols, we put the ratio

Uδu + V δv

Udu + V dv
≡ Eδu + Fδv + hHδv

Edu + Fdv + hHdv
= ρeh λ

in exponential form and, equating the real and hyperbolic parts, by means of
(8.5.16) we have

ρ cosh λ =
δs

ds
cosh ε, ρ sinhλ =

δs

ds
sinh ε.
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Then ρ = δs
ds , λ = ε, and

Uδu + V δv

δs
=

Udu + V dv

ds
eh ε. (8.6.3)

If δs = ds, the element on the left-hand side is obtained from the element on the
right-hand side by means of a hyperbolic rotation ε. This result can be interpreted
as a Lorentz transformation between the differential quantities Uδu + V δv and
Udu + V dv. Then, as for a complex variable, if we want to fruitfully apply to
Lorentz surfaces the theory of functions of a hyperbolic variable, we do not have
to use u + h v but rather the variables p, q obtained by Gauss integration, after
multiplication by a hyperbolic integrating factor γ(u, v), so that γ(Udu+V dv) =
dp + h dq ≡ dw and γ̄(Udu + V ′dv) = dp − h dq ≡ dw̄. So we have

ds2 ≡ (Udu + V dv)(Udu + V ′dv) ≡ dp2 − dq2

|γ|2 . (8.6.4)

The integration can be performed just in particular cases, in any case some char-
acteristics of the transformation functions f(u, v) can be known. Equation (8.4.6)
becomes

Ef,v − Ff,u = h ∆f,u.. (8.6.5)

Squaring, we have Ef2
,v − 2Ff,uf,v + Gf2

,u = 0, which means

∆1f = 0. (8.6.6)

Then the first differential parameter of functions f(w) is zero.
Calling φ, ψ the real and hyperbolic parts we can write f = φ + hψ, and

substituting in (8.6.6) we find ∆1φ + ∆1ψ + 2h ∆1(φ, ψ) = 0 and, for the real
functions φ, ψ, we obtain

∆1(φ, ψ) = 0, ∆1φ = −∆1ψ.

The first equation indicates that curves φ = Const are orthogonal to curves ψ =
Const, the second equation indicates that curves φ = Const, ψ = Const are
isometric.

Substituting f = φ + hψ in (8.6.5), we find the real equations

Eφ,v − Fφ,u

∆
= ψ,u ;

Eψ,v − Fψ,u

∆
= φ,u (8.6.7)

and also
Gφ,u − Fφ,v

∆
= −ψ,v ;

Gψ,u − Fψ,v

∆
= −φ,v. (8.6.8)

These equations show the differential properties of real and hyperbolic parts of the
functions f which solve the proposed problem.
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Actually, differentiating and equating the second mixed derivatives, we ob-
tain an equation for both φ or ψ which, as for complex variables, corresponds to
Beltrami’s equation

Lφ ≡
[(

Gφ,u − Fφ,v

∆

)
,u

+
(

Eφ,v − Fφ,u

∆

)
,v

]
= 0, (8.6.9)

which can be written
∆2φ = 0, ∆2ψ = 0. (8.6.10)

�
Summarizing we have obtained for functions φ, ψ the following properties:

1. The first and the second differential parameters are zero.

2. The real components have the second differential parameters equal to zero.

3. A real function φ, which satisfies (8.6.9), can be considered as the real part
of a function f(w) of a hyperbolic variable.

Conclusion

In Chapter 4 we have seen that the introduction of hyperbolic numbers has allowed
a Euclidean formalization of trigonometry in the “flat” Minkowski space-time. In
a similar way, thanks to the introduction of functions of a hyperbolic variable,
we have extended the classical results of Gauss and Beltrami to two-dimensional
varieties with non-definite metric elements (Lorentz surfaces).



Chapter 9

Constant Curvature Lorentz Surfaces

9.1 Introduction

It is known that, in the XVIIIth century, the growth of a new physics also drove
the mathematics into new ways with respect to Euclidean geometry which, fol-
lowing Plato and Galileo, had been considered the “measure and interpretation”
of the world. From then on new subjects emerge, such as differential calculus,
complex numbers, analytic, differential and non-Euclidean geometries, functions
of a complex variable, partial differential equations and, at the end of the XIXth
century, group theory.

This apparent breaking up of a unitary culture was unified again with the
constant curvature surfaces studies and, in this way, many subjects, which looked
to be abstract, found a concrete application.

The most important aspects of these surfaces derive from the fundamental
works of Riemann ([61], p. 304), (1854) and Beltrami [2], (1868). In the former
it was shown that the constant curvature spaces are the only ones, among the
spaces which today we call Riemann spaces, in which the same motions (roto-
translations) of a flat Euclidean space are possible. In the latter it was shown
that the non-Euclidean geometries of Bolyai–Lobachevski and Riemann himself
can be represented in a Euclidean way, on constant curvature surfaces (negative
and positive constant curvature, respectively).

Here we summarize the most important aspects of these studies, which have
gone beyond mathematical importance and brought about a great change in sci-
entific thought. In the historical description of the principal steps, we refer to the
works of Beltrami, who made the most important contribution, developing ideas
which were completed, from a formal point of view, by Klein (1872) and Poincaré
(1882), using complex variables.

Beltrami, referring to the paper of Gauss summarized in Section 8.2, ob-
served that among the representations of the sphere on a plane, the one in which
the geodesics on the sphere (great circles) are transformed into geodesics on a plane
(straight lines), is the most important from a practical point of view: this trans-
formation allows a simple measurement of distances. From a geometrical point of
view, it is known that this transformation corresponds to the projection of points
of the spherical surface from the center of the sphere to a plane, tangent to the
sphere at a pole. Beltrami inquired about the existence of other surfaces, repre-
sented by line element (8.1.4), for which a transformation of variables may exist,
which transforms geodesics on the surface into straight lines on a plane.
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The answer to this question is contained in a paper of 1865 ([2], p. 263), in
which he stated that � The only surfaces which may be represented on a plane, in
such a way that geodesics correspond to straight lines, are just the ones which have
constant curvature (null, positive, negative). � The results for the first two cases
were known because they correspond to the plane and the sphere. The research of
the meaning of the third case led Beltrami to write a paper which is considered
a milestone, not only for the history of science, but also for all scientific thought:
Saggio di interpretazione della geometria non-euclidea, today known as Saggio ([2],
p. 374).

Let us recall1, from the introduction of this paper, some important passages
in which the author inquires into the basic meaning of Euclidean geometry and
extends it: � The fundamental criterion of demonstration of elementary geometry
is the possibility of superimposing equal figures. This criterion not only applies
to plane, but also to the surfaces on which equal figures may exist in different
positions. Surfaces with constant spherical curvature have this property uncondi-
tionally. . . The straight line is a fundamental element in figures and constructions
of elementary geometry. A particular characteristic of this element is that it is
completely determined by just two of its points. . . This particular feature not only
characterizes straight lines on the plane, but also is peculiar to geodesic lines on
surfaces. . . � In particular � an analogous property of straight lines completely ap-
plies to constant curvature surfaces, that is: if two surfaces, with the same constant
curvature, are given and a geodesic line exists on each surface, superimposing one
surface on the other, in such a way that the geodesics are superimposed in two
points, they are superimposed along all their extension. The analogies between
spherical and plane geometries are based on the aforesaid property. � The same
geometrical considerations, which are evident for the sphere, may be extended to
negative constant curvature surfaces, which, as it has been recalled before, can be
represented on a plane, in such a way that every geodesic corresponds to a straight
line.

Beltrami demonstrated that � the theorems of non-Euclidean geometry (of
Lobachevsky) for the plane figures made by straight lines, are valid for the analo-
gous figures made by geodesic lines on the Euclidean surfaces with negative con-
stant curvature, which we can call pseudo-spherical. � Then � results that seemed
to be inconsistent with the hypothesis of a plane can become consistent with a
surface of the above-mentioned kind and, in this way, they can get a simple and
satisfactory explanation. � A geometrical representation of this constant curvature
surface � is given by the surface obtained by rotating “the constant tangent curve”
also called “tractrix”, � and the geodesics on this “pseudo-sphere” may be mapped
on a plane and become the chords of a circle, in which distances are not measured
by means of Euclidean geometry, but by Gauss geometry. The lengths become
infinite near the circumference, so the circle represents a limiting circle2. Chords

1Many of the arguments, summarized in Beltrami’s words, will be more thoroughly explored
in the remainder of this chapter.

2A representation of the figures in this circle has been given by M.C. Escher in the woodcuts
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of infinite length in the circle may be compared with straight lines in the plane.
Beltrami concludes: � With the present work we have offered the development of a
case in which abstract geometry finds a representation in the concrete (Euclidean)
geometry, but we do not want to omit to state that the validity of this new order
of concepts is not subordinate to the existence (or not) of such a correspondence
(as it surely happens for more than two dimensions). �

Now we recall the very important epistemological aspect of this work: the for-
mulation of Euclidean geometry starts from postulates which are in agreement with
the experience and all the following statements are deduced from these postulates
(axiomatic-deductive method). Lobachevsky uses the same axiomatic-deductive
method, but he starts from “abstract” postulates, which do not arise from ex-
perience. The work of Beltrami demonstrates that the theorems of Lobachevsky
are valid on a surface of Euclidean space, i.e., also starting from arbitrary axioms,
we can obtain results in agreement with our “Euclidean” experience. These con-
cepts can be generalized and applied to scientific research: arbitrary hypotheses
acquire validity if the consequent results are in agreement with experience. The
most important discoveries of modern physics (Maxwell equations, special and
general relativity, quantum theory, Dirac equation) arose from this “conceptual
broad-mindedness”.

Coming back to Beltrami’s interpretation, a lot of great mathematicians
completed his interpretation from many points of view (elementary mathemat-
ics, differential and projective geometries, group theory [36]) and the definitive
mathematical formalization was performed by means of complex analysis. All
these studies for a definite line element could have been extended to non-definite
forms but these last ones were considered too far from common sense as Poincaré
pointed out in a famous paper [59]. These considerations were surpassed by the
theory of special relativity. Actually the most important objection of Poincaré was
that the common sense can not accept geometries in which the distance between
two distinct points is zero. As is today well known, this is the property of the
Minkowski space-time, then the relation between space and time stated by special
relativity gives a physical meaning to non-definite quadratic forms; following Bel-
trami, we can say that results which seemed to be inconsistent with the hypotheses
of Euclidean geometry (symmetry) can become consistent with another important
physical symmetry and, in this way, they can get a satisfactory explanation. This
“symmetry” can be extended to surfaces characterized by non-definite line ele-
ments which are today named Lorentz surfaces. Then as Riemann surfaces with
constant curvature (definite line elements) form one of the essential topics of ge-
ometry, so Lorentz surfaces with constant curvature (non-definite line elements)
are relevant for physics [77].

A milestone in the study of the former is the application of complex num-
bers theory, which yields the best mathematical formalization [25], [29] and [81].

Circle Limit I–IV (1958–60). In these paintings the correspondence between the representation
and the properties peculiar to non-Euclidean geometry are increasing from I to III (“mathemat-
ically perfect” [63]).
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In the same way, the formalization of hyperbolic trigonometry in Chapter 4, the
introduction of functions of a hyperbolic variable in Chapter 7, the extension of
Gauss’ and Beltrami’s theorems in Chapter 8 allow us to use “hyperbolic math-
ematics” for a complete formalization of constant curvature Lorentz surfaces. We
shall see that the functions of a hyperbolic variable and the methods of classical
differential geometry allow us to establish a complete analogy between Riemann’s
and Lorentz’s constant curvature surfaces. In particular, expressions of the line el-
ements and equations of the geodesics written as functions of hyperbolic variables
are the same as the ones written as functions of complex variables and motions
on both these surfaces may be expressed by complex or hyperbolic bilinear trans-
formations.

The obtained results also have a physical meaning. Actually, as we show in
Chapter 10, if the variables x, y are interpreted as time and one space variable,
respectively, the geodesics on constant curvature Lorentz surfaces represent rel-
ativistic hyperbolic motion. This result has been obtained just as a consequence
of the space-time symmetry stated by the Lorentz group, but it goes beyond spe-
cial relativity, because the constant acceleration is linked with the curvature of
surfaces, as stated by Einstein’s field equations [31], as we show in Chapter 10.

9.2 Constant Curvature Riemann Surfaces

We begin this chapter by recalling the classical studies on constant curvature
Riemann surfaces. This exposition allows us to show how the study of constant
curvature surfaces can be considered as an emblematic example of the development
of the scientific method in the last two centuries. Actually the starting point is
the study of the positive constant curvature Riemann surface represented by the
sphere already considered in Gauss’ work (Section 8.2). Its study is performed by
means of Euclidean geometry and also its representation on a plane is obtained as a
geometrical projection of the spherical surface on a Cartesian plane. The following
step is the study of the Euclidean “tractrix” for which the representation on a
Cartesian plane can be obtained by a variable transformation. The same result
can also be obtained [29] by considering a two-sheets hyperboloid represented in a
Minkowski three-dimensional space-time which, for its non-definite metric, is out
of our geometrical intuition. When this analytical way has been taken it becomes
possible to extend the obtained results to a one-sheet hyperboloid represented in
a three-dimensional space with non-definite metric. On this hyperboloid we can
represent the constant curvature Lorentz surfaces [81].

9.2.1 Rotation Surfaces

The parametric equations of the sphere (8.2.10) can be considered as representative
of a rotation surface. These surfaces are very important in the present study
because, among them, there are positive and negative constant curvature surfaces.
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Therefore we start by introducing the general form of the line element of rotation
surfaces.

Line Element

Let us consider in a three-dimensional space, structured by an orthogonal Carte-
sian frame (O, X, Y, Z), the curve Z = F (X) on the X, Z plane and the surface
obtained by rotating this curve around the Z axis. Calling r , v two parameters,
we have the rotation surface

X = r cos v, Y = r sin v, Z = F (r) ; (9.2.1)

the function Z = F (r) is called the generating curve or also meridian curve.
The line element (8.1.4), as a function of the parameters r, v, is given by

ds2 = [1 + F
′2(r)]dr2 + r2dv2, (9.2.2)

where F
′
(r) indicates the derivative of F (r) with respect to r. Introducing the

new variable

u =
∫ √

1 + F ′2(r) dr, (9.2.3)

we can express r as a function of u and obtain

ds2 = du2 + r2(u)dv2 ≡ r2(u)
(

du2

r2(u)
+ dv2

)
, (9.2.4)

which is considered ([6], p. 141) the characteristic form for line elements of rotation
surfaces. The isometric form is obtained by introducing the new variable ρ =
±
∫

d u/r(u), and we have the line element

ds2 = f(ρ)(d ρ2 + dv2). (9.2.5)

It is known that, given a general line element, we can obtain a corresponding
surface just in some particular case, but this is always possible for line element
(9.2.4), since a problem about differential equations is considered as solved if we
obtain a solution in integral form. We have ([6], p. 337)

Z(u) = ±
∫ √

1 −
(

dr

du

)2

du, (9.2.6)

or

Z(r) = ±
∫ √(

du

dr

)2

− 1 dr. (9.2.7)
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Equations of Geodesics

For the line element expressed by (9.2.5), the equations of geodesics can be easily
obtained by means of Theorem 8.2, p. 131.

Actually let us consider a surface represented by the line element

ds2 = f(ρ)(dρ2 + dφ2).

The first step is the solution of the partial differential equation

∆1τ ≡
(

∂τ

∂ρ

)2

+
(

∂τ

∂φ

)2

= f(ρ).

Here we follow a direct procedure, without using the general solution given in
Section 8.5.1. By the substitution τ = Aφ+ τ1(ρ)+C, where A, C are constants,
we obtain the solution in integral form,

τ = A φ +
∫ √

f(ρ) − A2 dρ + C . (9.2.8)

The equations of geodesics are given, in implicit form, by

∂τ

∂A
≡ φ −

∫
Adρ√

f(ρ) − A2
= B. (9.2.9)

Now we show

Theorem 9.1. The coordinates ρ and φ can be expressed as functions of the line
parameter τ .

Proof. From the identity

τ − A
∂τ

∂A
≡ τ − AB, (9.2.10)

in which the terms on the left-hand side are evaluated by (9.2.8) and (9.2.9), we
obtain a relation between τ and ρ,

τ = AB +
∫

f(ρ) dρ√
f(ρ) − A2

, (9.2.11)

and, by using (9.2.9), we obtain a relation between τ and φ. �

This result allows one to write the geodesics in the same parametric form as
the Euler equations given by (8.5.6).
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9.2.2 Positive Constant Curvature Surface

Line Element

For metric elements (9.2.4), the curvature (8.1.5) becomes

K = − 1
r(u)

d2r(u)
du2

. (9.2.12)

If we look for a surface with K = cost = 1
R2 we obtain r(u) for a positive constant

curvature surface
r(u) = a sin

( u

R
+ b

)
, (9.2.13)

where a and b are integration constants. We do not lose in generality by setting
b = 0 , a = R and, from (9.2.6), we have

Z(u) = ±
∫ √

1 − cos2(u/R) du = ±R cos(u/R). (9.2.14)

Inverting (9.2.13), from (9.2.7) we have

Z(r) = ±
√

R2 − r2. (9.2.15)

By substituting (9.2.14) to X and Y in (9.2.1), we obtain the parametric equations
of the sphere (8.2.10):

X = R sin
( u

R

)
cos v, Y = R sin

( u

R

)
sin v, Z = R cos

( u

R

)
, (9.2.16)

where 0 ≤ u ≤ Rπ, 0 ≤ v < 2π. With respect to Gauss’ expressions (8.2.10) in
which u is the central angle, in (9.2.16), u is the arc on the surface. The metric
element is given by

ds2 = du2 + R2 sin2(u/R) dv2 ≡ R2 sin2(u/R)
(

du2

R2 sin2(u/R)
+ dv2

)
. (9.2.17)

Isometric Form of the Line Element, Representation of a Surface on the Plane

Using the Gauss procedure described in Section 8.2, by means of the transforma-
tion u, v → ρ, φ where

ρ = −
∫

du

R sin(u/R)
≡ ln cot(u/2R),

φ = v, (9.2.18)

we obtain the isometric form of a line element

ds2 = R2 dρ2 + dφ2

cosh2 ρ
. (9.2.19)
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This isometric form is preserved (Section 8.2) in a complex exponential transfor-
mation

x + i y = exp[ρ + iφ] ≡ exp[ρ](cos φ + i sin φ), (9.2.20)

which gives

ds2 = 4R2 dx2 + dy2

(1 + x2 + y2)2
. (9.2.21)

This transformation has a simple geometrical interpretation.

�

�Pp(ρ)

Po ≡ (0 , 0 , R)

u

2

u

2

H

Ps(u)

O

Figure 9.1: Projection of a plane section of a sphere from its north pole into
its equatorial plane. From the similar triangles Pp O Po and O H Po, we obtain
O Po = R O H

O Po
≡ R tan u/2 and the relation Ps(u) → Pp(ρ).

Referring to Fig. 9.1, let us consider the projection of a point Ps, of the
sphere X2 + Y 2 + Z2 = R2, from the pole P0 (0, 0, R) into the point Pp of the
equatorial plane Z = 0. By considering the similar triangles OPpP0 and OHP0,
we obtain the polar coordinates [29]

radial coordinate : OPp = R
cos(u/(2 R))
sin(u/(2R))

= R exp[ρ],

angular coordinate : v = φ; (9.2.22)

then x, y can be considered as normalized (divided by R) Cartesian coordinates
of a polar projection into the equatorial plane.
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If on this plane we introduce the complex variable z = x + i y and the con-
jugate z̄ = x − i y, we can write

ds2 = 4R2 dx2 + dy2

(1 + x2 + y2)2
≡ 4R2 dzdz̄

(1 + zz̄)2
. (9.2.23)

Relations Between Coordinates on the Plane and on the Spherical Surface

Here we see how a complex variable allows one to obtain useful results in a simple
way. We begin by stating the link between the coordinates of the points on the
sphere and the coordinates of the points on the plane. From (9.2.18) and (9.2.20)
we have

zz̄ + 1 =
1

sin2(u/2R)
; z + z̄ = 2 cot(u/2R) cos v ,

zz̄ − 1 =
cos(u/R)

sin2(u/2R)
; z − z̄ = 2 i cot(u/2R) sin v

and (9.2.16) become

X = R
z + z̄

z z̄ + 1
, Y = −i R

z − z̄

z z̄ + 1
, Z = R

zz̄ − 1
z z̄ + 1

. (9.2.24)

The inverse transformation gives the complex coordinate as a function of the
coordinates of a point on the sphere

z =
X + i Y
R − Z

.

As a first application we show: in the polar projection all the circles on the
sphere are mapped into circles on the equatorial plane and vice-versa.

Proof. Actually the circles on the sphere are given by the intersections of the
planes

aX + bY + cZ + d = 0 (9.2.25)

with the sphere. By means of (9.2.24) we obtain the lines on the (x, y) plane

a(z + z̄) − i b(z − z̄) + c(zz̄ − 1) + d(zz̄ + 1) = 0. (9.2.26)

If c + d �= 0, these lines are circles, if c + d = 0, they are straight lines. Equation
(9.2.26) depends on three parameters, therefore represent all the circles on the
(x, y) plane. �

In particular if d = 0, the planes (9.2.25) pass through the center of the
sphere and their intersections are great circles, i.e., geodesic lines which depend
on two parameters. From (9.2.26) we obtain the geodesic on the (x , y) plane

a(z + z̄) − i b(z − z̄) + c(zz̄ − 1) = 0.

Geodesic lines can be also obtained by the integration method exposed in Section
9.2.1, as we shall see for the other constant curvature surfaces. The results for this
and the following cases are summarized in Table 9.1.
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Polar isometric forms

ds2 Equations of the geodesics

( 1 ) R2 dρ2+dφ2

cosh2 ρ
sin(φ − σ) = tan ε sinh ρ

tanh ρ = cos ε sin
(

τ−τ0
R

)
( 2 ) R2 dρ2+dφ2

sinh2 ρ
sin(φ − σ) = tanh ε cosh ρ

coth ρ = cosh ε cosh
(

τ−τ0
R

)
( 3 ) R2 dρ2−dφ2

cosh2 ρ
sinh(σ − φ) = tanh ε sinh ρ

tanh ρ = cosh ε sin
(

τ−τ0
R

)
( 4 ) R2 dρ2−dφ2

sinh2 ρ
sinh(σ − φ) = tan ε cosh ρ

coth ρ = cos ε cosh
(

τ−τ0
R

)
Cartesian isometric forms

ds2 Equations of the geodesics

( 1 ) 4R2 dx2+dy2

(1+x2+y2)2
x2 + y2 + 2 sin σ x−cos σ y

tan ε
− 1 = 0

4R2 dz dz̄
(1+zz̄)2

zz̄ + i z exp[−i σ]−z̄ exp[i σ]
tan ε

− 1 = 0

( 2 ) 4R2dx2 + dy2(1 − x2 − y2)2 x2 + y2 + 2 sin σ x−cos σ y
tanh ε

+ 1 = 0

4R2 dz dz̄
(1−zz̄)2

zz̄ + i z exp[−i σ]−z̄ exp[i σ]
tanh ε

+ 1 = 0

( 3 ) 4R2 dx2−dy2

(1+x2−y2)2
x2 − y2 − 2 sinh σ x−cosh σ y

tanh ε
− 1 = 0

4R2 dz dz̃
(1+zz̃)2

zz̃ + h z exp[−hσ]−z̃ exp[hσ]
tanh ε

− 1 = 0

( 4 ) 4R2 dx2−dy2

(1−x2+y2)2
x2 − y2 − 2 sinh σ x−cosh σ y

tan ε
+ 1 = 0

4R2 dz dz̃
(1−zz̃)2

zz̃ + h z exp[−hσ]−z̃ exp[hσ]
tan ε

+ 1 = 0

Table 9.1: Line elements and equations of the geodesics for constant curvature
surfaces with definite (1, 2) and non-definite (3, 4) line elements. In rows (1) and
(2) z = x + i y is a complex variable and in rows (3) and (4) z = x + hy is a
hyperbolic variable. x, y are the coordinates in the Cartesian representation; ε, σ
are constants connected with the integration constants (A and B) of the equations
of the geodesics as follows: σ = B and ε = sin−1(A/R) in rows (1), (4) and
ε = sinh−1(A/R) in rows (2), (3). The constants are determined by setting two
conditions that fix the geodesic, as the passage in two points (see Table 9.2) or one
point and the tangent in this point. τ is the line element on the arc of geodesics.
τ0 = AB.

Motions

Now we see another important application of the complex variable formalism. From
a geometrical point of view, given a surface and a generic figure represented on it,
the allowed displacements of the figure on the surface, are called “motions”. From
an analytical point of view, we call motions the transformations of variables which
leave the line element unchanged. Following Klein (see Chapter 3), the motions
are a group and this gives motions a physical relevance and the name itself.
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Actually the invariants of the physical conservation laws can be considered
as the invariants of a group. In particular the conservation laws of momentum
and angular momentum derive from the invariance of Newton dynamics equations
with respect to translations and rotations, respectively. We have also seen (Section
7.1), how from the invariance with respect to rotations the Green function for two-
dimensional Laplace equation can be obtained. In a similar way in Chapter 10, the
relativistic hyperbolic motion shall be obtained, from the invariance with respect
to hyperbolic rotations (Lorentz’s transformations).

Now we observe a kind of “unification” of the constant curvature surfaces
of the translation and rotation groups on the Euclidean plane. Actually the roto-
translation group is “composed” by two independent groups characterized by a
two-parameters group (translations) and a one-parameter group (rotations). On
the other hand, referring to the most evident Euclidean example of a spherical
surface, the motions are represented by just one three-parameters (as an example
the Euler angles) group which gives the rotations around the center.

This Euclidean vision of motions is lost when we represent the spherical
surface on a plane, since the induced geometry (distances, geodesics) is defined
by a Gauss metric, i.e., just in an analytical way. In any case the use of complex
numbers allows a very simple analytical description of motions.

Actually let us take a representation of the sphere on the complex z plane.
From (9.2.26) we see that the circles on the sphere are mapped into circles on the
plane, then since the motions on the sphere preserve the geometric figures, the
same must happen for the circles on the z plane. We know from the theory of
complex variables [69] that this property is held by bilinear mappings

w =
α z + β

γ z + δ
, (9.2.27)

where α, β, γ, δ are complex constants, three of which are independent. Among
these general transformations we must take the ones which, from a geometrical
point of view, transform, on the sphere, great circles into great circles and, on the
plane, geodesic circles into geodesic circles. From an analytical point of view these
transformations must leave the line element unchanged. By means of the geomet-
rical approach these transformations have been obtained by Cayley and are named
after him: Cayley transformations ([6], p. 152). The analytical approach can be
found in ([29], p. 106). Actually the general mapping (9.2.27), is particularized to
a transformation depending on two complex constants (α , β) and their conjugates

w =
α z + β

−β̄ z + ᾱ
(9.2.28)

with the unimodularity condition αᾱ + ββ̄ = 1. Since this condition is real it
reduces the four parameters to three, and (9.2.28) depends on three real parameters
instead of the six parameters of (9.2.27). The inverse transformation is

z =
ᾱ w − β

β̄ w + α
. (9.2.29)
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9.2.3 Negative Constant Curvature Surface

Line Element

As well as for the positive constant curvature surface with line element (9.2.4),
setting K = − 1

r(u)
d2r(u)

du2 ≡ cost ≡ − 1
R2 , we obtain, depending on the integra-

tion constants, three typical forms representative of negative constant curvature
surfaces ([6], p. 337)

ds2 = du2 + γ2 exp
[
2u

R

]
dv2, (9.2.30)

ds2 = du2 + λ2 cosh2
[ u

R

]
dv2, (9.2.31)

ds2 = du2 + λ2 sinh2
[ u

R

]
dv2. (9.2.32)

In particular, for the form (9.2.30) we obtain by means of (9.2.7) the generating
function expressed by elementary functions

Z(r) = ±
{√

R2 − r2 − R ln

[
R +

√
R2 − r2

r

]}
. (9.2.33)

Introducing (9.2.33) into (9.2.1), parametric equations of the surface in three-
dimensional Euclidean space are obtained, as functions of parameters r, v, with
0 < r ≤ R , 0 ≤ v < 2π.

The curve given by (9.2.33) in the reference frame (O, r, Z), is a “tractrix”
with asymptote coincident with the Z axis. This curve is also called “the constant
tangent curve” for the following property: if we consider a tangent straight line to
the curve, the length of the segment between the contact point (T ) and the point
in which the tangent line in T crosses the asymptote of the curve, is constant. This
property can be demonstrated by an analytical procedure starting from (9.2.33).
As we have noted in Section 9.1, this rotation surface was called pseudosfera
(pseudo-sphere) by Beltrami.

In the cases of line elements (9.2.31) and (9.2.32), Z(r) can be expressed by
means of elliptic integrals ([6], p. 337). In the present study we consider the line
element (9.2.32), similar to line element (9.2.17) obtained for the sphere and, in a
similar way ([29], p. 98), we obtain the polar isometric form

ds2 = R2 dρ2 + dφ2

sinh2 ρ
. (9.2.34)

By means of exponential transformation (9.2.20) we obtain the Cartesian isometric
form, which like (9.2.23), can be also expressed by means of the complex variable
z = x + i y as

ds2 = 4R2 dx2 + dy2

(1 − x2 − y2)2
≡ 4R2 dzdz̄

(1 − zz̄)2
. (9.2.35)
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This expression holds in the internal part of the circle x2 + y2 < 1 ([6], p. 614),
([29], p. 100) and, as x2 + y2 → 1, we have d s2 → ∞ .

Equations of Geodesics

Geodesic lines can be obtained by the integration method exposed in Section 9.2.1,
substituting the general function f(ρ) of (9.2.9) and (9.2.11) with R2/ sinh2 ρ. It is
known that if we express the line element with new variables, by means of the same
transformations we obtain the geodesics in a new reference frame. In particular by
means of the transformation (9.2.20), we obtain the geodesics on an (x, y) plane.
The results are given in the second row of Table 9.1.

9.2.4 Motions

As we have seen for positive constant curvature surfaces, the expression of line
element (9.2.35) as a function of a complex variable allows us to obtain the motions.
Actually the transformations which leave unchanged the expression of the line
element are given again by bilinear complex transformations, similar to Cayley’s
formula, which leave also unchanged the limiting circle ([6], p. 618), ([29], p. 122)

w =
α z + β

β̄ z + ᾱ
, with the inverse z =

−ᾱ w + β

β̄ w − α
, (9.2.36)

with αᾱ − ββ̄ = 1.

Representation of Negative Constant Curvature Surfaces in a Half-Plane

This representation, due to Poincaré ([6], p. 614), ([25], p. 55) and ([29], p. 101),
is epoch-making from historical and practical points of view. Actually, from the
historical point of view, it has allowed the representation of the non-Euclidean
geometry of Lobachevsky on a half-plane, i.e., out of a limited zone as it is the
interior of a circle. From a practical point of view this representation allowed one
to obtain the geodesic distance between two points as a cross ratio which is the
quantity preserved in projective geometry with respect to the group of bilinear
transformations. Moreover it represents another example of the applications of
complex formalism for studying the extension of Euclidean geometry.

We add the personal note that just this use of the complex variable stimu-
lates us to use the hyperbolic formalism for extending the Minkowski (or Lorentz)
geometry to constant curvature surfaces shown in this chapter and, for doing this,
to formalize the arguments as exposed in previous chapters.

From complex analysis we know ([6], p. 615 and [69]), that the transformation

ζ ≡ ξ + i η = i
1 + z

1 − z
≡ −2y

(1 − x)2 + y2
+ i

1 − (x2 + y2)
(1 − x)2 + y2

, (9.2.37)
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whose inverse is

z =
ζ − i
ζ + i

, (9.2.38)

maps the interior part of the unit circle with center at the coordinate axes origin
of the z plane into the half-plane η > 0 of the ζ plane. In particular, the center
of the circle is mapped into the point (0, i), and its circumference into the η = 0
axis. The metric element (9.2.35) becomes ([6], p. 615)

ds2 = R2 dξ2 + dη2

η2
. (9.2.39)

Equations of Geodesics in the Half-Plane

Applying the method exposed in Section 9.2.1, in particular (9.2.9), to line element
(9.2.39), (f(ρ) = R2/η2), we obtain the equations of the geodesics ([6], p. 609),
([29], p. 101)

(ξ − B)2 + η2 = C , (9.2.40)

where B and C are constants. Equation (9.2.40) represents circles orthogonal to
the limiting straight line η = 0. Their center is on the ξ axis, and the straight line
orthogonal to the ξ axis are also (particular) geodesics. We note that by means
of the transformation (9.2.38), we can obtain the geodesics on the (x, y) plane.
In agreement with the properties of conformal mappings and, in particular, of
bilinear transformations, the geodesics are circles orthogonal to the limiting circle.

Motions in the Half-Plane

For this representation the motions are given by the unimodular bilinear transfor-
mations with real coefficients α, β, γ, δ ([6], p. 609),

ω ≡ µ + i ν =
α ζ + β

γ ζ + δ
. (9.2.41)

These transformations do not change the limiting line η = 0.
Actually we have ([29], p. 122)

Theorem 9.2. The bilinear mappings represent the motions in the representations
of negative constant curvature surfaces if they preserve the domains in which the
Lobachevsky metric is represented.

Geodesic Distance Between Two Points in the Half-Plane

Referring to line element (9.2.39) we begin by taking two points on the geodesic
line represented by the ξ = 0 axis. In particular A ≡ (0, a), B ≡ (0, b) with
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0 < a < b. The linear line element becomes d s = d η/η, and the (non-Euclidean)
distance (indicated by d), is given by

d = R

∫ b

a

d η

η
≡ R ln

b

a
. (9.2.42)

This expression can be written so that it is invariant for bilinear mapping, i.e.,
as the cross ratio defined in the following way: given, on a line, four points
(A, B, C, D), the quantity AC/AD

BC/BD
, which is indicated by (A, B; C, D), is called

cross ratio ([81], p. 215). This relation also holds for the limiting case A →
∞ , B → 0 ([6], p. 612), which represents the present one.

Actually if we consider, together with points a, b, the points “∞” and “0” of
the y axis, (9.2.42) can be written as

d = R ln(b/a) ≡ R ln(∞, 0; a, b).

Taking into account that this expression is invariant with respect to bilinear map-
pings [30], we can extend the measure of distance to every point on the half-plane.
Actually by means of (9.2.41) we can map the points A, B into every other two
points (A′, B′) of the half-plane η > 0. By means of the same transformation the
line ξ = 0 becomes the geodesic circle which passes through A′, B′, and the points
∞, 0 become the points in which the geodesic circle crosses the ξ axis. Indicating
by M1, M2, these two last points, the geodesic distance can be written as

d = R ln(M1, M2; A′, B′). (9.2.43)

This expression shows that, as it happens in Euclidean geometry, distance on
constant curvature surfaces can be expressed as a function of the coordinates
of the points. In some texts [25] and [30], in which the methods of differential
geometry are not used, (9.2.43) is taken as an axiomatic definition of the distance
since it satisfies the necessary requirements.

From (9.2.42) or (9.2.43) we can see that d(AB) = −d(BA). We can also see
that if the point A is fixed and B → M1 or → M2, the cross ratio becomes ∞ or
0, respectively and, in both cases d → ∞. The points on the limiting line are at
infinite non-Euclidean distance from all the finite points.

In Section 9.4 we shall see how the distance between two points can be
expressed as a function of complex (or hyperbolic) variables in points A, B. And a
similar result is also true for positive constant curvature surfaces for both definite
and non-definite line elements. These results are summarized in Table 9.2.

9.2.5 Two-Sheets Hyperboloid in a Semi-Riemannian Space

Now we give another formalization of the geometry on a negative constant curva-
ture Riemann surface, widely considered in modern books ([29], p. 98). In particu-
lar this treatment derives from the concept introduced by special relativity which,
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giving a physical meaning to non-definite quadratic forms, allows one to see in
a similar frame both the two constant curvature Riemann surfaces and the two
constant curvature Lorentz surfaces. Practically, by considering three-dimensional
spaces with non-definite metrics [34], we can apply the same procedure developed
for the sphere to other quadric surfaces, obtaining similar results [81].

Let us consider in three-dimensional space, structured by an orthogonal
Cartesian frame (O,X, Y, Z), a two-sheets hyperboloid defined by the equation

X2 + Y 2 − Z2 = −R2 (9.2.44)

or, as a function of the parameters u , v,

X = R sinh (u/R) cos v; Y = R sinh (u/R) sin v; Z = ±R cosh (u/R) .
(9.2.45)

It is a rotation surface generated by an up-down hyperbola in the (X ,Z) plane
rotating around the Z axis. We suppose this figure in a space with non-definite
metric (three-dimensional Minkowski space-time)

ds2 = dX2 + dY 2 − dZ2 . (9.2.46)

The metric element for the two-sheets hyperboloid (9.2.45) is given by

ds2 = du2 + R2 sinh2(u/R) dv2 ≡ R2 sinh2(u/R)
(

du2

R2 sinh2(u/R)
+ dv2

)
,

(9.2.47)
which is the same as (9.2.32). This result is equivalent to the one obtained in Sec-
tion 9.2.2 for the sphere in Euclidean space. Then the sphere in three-dimensional
Euclidean space and the two-sheets hyperboloid in three-dimensional Minkowski
space-time are positive and negative constant curvature Riemann surfaces [29].
This results in an example of a more general theorem ([34], p. 201).

Before introducing this theorem, let us point out that in a flat semi-Riemann-
ian space with line element

ds2 =
N∑

α=0

cα(dxα)2 , with cα positive or negative constants, (9.2.48)

the surfaces
N∑

α=0

cα(xα)2 = ±R2 , with the same cα of (9.2.48),

are called fundamental hyperquadrics [34] and [57]. For these surfaces we have ([34]
p. 203)

Theorem 9.3. The fundamental hyperquadrics are N -dimensional spaces of con-
stant Riemannian curvature and are the only surfaces of constant Riemannian
curvature of an (N + 1)-dimensional flat semi-Riemannian space.

In particular, the constant curvature is positive if in the equation of the
fundamental hyperquadric there is +R2 and negative if there is −R2.
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9.3 Constant Curvature Lorentz Surfaces

9.3.1 Line Element

The theorem just exposed can be used for finding the constant curvature Lorentz
surfaces, but here we follow a direct approach. Let us consider a Lorentz surface
with the line element given by

ds2 = du2 − r2(u) dv2. (9.3.1)

For this line element the Gauss curvature K is given by [29]

K = − 1
r(u)

d2r(u)
du2

.

In particular, if we put K = ±R−2 and with a suitable choice of the initial condi-
tions, we obtain

• for positive constant curvature surfaces (PCC)

ds2 = du2 − R2 sin2(u/R) dv2, (9.3.2)

• for negative constant curvature surfaces (NCC)

ds2 = du2 − R2 sinh2(u/R) dv2. (9.3.3)

9.3.2 Isometric Forms of the Line Elements

As shown in Section 8.3, the non-definite line elements can be transformed into
the isometric form [29]

ds2 = f(ρ, φ)(dρ2 − dφ2). (9.3.4)

In particular, (9.3.2) is reduced into isometric form by the transformation

ρ = −
∫

du

R sin(u/R)
≡ ln cot(u/2R); φ = v

and (9.3.3) by the transformation

ρ = −
∫

du

R sinh(u/R)
≡ ln tanh(u/2R); φ = v .

We obtain

ds2 = R2 dρ2 − dφ2

cosh2 ρ
for PCC, ds2 = R2 dρ2 − dφ2

sinh2 ρ
for NCC. (9.3.5)
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As stated by Theorem 8.3 these isometric forms are preserved from transformations
with functions of the hyperbolic variable. Then by means of the hyperbolic polar
transformation (4.1.6)

x + h y = exp[ρ + hφ] ≡ exp[ρ](cosh φ + h sinhφ), (9.3.6)

(9.3.5) can be rewritten in the form

ds2 = 4R2 dx2 − dy2

(1 + x2 − y2)2
for PCC, ds2 = 4R2 dx2 − dy2

(1 − x2 + y2)2
for NCC,

(9.3.7)
where x, y can be considered the coordinates in a Cartesian representation.

9.3.3 Equations of the Geodesics

With the method summarized in Section 9.2.1, we can find the equations of the
geodesics for a surface with the particular line element

ds2 = f(ρ)(dρ2 − dφ2) .

We obtain
τ = A φ +

∫ √
f(ρ) + A2 dρ + C . (9.3.8)

The equations of the geodesics are given by

∂τ

∂A
≡ φ +

∫
Adρ√

f(ρ) + A2
= B. (9.3.9)

As in Section 9.2.1, from (9.3.8) and (9.3.9) we obtain a relation between ρ and
the line parameter τ :

τ − A
∂τ

∂A
≡

∫
f(ρ) dρ√
f(ρ) + A2

= τ − AB. (9.3.10)

Application to Constant Curvature Surfaces

Let us consider a positive constant curvature surface with the line element given
by (9.3.5). For this case we have f(ρ) = R2 cosh−2 ρ and (9.3.8)–(9.3.10) become,
respectively,

τ = A φ +
∫ √

R2 + A2 cosh2 ρ

cosh ρ
dρ + C, (9.3.11)√

(R/A)2 + 1 sinh(B − φ) = sinh ρ, (9.3.12)

τ − AB = R sin−1

[
tanh ρ√

1 + (A/R)2

]
. (9.3.13)
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In order to obtain simplified final expressions we put in (9.3.12) and (9.3.13)
A = R sinh ε, B = σ. In a similar way we obtain the equations of the geodesics
for the negative constant curvature surfaces represented by (9.3.5). In this case we
put A = R sin ε, B = σ.

Since we know from differential geometry [57] that, if we transform a line
element, the same transformation holds for the equations of the geodesics, by
substituting (9.3.6) into (9.3.12) we obtain the equations of the geodesics in a
Cartesian (x, y) plane. Equation (9.3.12) becomes

2 exp[ρ](sinhφ cosh σ − cosh φ sinhσ) = tanh ε(exp[2ρ] − 1).

Substituting the x, y variables from (9.3.6) the expressions reported in Table 9.1
are obtained.

In the Cartesian representation of this table, we report the line elements and
the equations of the geodesics as functions of complex (definite line elements 1 and
2) or hyperbolic (non-definite line elements 3 and 4) variables. These expressions
for definite and non-definite line elements are the same if they are written as
functions of the z variable (complex or hyperbolic, respectively) [81].

The “Limiting Curves”

The results reported in Table 9.1 for constant curvature surfaces with definite line
element are well known and the geodesics are represented in the (x, y) plane by
circles limited by the “limiting circle” [6] and [29]. The equation of the limiting
circle is obtained by equating to zero the denominator of the line element in
Cartesian coordinates. For negative constant curvature surfaces this equation is
given by x2 + y2 = R2, while for positive constant curvature surfaces it is given
by x2 + y2 = −R2, representing a circle with imaginary points. Then for positive
constant curvature surfaces the geodesics are complete circles. Now we show that
the same situation applies to constant curvature surfaces with non-definite line
elements.

For positive as well as for negative constant curvature surfaces, the geodesics
are hyperbolas of the form

(y − y0)2 − (x − x0)2 = d2, (9.3.14)

where x0, y0, d depend on two parameters which can be obtained as functions of
A and B from the equations reported in Table 9.1. In particular, the half-diameter
d of the geodesic hyperbolas, as well as the radius of the geodesic circles on the
constant curvature Riemann surfaces, are

d =
R

A
≡ 1

A
√
|K|

. (9.3.15)

From the same equations we see that for ε → 0 (A → 0) the geodesics are given
by straight lines through the coordinate axes origin, as it happens for constant
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curvature Riemann surfaces. The limiting hyperbolas are:

y2 − x2 = 1 for PCC; x2 − y2 = 1 for NCC.

The former limiting hyperbola does not intersect the geodesic hyperbolas.
For the latter we find the intersecting points by subtracting the equation of

the limiting hyperbola (Φ2 ≡ [x2 − y2 − 1 = 0]), multiplied by tan ε, from the
geodesic hyperbolas (Φ1 ≡ [(x2−y2 +1) tan ε−2(x sinhσ−y cosh σ) = 0]). In this
way we have the system

x2 − y2 − 1 = 0,

tan ε − x sinhσ + y cosh σ = 0. (9.3.16)

Now we show that as for Riemann negative constant curvature surfaces, we have

Theorem 9.4. The geodesics cross orthogonally the limiting hyperbola.

Proof. Let us calculate the scalar product (in the metric of the hyperbolic plane)
of the gradients to Φ1 and Φ2 in their crossing points:

∂Φ1

∂x

∂Φ2

∂x
− ∂Φ1

∂y

∂Φ2

∂y
= 4 [tan ε (x2 − y2) − x sinhσ + y cosh σ].

Since in the crossing points x2 − y2 = 1, due to (9.3.16), this product is zero.
Then, as for definite line elements, Φ1 and Φ2 are pseudo-orthogonal [34]. �

We note that this property, as many others, can be considered a direct con-
sequence of the fact that the equilateral hyperbolas represented in the pseudo-
Euclidean plane satisfy the same theorems as the circles in the Euclidean plane,
as shown in Chapter 4.

From an algebraic point of view this also follows from the fact that the
equations of circles and equilateral hyperbolas are the same, if they are expressed
in terms of complex and hyperbolic variables, respectively.

9.3.4 Motions

We have

Theorem 9.5. The motions are given by a bilinear hyperbolic transformation.

Proof. Actually, as reported in Table 9.1, the expressions of the line elements
of Euclidean and pseudo-Euclidean constant curvature surfaces, written in terms
of complex or hyperbolic variables, respectively, are the same. Then, also the
transformations which leave unchanged the line elements are the same, if they are
written in terms of complex or hyperbolic variables.
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In particular, calling z = x + h y and w = p + h q two hyperbolic variables
and α, β two hyperbolic constants, we obtain the following expressions for the
motions:

w =
α z + β

−β̃ z + α̃
; (α α̃ + β β̃ = 1) for PCC; (9.3.17)

w =
α z + β

β̃ z + α̃
; (α α̃ − β β̃ = 1) for NCC. (9.3.18)

These transformations are also reported, without demonstration, in ([81], p. 288).
As for constant curvature Riemann surfaces, they depend on three real constants.

�

9.4 Geodesics and Geodesic Distances on Riemann and

Lorentz Surfaces

Let us recall from differential geometry that two points on a surface generally
determine a geodesic and the distance between these points can be calculated by a
line integral of the linear line element. It is known that, for the constant curvature
surfaces, the equation of the geodesic as well as the geodesic distance can be
determined in an algebraic way as functions of the point coordinates. In what
follows we determine these expressions for all the four constant curvature Lorentz
and Riemann surfaces, in the representation on the (x, y) plane; then with line
elements given by (9.2.23), (9.2.35) and (9.3.7). For Lorentz surfaces, only points
for which the geodesic exists ([57], p. 150), are considered. The method we propose
is based on the obtained results that the motions which transform geodesic lines
into geodesic lines are given by bilinear transformations.

We proceed in the following way: we take the points P1, P2 in the complex
(hyperbolic) representative plane z = x + i y (z = x + h y) and look for the
parameters of the bilinear transformation (9.3.17) or (9.3.18) which maps these
points on the geodesic straight line q = 0 of the complex (hyperbolic) plane w =
p + i q (w = p + h q). The inverse mapping of this straight line will give the
equation of the geodesic determined by the given points. Moreover this approach
allows us to obtain the distance between two points as a function of the point
coordinates, and we show that the proposed method works for positive constant
curvature surfaces as well as for the negative ones.

9.4.1 The Equation of the Geodesic

Theorem 9.6. For Riemann and Lorentz positive and negative constant curvature
surfaces, the geodesics between two points are obtained as functions of the points’
coordinates as it is summarized in Table 9.2.
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Proof. Here we consider positive constant curvature Lorentz surfaces for which
the motions are given by the bilinear transformations (9.3.17). Let us consider the
two points

P1 : (z1 = x1 + h y1 ≡ ρ1 exp[hθ1]) , P2 : (z2 = x2 + h y2 ≡ ρ2 exp[hθ2])

and look for the parameters (α, β) of the bilinear transformation (9.3.17), which
maps P1, P2 into points PO ≡ (0, 0) and Pl ≡ (l, 0), respectively, of the plane
w = p + h q. The α, β parameters are obtained by solving the system

w1 = 0 ⇒ αz1 = −β; w2 = l ⇒ α z2 + β = l(−β̃ z2 + α̃).

By setting the constants in hyperbolic polar form: α = ρα exp[hθα], β =
ρβ exp[hθβ ], we obtain

ρβ exp[hθβ ] = −ραρ1 exp[h(θα + θ1)], (9.4.1)
(z2 − z1) exp[2hθα] = l(1 + z̃1z2). (9.4.2)

Equation (9.4.2) can be rewritten as

l =
|z2 − z1|
|1 + z̃1z2|

exp
[
h

(
2θα + arg

(
z2 − z1

1 + z̃1z2

))]
.

Since l is real, we have

2θα + arg
(

z2 − z1

1 + z̃1z2

)
= 0, l =

|z2 − z1|
|1 + z̄1z2|

. (9.4.3)

The constants of the bilinear transformations are given but for a multiplicative
constant; therefore setting ρα = 1, we obtain from (9.4.1)

θβ = θα + θ1, ρβ = −ρ1. (9.4.4)

Now the equation of the geodesic between points P1, P2 is derived from the trans-
formation of the geodesic straight line w − w̃ = 0 by means of (9.3.17):

(x2 − y2 − 1)ρ1 sinh(θα + θβ) + x(sinh 2θα − ρ2
1 sinh 2θβ) (9.4.5)

+ y(cosh 2θα + ρ2
1 cosh 2θβ) = 0.

Similarly, for the positive constant curvature surfaces with definite line element,
by setting α = ρα exp[iψα], β = ρβ exp[iψβ ], (9.4.1) becomes ρβ exp[iψβ ] =
−ραρ1 exp[i (ψα + ψ1)]. By substituting, in the right-hand side −1 = exp[i π],
we obtain

ψβ = π + ψα + ψ1, ρβ = ρ1. �
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9.4.2 Geodesic Distance

The transformations discussed above allow us to find the geodesic distance
δ(z1, z2) between two points P1 and P2 as a function of the point coordinates.
In particular we have

Theorem 9.7. For Riemann and Lorentz negative constant curvature surfaces, the
distance between two points can be expressed by a cross ratio, which is a function
only of the complex or hyperbolic coordinates of the points.

Proof. Let us take a negative constant curvature Lorentz surface. By using the
line element (4) in Table 9.1, in Cartesian isometric form, the distance between
P0 ≡ (0, 0) and Pl ≡ (l, 0), on the q = 0 geodesic line, is given by

δ(0, l) = 2R

∫ l

0

d p

1 − p2
≡ 2R · tanh−1 l ≡ R ln

1 + l

1 − l
. (9.4.6)

This equation can be written as a cross ratio ([30], p. 182), i.e., in a form which is
invariant with respect to bilinear transformations ([81], p. 263) and ([25], p. 57).
Actually we have

1 + l

1 − l
≡ (1, −1 ; 0, l). (9.4.7)

The points 1 and −1 are the intersection points between the geodesic straight line
q = 0 and the limiting hyperbola x2 − y2 = 1, then (9.4.6) and (9.4.7) represent
the same result expressed by (9.2.43).

By means of the same arguments of the last paragraph in Section 9.2.4 we
can obtain the distance between any two points in the plane, by replacing l with
the expression as a function of the point coordinates (9.4.3)

δ(z1, z2) = 2 R tanh−1 |z1 − z2|
|1 − z̄1z2|

. (9.4.8)

Equation (9.4.8) is also valid for negative constant curvature Riemann surfaces,
with the value of l given in Table 9.2. �

For negative constant curvature Riemann surfaces the result of (9.4.8) is
obtained in a different way in ([25], p. 57).

Theorem 9.8. Also for the positive constant curvature surfaces the geodesic dis-
tance between two points can be written as a function of a cross ratio and then as
functions of the point coordinates.

Proof. Let us consider the line element (1) of Table 9.1, in Cartesian isometric
form, and calculate the distance between points P0 and Pl on the geodesic line
q = 0,

δ(0, l) = 2R

∫ l

0

d p

1 + p2
≡ 2R tan−1 l ≡ R

i
ln

i − l

i + l
≡ R

i
ln(−i, i ; 0, l). (9.4.9)
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Now −i, i are the intersection points between the geodesic straight line q = 0 and
the limiting circle x2 + y2 = −1. Since the properties of the cross ratio are also
valid for imaginary elements, we can again substitute for l its expression reported
in Table 9.2, obtaining

δ(z1, z2) = 2R tan−1 |z1 − z2|
|1 + z̄1z2|

. (9.4.10)

If we apply the same procedure for non-definite line elements, we obtain the same
expression (9.4.10) where z1 and z2 are hyperbolic variables. �

Motions l ψα, θα ψβ , θβ ρβ

(1) w = α z+β
−β̄ z+ᾱ

z = ᾱ w−β
β̄ w+α

|z2−z1|
|1+z̄1 z2|

1
2

arg
(

1+z̄1 z2
z2−z1

)
π + ψα + ψ1 ρ1

(2) w = α z+β
β̄ z+ᾱ

z = −ᾱ w+β
β̄ w−α

|z2−z1|
|1−z̄1 z2|

1
2

arg
(

1−z̄1 z2
z2−z1

)
π + ψα + ψ1 ρ1

(3) w = α z+β

−β̃ z+α̃
z = α̃ w−β

β̃ w+α

|z2−z1|
|1+z̃1 z2|

1
2

arg
(

1+z̃1 z2
z2−z1

)
θα + θ1 −ρ1

(4) w = α z+β

β̃ z+α̃
z = −α̃ w+β

β̃ w−α

|z2−z1|
|1−z̃1 z2|

1
2

arg
(

1−z̃1 z2
z2−z1

)
θα + θ1 −ρ1

The equations of the geodesics

(1) (x2 + y2 − 1)ρ1 sin(ψα + ψβ)
−x(sin 2ψα − ρ2

1 sin 2ψβ) − y(cos 2ψα + ρ2
1 cos 2ψβ) = 0

(2) (x2 + y2 + 1)ρ1 sin(ψα + ψβ)
+x(sin 2ψα + ρ2

1 sin 2ψβ) + y(cos 2ψα − ρ2
1 cos 2ψβ) = 0

(3) (x2 − y2 − 1)ρ1 sinh(θα + θβ)
+x(sinh 2θα − ρ2

1 sinh 2θβ) + y(cosh 2θα + ρ2
1 cosh 2θβ) = 0

(4) (x2 − y2 + 1)ρ1 sinh(θα + θβ)
−x(sinh 2θα + ρ2

1 sinh 2θβ) − y(cosh 2θα − ρ2
1 cosh 2θβ) = 0

Table 9.2: Equations of the geodesics for the four constant curvature surfaces,
with definite (rows (1) and (2)) and non-definite (rows (3) and (4)) line elements,
obtained by the method exposed in Section 9.4.1. In particular, given two points
in the z plane, P1 ≡ (z1 = ρ1 exp[iψ1]), P2 ≡ (z2 = ρ2 exp[iψ2]), we call α =
ρα exp[iψα], β = ρβ exp[iψβ ] the constants of the bilinear mapping, reported in
the second column of the upper table, which maps these points into points P0 ≡
(0, 0) and Pl ≡ (l, 0) of the w plane. In column 5th, 6th and 7th, these parameters
are reported as functions of the coordinates of P1 , P2.
With these parameters we obtain the geodesics in the z plane by transforming
the straight line w − w̃ ≡ q = 0, by means of the same mapping. The equations
for the geodesics are reported in the lower part of the table as functions of the
parameters.
The value of l (given in the 4th column) allows us to calculate, by means of (9.4.8)
or (9.4.10) the geodesic distance between points P1 , P2.



Chapter 10

Generalization of Two-Dimensional
Special Relativity
(Hyperbolic Transformations and the
Equivalence Principle)

In Chapter 5 we have seen how hyperbolic trigonometry, introduced in the flat
pseudo-Euclidean plane, has allowed us a complete treatment of accelerated mo-
tions and a consequent formalization of the twin paradox. In this second chapter
concerning physical applications we shall see how the expansion from algebraic
properties to the introduction of functions of hyperbolic variable allows an in-
triguing extension to general relativity of the symmetry of hyperbolic numbers,
just introduced through special relativity.

This extension can be interpreted in the light of Einstein’s words as we briefly
summarize in Section 10.3.

10.1 The Physical Meaning of Transformations by

Hyperbolic Functions

In Chapter 7 we have seen that the wave equation is invariant with respect to
h-conformal mappings. Now we stress the physical relevance of this property, due
to the fact that it is equivalent to say that the speed of light does not change
in the coordinate systems obtained by these functional transformations, and this
infinite group of functional transformations can be considered as a generalization
of the Lorentz–Poincaré two-dimensional group. We briefly recall how Einstein
established the Lorentz transformations of Special Relativity.

As is well known, the starting point was to look for invariance of Maxwell’s
equations (wave equations in general) with respect to uniform motions of refer-
ence frames, in the same way as dynamics equations are invariant with respect to
Galileo’s group.

Einstein was able to obtain in a straightforward way and by means of el-
ementary mathematics the today named Lorentz transformations, starting from
the two postulates

1. all inertial reference frames must be equivalent,
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2. light’s velocity is constant in inertial reference frames.

Now we note that the second postulate can be replaced by a more general formu-
lation. Actually, as the Michelson experiments pointed out and Einstein himself
observed in the introduction of the General Relativity paper (recalled in Section
10.3), the constance of light velocity is not limited to inertial reference frames.
Thus we can say that while, from one point of view, Lorentz transformations ob-
tained by Einstein are a right solution of the first requirement, from a more general
point of view the second postulate could be formulated in a more general way. Ac-
tually, as we have stressed in this book, the link stated between space and time
can be interpreted as The symmetry or group or geometry between these vari-
ables, and this relation holds true for every reference frame and, as a consequence,
it must be extended to them. The physical relevance of hyperbolic transformations
derives from this fact: all the coordinate systems they introduce satisfy the required
space-time symmetry and, in this way, they represent a generalization of the second
postulate, i.e., they allow us to generalize the Lorentz–Poincaré two-dimensional
group also to the accelerated reference frames which preserve the right symmetry.

Following the positions in Section 4.1.2, p. 30 we give to the x variable the
physical meaning of a normalized (speed of light c = 1) time variable and to y
the physical meaning of a space variable, and we write the hyperbolic variable
w = t + hx and its function f(w) = u(t, x) + h v(t, x). The system of partial
differential equations (7.3.3) is written

u,x = v,t ; u,t = v,x. (10.1.1)

Now we emphasize the physical meaning of the functional transformations.
It is known that linear Lorentz transformations of special relativity represent

a change of inertial frame. Relating the space and time variables to Cartesian
coordinates, the inertial motion is represented by straight lines and, applying the
linear Lorentz transformations, these lines remain straight lines.

The functional transformations change the straight lines in one reference
frame into curved lines in another frame. From a physical point of view, a curved
line represents a non-inertial motion, i.e., a motion in a field. The question which
arises is whether these functional transformations represent any physical field.
Now we show that by extending to hyperbolic functions the procedure reported
at the end of Section 7.1 for complex variables, we obtain

Theorem 10.1. The relativistic hyperbolic motion (Section 5.2)

t = g−1 sinh (g τ) ; x = g−1 cosh (g τ) (10.1.2)

derives from the solution of a wave equation independent of hyperbolic rotations
(Lorentz transformations).

Proof. For the t, x variables, the experimental evidence for symmetry is provided
by the invariance under Lorentz transformations or, by (4.1.8), the independence
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of hyperbolic angle θ. Thus let us find a solution U(t, x) of the wave equation
U,tt−U,xx = 0, independent of the hyperbolic angle. We can proceed as in Section
7.1, and write the hyperbolic variable t + hx as an exponential function of the
variable ρ + h θ defined in Section 4.1, multiplied by h. The factor h allows us
to obtain a function x(t) with |dx/dt| < 1 (i.e., the hyperbolic variable t + hx in
sectors Us or Ds (see Section 4.1) as it must be from physical considerations. By
applying this transformation, we have

t = exp ρ sinh θ ; x = exp ρ cosh θ (10.1.3)

with the inverse
ρ = ln

√
x2 − t2 ; θ = tanh−1(t/x) . (10.1.4)

We must solve the equation
U,ρρ − U,θθ = 0. (10.1.5)

The U invariance under “hyperbolic rotation” means independence of the θ vari-
able. Therefore U,θθ ≡ 0, and U depends only on the variable ρ. The partial differ-
ential equation (10.1.5) becomes an ordinary differential equation d2U/dρ2 = 0,
with the elementary solution

U = A ρ + B ≡ A ln
√

x2 − t2 + B. (10.1.6)

If we consider, as for the Laplace equation, the “equipotentials” U = const, in the
ρ, θ plane, these lines are straight lines which can be expressed in parametric form
and, in agreement with (5.2.1) and (5.2.3), written as ρ =const.≡ ln(g−1), θ = g τ .
Going over, by (4.1.4) to t, x variables these straight lines become the hyperbolas
(10.1.2), which represent the hyperbolic motion (5.2.1). From (5.2.3), τ is the
proper time also in agreement with the fact that it represents the t variable in a
reference frame in which x is constant. �

Equation (10.1.2) is the law of motion of a body in the field of a constant
force, as is the case of a uni-dimensional central field, calculated by the rela-
tivistic Newton’s dynamic law. In this example the motion has been obtained as
a transformation through the exponential function of a particular straight line.
This transformation belongs to a group which preserves the proper symmetry of
space-time. So we can say that, as well as the space-time symmetry is described
by hyperbolic numbers, in the same way space-time fields are formalized by means
of functions of hyperbolic variables. Practically, what we have done is to use suit-
able mathematics with the symmetries of the problem. In the next sections this
principle is applied to the results obtained in Chapter 9.

From a physical point of view these results represent a mathematical formal-
ization of the equivalence principle thanks to which, following Einstein ([32], p.
150), � we are able to “produce” a gravitational field merely by changing the sys-
tem of co-ordinates. � Actually “A theory based on the Poincaré four-dimensional
linear group, even being the symmetry group of space-time, provides no natural
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explanation for the equality of the inertial and gravitational mass, and it can
not alone prescribe the form of the dynamical law ([9], p. 4)”. On the contrary,
the possibility of introducing hyperbolic functions with the space-time symmetry
satisfies this requirement.

10.2 Physical Interpretation of Geodesics

on Riemann and Lorentz Surfaces

with Positive Constant Curvature

Let us now summarize and interpret, from this last point of view, the results of
Chapter 9.

In Section 9.2.4 we have briefly recalled the link between groups and physical
conservation laws. In particular we have recalled that the independent groups of
rotations and translations in the Euclidean plane are unified on constant curvature
surfaces.

In Section 7.1 we have also seen how the functions of a complex variable
allowed us to obtain the Green function for Laplace’s equation from the invariance
with respect to rotations.

In a similar way in Section 10.1, from invariance of the wave equation with
respect to Lorentz transformations, the hyperbolic motion (corresponding to the
uniformly accelerated motion of Special Relativity) can be obtained.

The invariance with respect to translation group does not give similar results,
whereas now we see how the “unification” on the constant curvature surfaces of
rotation and translation groups (Section 9.2.4) gives some intriguing results.

Let us start by considering the well-studied example of the sphere in a Eu-
clidean space. On this surface the group of roto-translations (which from a geo-
metrical point of view, represents the rotations around the center) is represented
by three parameters (such as Euler’s angles). If this surface is projected on a plane,
for instance by means of a stereographic projection, we lose the intuitive geometri-
cal representation since, on this representative plane, distances and geodesic lines
are obtained in the frame of a Gauss metric. Moreover, as we have seen in Section
9.4, in spite of the lack of an intuitive vision, motions, geodesics and geodesic
distance are easily expressed, by means of complex variables, as functions of the
coordinates of the points.

The Euclidean representation disappears when we study the other constant
curvature surfaces such as the pseudo-sphere and the Lorentz constant curva-
ture surfaces which represent the simplest extension of geometry in the pseudo-
Euclidean plane. Otherwise, for a physical interpretation of these last surfaces, we
assign to one of the variables the meaning of time coordinate, so the geodesic lines
now represent the motion of a particle under the action of a particular field. Before
going into their physical meaning we come back and look for a physical meaning
of the geodesics on the sphere.
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10.2.1 The Sphere

We have repeatedly seen how the unimodular multiplicative groups of complex
and hyperbolic numbers leave invariable the circles and equilateral hyperbolas
centered in the origin of the coordinates, respectively. We know that the functions
of a complex variable are related to Laplace’s equation, so we give to the rotation
symmetry a physical meaning in the light of this equation, saying that the rotation
group preserves the equipotential of a central field with a source in the coordinate
origin. A similar, but more general, physical interpretation can be given to results
obtained by studying the sphere surface and, in this way, we find an unexpected
relation with General Relativity.

A geodesic circle in the x, y representation (Table 9.1, row (1)) can be con-
sidered as an equipotential curve generated by a point source in its center. On
the other hand the geodesic circles have the geometrical meaning of stereographic
projections, from the north pole to the equatorial plane, of the geodesic great cir-
cles on the sphere ([29],p. 96). This projection induces on the (x, y) plane a Gauss
metric, so that the radius of the geodesic circle on the plane depends both on
the radius of the sphere and on the position (connected with the constant A) of
the great circle on the sphere. In fact from data in Table 9.1 we obtain that the
radii of these circles are inversely proportional to the constant A times the square
root of the curvature of the starting surface: r = 1/(A

√
K). Then the parametric

equations of these circles are given by

x = x0 + (A
√

K)−1 cos[A
√

K s], y = y0 + (A
√

K)−1 sin[A
√

K s], (10.2.1)

where s indicates the line element and x0, y0 the center coordinates. Comparing
(10.2.1) with (7.1.4) we see that the field intensity is related to the curvature.

10.2.2 The Lorentz Surfaces

Now we extend the above considerations to Lorentz Surfaces. By giving to the
variables the meaning of Section 10.1, the geodesics (9.3.14), taking into account
(9.3.15), are given in the t, x plane by the hyperbolas: (x − x0)2 − (t − t0)2 =
1/(A

√
K)2 where K is the Gauss curvature. In parametric form as functions of

the line element (proper time), we have

t = t0 + (A
√

K)−1 sinh[A
√

K s], x = x0 + (A
√

K)−1 cosh[A
√

K s]. (10.2.2)

Comparing (10.2.2) with those of the hyperbolic motion ([52], p. 166) and 10.1.2,
we have

t = t0 + (g)−1 sinh g τ ; x = x0 + (g)−1 cosh g τ.

Then the geodesics on constant curvature surfaces, represented on a plane, corre-
spond to a motion with constant acceleration and g ∝

√
K.

Here we note that the result of (10.2.2) can be considered as a generalization
of (10.1.2), obtained again by using space-time symmetry as stated by Lorentz
transformations.
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Moreover (10.2.2) go over to (10.1.2) since Einstein, when formalizing the
general relativity, started from the equivalence principle and postulated that the
gravitational field would be described by the curvature tensor in a non-flat space.
Here (10.2.2) states a relation between (gravitational) field and space curvature
without the need for this postulate.

In addition to the exposed “geometrical description” of a physical effect, we
can make sense of the obtained results by recalling some of Einstein’s epistemo-
logical considerations in the introduction of his fundamental work [32]. In the next
section we briefly recall the Einstein way to general relativity, for clarifying these
assertions.

10.3 Einstein’s Way to General Relativity

For the mathematical formalization of the theory of General Relativity, Einstein,
following the approach to Special Relativity, made a practical start from the two
postulates ([32], p. 149, p.154)

1. � The laws of physics must be of such a nature that they apply to systems
of reference in any kind of motion;

2. In the special case of absence of a gravitational field and for infinitely small
four-dimensional regions the theory of Special Relativity is appropriate, if
the coordinates are suitably chosen. �

The second postulate is equivalent to saying that the space-time symmetry, stated
by Lorentz transformation is a general law of nature. Otherwise, unlike special
relativity for which all the results have been obtained by means of the axiomatic
deductive method and an elementary mathematics, now the steps from the starting
intuitions to the conclusive formalization were very hard [58], but the astonishing
experimental confirmation of the results gives credit to the starting postulates and
to intermediate steps.

General Relativity is considered one of the most important scientific works
of all times, and all the hypotheses, even if they are of very different nature, agree
in a harmonious way.

Einstein, notwithstanding this success, in the description of his effort in look-
ing for the best formalization, seems not completely satisfied as can be noted by
the following words ([32], p. 153):

� There seems to be no other way which would allow us to adapt systems
of co-ordinates to the four-dimensional universe so that we might expect from
their application a particularly simple formulation of the laws of nature. So there
is nothing for it but to regard all the imaginable systems of co-ordinates, on
principle, as equally suitable for the description of nature. �

In the first part we find today’s well-known principle, following which the
description and the solution of a physical problem are simplified if the problem is
formalized by means of a suitable mathematics with its symmetries.
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The second part concerns the use of differential geometry. This use, following
E. Cartan ([13], articles 71, 73, 105), detaches Einstein from group theory, the basis
of special relativity and of the starting ideas of general relativity. Actually looking
for physical laws which do not change when we change the reference frame is a
characteristic property of groups.

We now recall another Einstein’s assertion [33] which can be related with the
previous one:

� Our experience teaches us that the nature represents the realization of what
we can imagine of most mathematically simple. I believe that a purely mathemat-
ical construction allows us to reveal the concepts which can give us the key for
understanding the natural phenomena and the principles that link them together.
Obviously the experimental confirmation is the only way for verifying a mathe-
matical construction describing physical phenomena; but just in the mathematics
we can find the creative principle. �

From these concepts we could presume that Einstein was looking for a trans-
formation group which would preserve the four-dimensional space-time symme-
tries and by means of “the mathematics linked to this group”, obtain the simplest
formalization of the law of nature.

We add that since this group must describe fields it must be an infinite-
dimensional group represented by functional transformations. Up to now this
group has not been found. But we have seen how these requirements are satis-
fied by the functions of hyperbolic variable for two-dimensional space-time.

10.4 Conclusions

The exposed results have been obtained thanks to the “mathematics generated
by hyperbolic numbers” and, in particular, to the introduction of the infinite-
dimensional group of functional transformations which preserve the space-time
symmetry stated by the Lorentz group. As we have repeatedly shown, this pos-
sibility derives from the coincidence between the quadratic invariants for both
the multiplicative group of hyperbolic numbers and the two-dimensional Lorentz
group.

This coincidence does not hold in more than two dimensions since the phys-
ical laws are represented in a Euclidean space (or Minkowski space-time) with
a quadratic invariant, while the commutative hypercomplex numbers which al-
low us to introduce the infinite-dimensional groups of functional transformations,
generate geometries different from the multidimensional Euclidean ones.

From these observations we can not yet derive conclusions about the pos-
sibility of extending to more than two dimensions the results obtained in two
dimensions. In any case if we want to consider the obtained results as a starting
point they could stimulate the investigation of multidimensional hypercomplex
systems, both for a more complete mathematical formalization and for inspecting
physical applications.
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The appendices of this book are devoted to the introduction of a four-
dimensional hypercomplex numbers system and to a newly formalized theory of
commutative multidimensional numbers.



Appendix A

Commutative Segre’s Quaternions

Up to now, we have formalized the application of hyperbolic numbers for studying
the space-time symmetry stated by special relativity by means of the analogy with
complex numbers. This formalization has provided a mathematical tool which
allows us an automatic solution of problems in two-dimensional space-time, in the
same way as we do in Euclidean plane geometry. As we have repeatedly recalled,
this was possible thanks to the coincidence between the multiplicative group of
hyperbolic numbers with the two-dimensional Lorentz group.

A relevant characteristic of these group is to possess divisors of zero, a prop-
erty which was considered, for a long time, very far from the common geometrical
intuition [59] and limited the studies of multidimensional commutative systems
with this property. Actually, as we have reported in Section 2.1.2, p. 6, the exten-
sion of real and complex numbers can be done only by releasing

• the commutative property of the product;

• to be a division algebra, i.e., not to have divisors of zero.

From a geometrical point of view, relevant results [42] have been obtained by
means of non-commutative systems without divisors of zero. In particular by the
Hamilton quaternions for representing vectors in the three-dimensional Euclidean
space and, more generally, by Clifford algebra [45].

On the other hand we have shown in Chapters 7–10, the relevance of the
introduction of functions of hyperbolic variables and we know that the functions
of complex variables are very important for the determination of two-dimensional
physical fields (Section 7.1), described by Cauchy–Riemann partial differential
equations, as pointed out in ([54], p. 1252): “The extraordinary apt way in which
the properties of functions of a complex variable fit our need for solutions of
differential equations in two dimensions, does not apply to equations in more
dimensions for which our task will be, in general, more difficult”.

Actually we have

• the Hamilton quaternions can be considered as an extension of real and
complex numbers as regards the property of being a division algebra;

• the commutative systems can be considered as an extension of real and com-
plex numbers as regards the commutative property of products and the pos-
sibility of introducing their functions, which could represent physical fields
[71].
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Also if many problems must be tackled and solved, the goal, in studying the multi-
dimensional commutative systems, is in the possibility of giving a positive answer
to [54] for problems in more than two dimensions. Then, since before looking for
applications, we need a well-formalized mathematical theory, in these appendices
we begin this task from a four-dimensional commutative number system, which
has been called [20] Segre’s quaternions for the reasons summarized in Section
A.1.1.

Actually there are two peculiarities of this system which stimulate its study:

1. four coordinates are usually considered for describing the physical world;

2. these numbers can be considered as composed by two systems of complex
numbers, which have a well-known physical relevance.

We shall see that, thanks to this last property, many characteristics can be ob-
tained by an extension of complex analysis.

A.1 Hypercomplex Systems with Four Units

The four-units commutative hypercomplex systems are fourteen in number; we
recall, from [13] and [24], their multiplication tables.

1. Six of them are non-decomposable.

(a)

e0 e1 e2 e3

e1 e2 e3 0
e2 e3 0 0
e3 0 0 0

, (b)

e0 e1 e2 e3

e1 −e0 e3 −e2

e2 e3 0 0
e3 − e2 0 0

, (c)

e0 e1 e2 e3

e1 0 0 0
e2 0 0 0
e3 0 0 0

(A.1.1)

(a)

e0 e1 e2 e3

e1 e3 0 0
e2 0 e3 0
e3 0 0 0

, (b)

e0 e1 e2 e3

e1 e3 0 0
e2 0 − e3 0
e3 0 0 0

, (c)

e0 e1 e2 e3

e1 e2 0 0
e2 0 0 0
e3 0 0 0

(A.1.2)

2. Two systems (not reported) are obtained by adding a unit to the three-units
systems of Tables (7.6.1).

3. Six systems are obtained by the three two-dimensional systems. Actually
calling α′, α′′ two quantities that can be 0,±1, we summarize these systems
in the following table (three systems are repeated):

e0 e1 0 0
e1 α′e0 0 0
0 0 e2 e3

0 0 e3 α′′e2

(A.1.3)



A.1. Hypercomplex Systems with Four Units 171

A.1.1 Historical Introduction of Segre’s Quaternions

Out of the fourteen systems of four-units commutative hypercomplex numbers
mentioned above, five of them can be considered as a generalization of a historical
method due to Corrado Segre [67] who studied a geometrical representation of
complex numbers. He proposed the following complexification: let there be given
the complex number z = x+i y and let us substitute the real variables x, y for the
complex variables x ⇒ z1 ≡ x1 + k y1 and y ⇒ z2 ≡ x2 + k y2, where k is a unit
vector with the same properties of i, i.e., k2 = −1, but different from i since, in
a geometrical representation, it represents the unit vector of another axis. Then
we have z = x1 + k y1 + i x2 + i k y2, and calling j = i k the unit vector of a new
axis, we obtain a four-dimensional commutative hypercomplex number with the
following multiplication table:

1 k i j
k −1 j −i
i j −1 −k
j −i −k 1

(A.1.4)

This multiplication table is similar to the one of Hamilton quaternions; then we
can call these numbers Segre’s (commutative) quaternions.

A.1.2 Generalized Segre’s Quaternions

From an algebraic point of view this process of complexification can be general-
ized to 2n dimensions ([60], Chap. 5) as proposed by Segre, as well as to other
two-dimensional systems. In this case we can take for z and zm, (m = 1, 2) the hy-
perbolic numbers (h), parabolic numbers (p) and elliptic numbers (e), as reported
in Table A.1. It has been proposed [20] to call these numbers generalized Segre’s
quaternions.

Some years after their geometrical introduction these numbers were reconsid-
ered by F. Severi [68] in association with functions of two complex variables. After
this association G. Scorza-Dragoni [66] and U. Morin [53] began to study the ex-
istence and differential properties of quaternion functions and, in recent time, has
been also reconsidered by Davenport [27] and Price [60]. From a physical point of
view, there is an important difference between the functions of two complex vari-
ables and functions of commutative quaternions. Actually, while for the former,
two real functions of four real variables are defined, for the latter four real func-
tions of four real variables are introduced. These functions, as we have shown in
Section 7.2.3, can represent vector fields, which automatically have the same sym-
metries (groups, geometries) and then the same invariants of the quaternions, since
the structure constants act as “symmetry preserving operator” between vectors
and the corresponding vector fields. These symmetries are the ones of the geome-
tries “generated” by hypercomplex numbers (Chapter 3). We shall see that when
commutative quaternions are represented in their geometry, they keep the same
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z zm TABLE Ref.

h h (A.1.3), α′ = α′′ = +1
h e (A.1.3), α′ = α′′ = −1 [66]
e h (A.1.3), α′ = α′′ = −1 [66]
e e (A.1.3), α′ = α′′ = −1 [60], [66]
h p (A.1.3), α′ = α′′ = 0
p h (A.1.3), α′ = α′′ = 0
e p (A.1.1, b) [71], [26]
p e (A.1.1, b) [71], [26]
p p (A.1.1, c)

Table A.1: Generalized Segre’s quaternions. The first and second column indicate
the two-dimensional numbers (h, p, e) considered. In the third column we report
the table in Section A.1, to which the number system corresponds, and in the
fourth column the references in which they have been studied or applied.
Note that the three systems from the second to the fourth rows represent the
Segre’s commutative quaternions which has been recently reconsidered [27] and
[60].

differential properties of complex numbers, in particular for conformal mappings.
Therefore if a physical field can be associated with their functions, the problem
we consider can be simplified, as it can if we use polar coordinates for problems
with spherical symmetry or hyperbolic numbers for space-time symmetry [71].

A.2 Algebraic Properties

Here we study three systems among the generalized Segre’s quaternions, reported
in Table A.1: in particular the systems that are decomposable into the two-
dimensional hypercomplex systems considered in Section 2.2 and Chapter 6. Here
these systems are indicated by H2. We also indicate by Q ⊂ H4 the set of quater-
nions defined as

{q = t + i x + j y + k z; t, x, y, z ∈ R; i, j, k /∈ R}, (A.2.1)

where the versors i, j, k satisfy the following multiplication rules.

1 i j k
i α k α j
j k 1 i
k α j i α

(A.2.2)

In particular, according to the value of α, the Q systems shall be named after the
two-dimensional component systems:
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1. for α < 0: Elliptic quaternions, in particular canonical (Segre’s) if α = −1;

2. for α = 0: Parabolic quaternions;

3. for α > 0: Hyperbolic quaternions, in particular canonical if α = 1.

Here we consider just canonical systems (α = 0 , ±1). We observe that the first
system is isomorphic with the classical Segre’s quaternion (corresponding to the
fourth row of Table A.1), with the multiplication table (A.1.4). The second system
corresponds to the fifth and the sixth rows, the third system to the first row of
Table (A.1.4). The three systems can generally be studied together only by taking
into account the different values of α, as was done in Chapter 6 for the two-
dimensional component systems.

A characteristic matrix (Section 2.1.3, p. 7) is obtained by taking the coeffi-
cients of units of the four numbers q, i q, j q, k q. It is given by

M =

⎛⎜⎜⎝
t α x y α z
x t z y
y α z t α x
z y x t

⎞⎟⎟⎠ ≡
(

A B
B A

)
(A.2.3)

where A and B represent 2 × 2 matrices. From (A.2.3) we obtain the matrix
expressions of versors, written in boldface (Section 2.1)

1 =

⎛⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞⎟⎟⎠ ; i =

⎛⎜⎜⎝
0 α 0 0
1 0 0 0
0 0 0 α
0 0 1 0

⎞⎟⎟⎠

j =

⎛⎜⎜⎝
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞⎟⎟⎠ ; k =

⎛⎜⎜⎝
0 0 0 α
0 0 1 0
0 α 0 0
1 0 0 0

⎞⎟⎟⎠ . (A.2.4)

The determinant of matrix (A.2.3) is given by

‖M‖ =

∣∣∣∣∣∣∣∣
t α x y α z
x t z y
y α z t α x
z y x t

∣∣∣∣∣∣∣∣ ⇒
∣∣∣∣∣∣∣∣

t + y α (x + z) 0 0
x + z t + y 0 0

0 0 t − y α (x − z)
0 0 x − z t − y

∣∣∣∣∣∣∣∣
≡

[
(t + y)2 − α(x + z)2

] [
(t − y)2 − α(x − z)2

]
. (A.2.5)

This result can also be obtained from matrix theory, taking into account com-
mutativity between matrices A and B. Actually we have ‖M‖ = ‖A2 − B2‖ ≡
‖A + B‖× ‖A−B‖; as usual we have indicated the determinants by ‖ · ‖. We put
ρ ≡ |q| = 4

√
| ‖M‖ | and call ρ the modulus of q.
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For an elliptic system too, determinant (A.2.5) is zero on the planes

I

{
t + y = 0
x + z = 0 II

{
t − y = 0
x − z = 0.

(A.2.6)

The planes of (A.2.6) are called characteristic planes or planes of zero divisors [53].
We can verify that the product of numbers with coordinates satisfying (A.2.6, I)
times numbers with coordinates satisfying (A.2.6, II) is zero. As shown in Section
2.1.5, for these numbers division is not defined.

From the last expression (A.2.5) we obtain at once the characteristic equation
(minimal equation Section 2.1.6)[

(t + y − q)2 − α(x + z)2
] [

(t − y − q)2 − α(x − z)2
]

= 0. (A.2.7)

In Section A.2.1 we find that q and the numbers

¯̄q = t − i x + j y − k z, ¯̃q = t + i x − j y − k z, ˜̄q = t − i x − j y + k z (A.2.8)

are solutions of equation (A.2.7), then (A.2.8) are (see p. 10) the principal conju-
gations. We have used, for mnemonic reason, “ ¯ ” to indicate conjugations with
respect to i and k and “ ˜ ” for conjugations with respect to j. The position of
these symbols, from bottom to top, indicates the order of conjugations in the
quaternion, from left to right.

The principal conjugations have the same properties as the conjugate of
complex and hyperbolic numbers. In particular,

1. the product of q times conjugations (A.2.8) gives the determinant ‖M‖;

2. q and conjugations (A.2.8) are a group, in the sense that repeated conjuga-
tions are principal conjugations;

3. (A.2.1) and (A.2.8) can be considered as a bijective mapping between t, x, y,
z and q, ¯̄q, ¯̃q, ˜̄q. We have for α �= 0,

t =
q + ¯̄q + ¯̃q + ˜̄q

4
, x = i

q − ¯̄q + ¯̃q − ˜̄q
4 α

,

y = j
q + ¯̄q − ¯̃q − ˜̄q

4
, z = k

q − ¯̄q − ¯̃q + ˜̄q
4 α

. (A.2.9)

The property of point 2 is better seen by considering the conjugations

2q̄ = t− i x + j y + k z, 3q̄ = t + i x− j y + k z, 4q̄ = t + i x + j y − k z, (A.2.10)

which can be obtained from q by changing a sign to the variable x , y or z, or
applying the principal conjugations to

1q̄ = t − i x − j y − k z. (A.2.11)
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The product between (A.2.10) and (A.2.11) is real and gives (A.2.5) changing the
sign of one of the variables. It is straightforward to verify that repeating one con-
jugation (A.2.10) we have a conjugation (A.2.8) while two repeated conjugations
give a conjugation of the same kind. Moreover while the components of the func-
tions of principal conjugations, but for their sign, are the same as the quaternion,
the components of the functions of these conjugations are, generally, different.

Now we consider two numbers q and q1 = t1 + i x1 + j y1 + k z1 and calculate
their product and products between two conjugations:

q q1 = t t1 + α x x1 + y y1 + α z z1 + i (x t1 + t x1 + z y1 + y z1) (A.2.12)
+ j (t y1 + y t1 + α x z1 + α z x1) + k (z t1 + t z1 + x y1 + y x1)

q=q1−→ t2 + α x2 + y2 + α z2 + 2 i (t x + y z) + 2 j (t y + α x z) + 2 k (t z + x y),

q ¯̄q1 ≡ ˜̃̄q ¯̃q1 = t t1 − α x x1 + y y1 − α z z1 + i (x t1 − t x1 + z y1 − y z1)
+ j (t y1 + y t1 − α x z1 − α z x1) + k (z t1 − t z1 + x y1 − y x1)

q=q1−→ t2 − α x2 + y2 − α z2 + 2 j (t y − α x z), (A.2.13)

q ¯̃q1 ≡ ¯̄q ˜̄q1 = t t1 + α x x1 − y y1 − α z z1 + i (x t1 + t x1 − z y1 − y z1)
+ j (−t y1 + y t1 − α x z1 + α z x1) + k (z t1 − t z1 − x y1 + y x1)

q=q1−→ t2 + α x2 − y2 − α z2 + 2 i (t x − y z), (A.2.14)

q ˜̄q1 ≡ ¯̄q ¯̃q1 = t t1 − α x x1 − y y1 + α z z1 + i (x t1 − t x1 − z y1 + y z1)
+ j (−t y1 + y t1 + α x z1 − α z x1) + k (z t1 + t z1 − x y1 − y x1)

q=q1−→ t2 − α x2 − y2 + α z2 + 2 k (t z − x y) . (A.2.15)

We observe from (A.2.13), (A.2.14) and (A.2.15) for q1 = q, that the product of
two principal conjugations is a two-dimensional sub-algebra (1, j); (1, i); (1, k),
respectively.

In general, quaternions we are studying have the following sub-algebras:

1. real algebra (1),

2. hyperbolic algebra (1, j),

3. general two-dimensional algebras (1, i) and (1, k),

4. three-units algebras (1, h, j) and (1, l, j) with h = i + k and l = i − k. The
multiplication tables of versors of these last sub-algebras are

algebra (1, h, j) =

∣∣∣∣∣∣
1 h j
h 2 α(1 + j) h
j h 1

∣∣∣∣∣∣ ;
algebra (1, l, j) =

∣∣∣∣∣∣
1 l j
l 2 α(1 − j) −l
j −l 1

∣∣∣∣∣∣ . (A.2.16)
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Algebras (A.2.16) are the same and, according to α value, they represent a system
“composed” by one among the three two-dimensional algebras plus an one unit
algebra, i.e., they are the same considered in Table 7.6.5.

A.2.1 Quaternions as a Composed System

Following [53] we see that many properties of commutative quaternions can be
obtained in an easy way by using the decomposed form. Let us introduce the
idempotent basis

e1 =
1
2
(1 + j); e2 =

1
2
(1 − j) ⇒ e2

1 = e1; e2
2 = e2; e1 e2 = 0, (A.2.17)

with inverse transformations

1 = e1 + e2 ; j = e1 − e2 (A.2.18)

and variables

τ = t + y; η = t − y; ξ = x + z; ζ = x − z, (A.2.19)

with inverse transformations

t =
τ + η

2
; y =

τ − η

2
; x =

ξ + ζ

2
; z =

ξ − ζ

2
. (A.2.20)

We also put
z1 = τ + i ξ; z2 = η + i ζ. (A.2.21)

z1, z2 are two independent variables in the same two-dimensional algebra and each
of them is represented in a characteristic plane.

By means of substitutions (A.2.18), (A.2.19) and (A.2.21), quaternion (A.2.1)
can be written

q = e1 z1 + e2 z2. (A.2.22)

The element q is the sum of elements e1 z1 and e2 z2 whose product is zero. The
algebra of q is said to be reducible. From mappings (A.2.19) and (A.2.20) we can
obtain z1, z2 from q and vice versa.

In Section 2.2.2 (p. 16), we have seen the expressions of the sum, product
and (if it exists) division for systems in decomposed form. Now for quaternions
(A.2.22) and q1 = e1 z1

1 + e2 z2
1 , we have

q q1 = e1 z1 z1
1 + e2 z2 z2

1 ; qn = e1 (z1)n + e2 (z2)n ;
q

q1
= e1

z1

z1
1

+ e2
z2

z2
1

.

(A.2.23)
We can verify that (A.2.8) become

¯̄q = e1 z̄1 + e2 z̄2; ˜̄q = e1 z̄2 + e2 z̄1; ¯̃q = e1 z2 + e2 z1. (A.2.24)

Then from (A.2.23) and (A.2.24), we have ([53], p. 1249)
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Theorem A.1. If we carry out rational operations on conjugate numbers we obtain
conjugate results.

We also have

q ¯̄q = e1 z1 z̄1 +e2 z2 z̄2; ¯̃q ˜̄q = e1 z2 z̄2 +e2 z1 z̄1; ‖M‖ = z1 z̄1 ·z2 z̄2. (A.2.25)

If α = −1 (elliptic quaternions), the moduli of component systems are positive,
and (A.2.25) can be written

q ¯̄q = e1 |z1|2 + e2 |z2|2; ¯̃q ˜̄q = e1 |z2|2 + e2 |z1|2; |q|4 = |z1|2 · |z2|2. (A.2.26)

It has been pointed out that the modulus of hyperbolic numbers can be expressed
as the product of two one-dimensional invariants (distances) (p. 16), the same
relation (product of invariants of component algebras) holds for quaternions.

Solutions of the Characteristic Equation

For obtaining the solutions of characteristic equation (A.2.7), we use a decomposed
form and the following theorem ([65], p. 243).

Theorem A.2. If algebra A is the sum of algebras B and C, then the minimal
equation in A is the product of minimal equations in B and C.

A minimal equation for z1, z2, i.e., of a two-dimensional number in a real
field, is an equation of degree 2, which has z1 or z2 as root. Then if numbers z1, z2

are different numbers, we have[
(τ − z′)2 − α ξ2

] [
(η − z”)2 − α ζ2

]
= 0, (A.2.27)

then

z′ = τ ± i ξ →
{

z1

z̄1 ; z” = η ± i ζ →
{

z2

z̄2 , (A.2.28)

where i indicates a versor of two-dimensional algebra, i.e., we have to consider
i2 = α and the solutions are complex, coincident (parabolic system) or hyperbolic,
depending on the type of component system.

In the idempotent basis defined by (A.2.17), conjugations are obtained with a
shift of versors (Section C.3.5), then we have the solutions q1 = e1 z′ + e2 z”; q2 =
e1 z”+e2 z′. If we take the same signs for z′, z” we obtain q and principal conjuga-
tions (A.2.8). If we take different signs for z′, z” we obtain (A.2.10) and (A.2.11).

A.3 Functions of a Quaternion Variable

Curves in Quaternion Space

Definition. Let σ ∈R be a parameter and [σ′, σ′′] an interval; a curve in quaternion
space

λ : [q(σ) = t(σ) + ix(σ) + jy(σ) + kz(σ)] (A.3.1)
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is a regular mapping for σ′ < σ < σ′′ if q(σ) is �= 0 and is not a zero divisor, and
the components have a continuous derivative ([53], p. 1252) and ([60], Sect. 31).

From a geometrical point of view the regularity condition means that the
curve q(σ) does not have more than a point in common with characteristic planes.
We can also say that The modulus of d q/d σ must be �= 0.

A.3.1 Holomorphic Functions

We indicate a quaternion function by

F ≡ F1(t, x, y, z) + i Fi(t, x, y, z) + j Fj(t, x, y, z) + k Fk(t, x, y, z), (A.3.2)

where Fn, with n = 1, i, j, k, are real functions with partial derivatives with
respect to the variables t, x, y, z. We have

Theorem A.3. F is said to be a holomorphic function of quaternions if ([60], Chap.
3)

1. it is differentiable with derivatives �= 0 and not a zero divisor,

2. partial derivatives of components satisfy the following partial differential
equations called Generalized Cauchy–Riemann conditions (GCR):

(GCR)

⎧⎪⎪⎨⎪⎪⎩
F1, t = Fi, x = Fj, y = Fk, z (a)
F1, x = α Fi, t = Fj, z = α Fk, y (b)
F1, y = Fi, z = Fj, t = Fk, x (c)
F1, z = α Fi, y = Fj, x = α Fk, t (d)

(A.3.3)

While we proof Theorem A.3 just for elliptic quaternions, the results can be
obtained similarly for parabolic and hyperbolic quaternions.

Proof. GCR conditions can be obtained in many ways and with the same rigor as
for CR conditions for functions of a complex variable ([60], Chap. 3); here they
are obtained by means of the Hamilton differential operator ∇ (nabla) and its
conjugations

∇ =
∂

∂t
+ i

∂

∂x
+ j

∂

∂y
+ k

∂

∂z
; ∇ =

∂

∂t
− i

∂

∂x
+ j

∂

∂y
− k

∂

∂z
;

∇̃ =
∂

∂t
+ i

∂

∂x
− j

∂

∂y
− k

∂

∂z
; ∇̃ =

∂

∂t
− i

∂

∂x
− j

∂

∂y
+ k

∂

∂z
. (A.3.4)

As is known for complex variables ([25], p. 32), the operators (A.3.4) can be
formally related to the derivatives with respect to q and its conjugations. For
elliptic quaternions, by considering F as a function of q and its conjugations, via
the variables t, x, y, z, by the derivative chain rule, and from (A.2.9), we have

∂F

∂q
≡ ∂F

∂t

∂t

∂q
+

∂F

∂x

∂x

∂q
+

∂F

∂y

∂y

∂q
+

∂F

∂z

∂z

∂q
=

1
4
∇F. (A.3.5)
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In a similar way we also obtain

∇ = 4
∂

∂ ¯̄q
, ∇̃ = 4

∂

∂ ˜̄q
, ∇̃ = 4

∂

∂ ¯̃q
. (A.3.6)

Then, if we impose that a function given by (A.3.2) is just a function of q (and
not of the conjugations of q), we must have

∇F = 0; ∇̃F = 0; ∇̃F = 0 (A.3.7)

and, performing the formal multiplications, we obtain (A.3.3). �
We also have

1
4
∇F =

dF (q)
d q

=
∂F

∂ t
. (A.3.8)

From relations (A.3.3) or by applying two operators, among (A.3.6), we obtain
the following relations among second derivatives:

F1, t y = α F1, x z = Fi, x y = Fi, t z = Fk, y z

= Fk, t x = Fj, t t = Fj, y y = α Fj, x x = α Fj, z z ,

F1, t z = F1, x y = Fi, x z = α Fi, t y = Fj, y z

= Fj, t x = α Fk, t t = α Fk, y y = Fk, x x = Fk, z z ,

F1, t x = F1, y z = Fj, x y = Fj, t z = α Fk, t y

= Fk, x z = α Fi, t t = α Fi, y y = Fi, x x = Fi, z z ,

Fi, t x = Fi, y z = Fj, t y = α Fj, x z = Fk, t z

= Fk, x y = F1, t t = F1, y y = α F1,x x = α F1, z z. (A.3.9)

From the last four terms of each (A.3.9) we see that second derivatives of all
components satisfy the following equations:

1. for elliptic quaternions, Laplace and wave-like equations

Fn, t t +Fn, x x± (Fn, y y +Fn, z z) = 0 ; Fn, t t +Fn, z z ± (Fn, y y +Fn, x x) = 0,

2. for hyperbolic quaternions, wave-like equations

Fn, t t − Fn, x x + Fn, y y − Fn, z z = 0 ; Fn, t t + Fn, x x − Fn, y y − Fn, z z = 0

Fn, t t − Fn, x x − Fn, y y + Fn, z z = 0 .

If we multiply the four differential operators of (A.3.4) we obtain a real partial
differential operator of degree 4. Actually the product of the four differential op-
erators of (A.3.4) is formally equal to the product of the principal conjugations,
thus it is real. Therefore by applying this operator to a holomorphic function,
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an equation, called (see App. C) a characteristic differential equation is obtained
from (A.3.7) for the components of quaternion functions. This equation represents
a generalization of the Laplace equation for functions of a complex variable and
of a wave equation for functions of a hyperbolic variable.

From a characteristic differential equation or from (A.3.9) we can determine
if a real function of four real variables can be considered as a component of a
holomorphic quaternion function. Now we see that if we know, in a simply con-
nected domain, a component Fn(t, x, y, z), with n = 1, i, j, k, of a holomorphic
function, we can calculate, but for a constant term, the other three components
by means of line integrals ([60], Chap. 4). This property is similar to a well-known
property of functions of a complex variable.

Proof. Actually for a linear differential form we can write the line integral

Fn(q) =
∫ q

q0

(Fn, t d t + Fn, x d x + Fn, y d y + Fn, z d z) , (A.3.10)

where all functions and differentials must be considered as functions of a line
parameter σ.

Now let us assume that we know F1. From (A.3.3) we can obtain the partial
derivative of the other components and write the differential forms for the unknown
components by means of partial derivatives of F1. Then

Fi(q) =
∫ q

q0

(α F1, x d t + F1, t d x + α F1, z d y + F1, y d z) ,

Fj(q) =
∫ q

q0

(F1, y d t + F1, z d x + F1, t d y + F1, x d z) ,

Fk(q) =
∫ q

q0

(α F1, z d t + F1, y d x + α F1, x d y + F1, t d z) . (A.3.11)

Relations (A.3.9) represent the integrability conditions. �
We shall see in Section A.3.2 that, given a component, the other ones can

also be obtained by means of an algebraic method.

Analytic Functions

Let us consider a quaternion holomorphic function F (q), which we can express as
a power series in the variable q about q0,

F (q) =
∞∑

r=0

cr (q − q0)r , where cr ∈ Q. (A.3.12)

In particular, if q0 = 0 we have

F (q) =
∞∑

r=0

cr qr . (A.3.13)
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In a similar way as in (A.2.22) we put

cr = e1 ar + e2 br , where ar, br ∈ H2. (A.3.14)

Substituting (A.2.22), (A.2.23) and (A.3.14) in (A.3.13), we have

F (q) =
∞∑

r=0

(e1 ar + e2 br)(e1 z1 + e2 z2)r ≡
∞∑

r=0

(e1 ar + e2 br)[e1 (z1)r + e2 (z2)r]

(A.3.15)
and, from (A.2.17), we obtain

F (q) =
∞∑

r=0

[e1 ar (z1)r + e2 br (z2)r] ≡ e1

∞∑
r=0

ar (z1)r + e2

∞∑
r=0

br (z2)r

≡ e1 F 1(z1) + e2 F 2(z2) . (A.3.16)

In particular, if cr ∈ R, as is the case of elementary functions, it results that
ar = br and we have

F (q) = e1 F (z1) + e2 F (z2). (A.3.17)

From (A.2.23) and (A.2.24) it follows that Analytic functions, defined by series
with real coefficients, of conjugate variables are conjugate analytic functions

F (q) = F (q); ˜F (q) = F (q̃); ˜F (q) = F (q̃). (A.3.18)

Following the notation of complex analysis we put

F (zm) = um + i vm with m = 1, 2. (A.3.19)

Functions in a Decomposed Algebra

Here we show some differential properties of functions in a decomposed algebra
obtained as a consequence of GCR conditions.

If we sum or subtract the first and third terms in (A.3.3, a) and (A.3.3, c),
we obtain

F1,t ± F1,y = Fj,y ± Fj,t (A.3.20)

and if we take t, y as functions of τ, η given by (A.2.20) the left-hand side becomes

F1,τ (τ,t ± τ,y) + F1,η(η,t ± η,y) . (A.3.21)

The same expression is obtained for the right-hand side, by substituting 1 → j.
If we substitute the value (∓1) for the τ, η derivatives with respect to t, y and
separate the (+) and (-) cases, we have

(F1 − Fj),τ = 0, (F1 + Fj),η = 0. (A.3.22)
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And, in the same way, we obtain

(Fi − Fk),ξ = 0, (Fi + Fk),ζ = 0, (F1 − Fj),ξ = 0,

(F1 + Fj),ζ = 0, (Fi − Fk),τ = 0, (Fi + Fk),η = 0. (A.3.23)

With the definitions (A.3.19) we have

u1 = F1 + Fj , u2 = F1 − Fj , v1 = Fi + Fk, v2 = Fi − Fk ; (A.3.24)

we see that u1, v1 are just functions of τ, ξ and u2, v2 just of η, ζ. It follows that
u1, v1 and u2, v2 are constant if τ, ξ or η, ζ, respectively, are constant.

It is easy to verify that

u1
,ξ ≡ (F1 + Fj),ξ = α (Fi + Fk),τ ≡ α v1

,τ ; u1
,τ ≡ (F1 + Fj),τ = (Fi + Fk),ξ ≡ v1

,ξ

(A.3.25)
satisfy the Cauchy–Riemann conditions for the two-dimensional component alge-
bras (complex, parabolic, hyperbolic). Analogous relations can be obtained for u2

and v2.

A.3.2 Algebraic Reconstruction of Quaternion Functions Given a
Component

In ([47], p. 205) it is shown that a function of a complex variable can be obtained
from one component by means of an algebraic method. This same method can be
extended to functions of elliptic and hyperbolic quaternions.

Theorem A.4. Let the component F1(t, x, y, z) be given. We obtain the quaternion
function F (q), by means of a suitable substitution of a quaternion variable for real
variables t, x, y, z. In particular we have

F (q) = 4 F1

(
q + ¯̄q0 + ¯̃q0 + ˜̄q0

4
, i

q − ¯̄q0 + ¯̃q0 − ˜̄q0

4 α
, j

q + ¯̄q0 − ¯̃q0 − ˜̄q0

4
,

k
q − ¯̄q0 − ¯̃q0 + ˜̄q0

4α

)
− F0 − F̃0 − F̃0, (A.3.26)

where F0 ≡ F (q0) represents the initial value for F (q) in q0.

In the proof we follow the same procedure of ([47], p. 205):

Proof. If in q0 the function is holomorphic, from (A.3.12) we can write a series
expansion about q0,

F (q) =
∞∑

r=0

cr (q − q0)r ≡ F0 +
∞∑

r=1

cr (q − q0)r, (A.3.27)
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where cr, q, q0 ∈ Q. From (A.2.9), written for the functions, we have

4 F1(t, x, y, z) = F (q) + F (q) + ˜F (q) + ˜F (q)

≡
∞∑

r=0

{cr [(t − t0) + i(x − x0) + j(y − y0) + k(z − z0)]
r

+ ¯̄cr [(t − t0) − i(x − x0) + j(y − y0) − k(z − z0)]
r

+ ¯̃cr [(t − t0) + i(x − x0) − j(y − y0) − k(z − z0)]
r

+ ˜̄cr [(t − t0) − i(x − x0) − j(y − y0) + k(z − z0)]
r} . (A.3.28)

In a quaternion domain in which the series converge we can “complexify” them
by means of the substitutions

t − t0 → q − q0

4
; x − x0 → q − q0

4 i
; y − y0 → q − q0

4 j
; z − z0 → q − q0

4 k
. (A.3.29)

With these substitutions the last three terms in square brackets of (A.3.28), are
zero except for the known term. If we call γ0 the coefficient of unity in c0 we have

4 F1(t, x, y, z) = 4 γ0 +
∞∑

r=1

cr [(t − t0) + i(x − x0) + j(y − y0) + k(z − z0)]
r

≡ 4 γ0 + F (q) − F0. (A.3.30)

Now by means of (A.3.29) we substitute the variables in F1, in the following way
shown for the variable t,

t =
q + 4 t0 − q0

4
≡ q + 3 t0 − i x0 − j y0 − k z0

4
≡ q + ¯̄q0 + ¯̃q0 + ˜̄q0

4
.

In the last passage we substitute the variables in q0, with their expressions given
by (A.2.9). In the same way we obtain the expressions for x, y, z. Then

t → q + ¯̄q0 + ¯̃q0 + ˜̄q0

4
; x → q − ¯̄q0 + ¯̃q0 − ˜̄q0

4 i
;

y → q + ¯̄q0 − ¯̃q0 − ˜̄q0

4 j
; z → q − ¯̄q0 − ¯̃q0 + ˜̄q0

4 k
(A.3.31)

and the function F (q) given by (A.3.26) is obtained. �

A.4 Mapping by Means of Quaternion Functions

A.4.1 The “Polar” Representation of Elliptic and Hyperbolic
Quaternions

Quaternions q can be represented in a four-dimensional space by means of an
association of components qα with Cartesian coordinates of a point P ≡ (qα). Now
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we note that the most appropriate geometrical representation of these numbers
is in a space with the geometry they generate. This geometry (Section 3.2) is
characterized by a metric fixed by the characteristic determinant, an algebraic form
of degree 4, which is invariant for the four-parameters group of the translations and
a three-parameters group which, as an extension of the terminology for complex
and hyperbolic numbers, we call rotations.

It is well known that for complex and hyperbolic numbers, the exponential
function allows us to introduce the circular or hyperbolic angles that represent the
“rotations” of the related geometries. The same is true for quaternion geometries
for which the existence of differential calculus allows us to introduce functions (see
Section A.5). Moreover, from the definition of exponential function, for q �= 0 and
non-zero divisors, as well as for complex and hyperbolic variables (4.1.6), the polar
quaternion representation can be introduced,

q ≡ t + i x + j y + k z = ρ exp[i φ + j θ + k ψ], (A.4.1)

where ρ is the modulus and φ, θ, ψ represent three circular and/or hyperbolic an-
gles. By analogy with complex numbers we can call them arguments. Modulus and
principal arguments for elliptic quaternions are given as functions of components
of q, by

ρ = 4
√

[(t + y)2 + (x + z)2] [(t − y)2 + (x − z)2],

φ =
1
2

tan−1

[
2 (t x − y z)

t2 − x2 − y2 + z2

]
,

θ =
1
2

tanh−1

[
2 (t y + x z)

t2 + x2 + y2 + z2

]
,

ψ =
1
2

tan−1

[
2 (t z − x y)

t2 + x2 − y2 − z2

]
. (A.4.2)

For hyperbolic quaternions, corresponding expressions can be obtained from com-
ponents of the logarithm function (Section A.5).

As well as for Euclidean and hyperbolic geometries (or trigonometries), ex-
ponential mapping can give the most suitable formalization for the quaternion
geometries (and trigonometries). Actually if we put a quaternion constant in po-
lar form

b ≡ b1 + i bi + j bj + k bk → ρβ exp[i βi + j βj + k βk] (A.4.3)

and we take constant b so that ρβ = 1, the motions of the geometry are given by
the three parameters βi, βj , βk. We can check at once that

q ¯̄q1
¯̃q2 ˜̄q3; q ¯̄q ¯̃q1 ˜̄q1; q ¯̃q ¯̄q1 ˜̄q1; q ˜̄q ¯̃q1 ¯̄q1 (A.4.4)

are invariant quantities with respect to the mapping q′ = b q.
Quantities (A.4.4) allow an operative definition of arguments and a link

between “distances” and angles as well as in the formalization of hyperbolic
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trigonometry (Chapter 4, 6). Although the way for formalizing quaternion “tri-
gonometry” may be considered straightforward, the practical realization is not
immediate and goes beyond the scope of this book. The reason for these very
short considerations is that the introduction of the three arguments allows us to
show in Section A.4 that mappings by means of quaternion functions have the
same properties of conformal mapping of a complex variable.

A.4.2 Conformal Mapping

Let us consider a bijective mapping W = F (q) where F (q) is a holomorphic
quaternion function, i.e., a bijective mapping between two real four-dimensional
spaces given by a correspondence of the components of W ≡ (w1, wi, wj , wk) and
F (q). A necessary condition for bijective mappings is that Jacobian determinant
J must be �= 0.

For functions of hypercomplex variables the Jacobian determinant is equal
to the characteristic determinant of the derivative of F (q) (Section 7.2.1). For
commutative quaternions here considered, thanks to representations of q with
unity and in decomposed form, we have

J [F (q)] ≡ ‖F ′(q)‖ = J [F 1(z1)] · J [F 2(z2)], (A.4.5)

which is zero when the derivatives with respect to complex variables z1, z2 are
zero, i.e., if z1 or z2 are constant or Fm′(zm) are zero divisors. Then, since holo-
morphic functions are defined if F ′(q) �= 0 and is not a zero divisor, it results that
If F (q) is derivable the mapping is bijective.

Equations (A.2.19) and (A.2.21) state that z1 or z2 is constant if they lie in
planes parallel to characteristic planes

I

{
τ ≡ t + y = const1
ξ ≡ x + z = const2

II

{
η ≡ t − y = const3
ζ ≡ x − z = const4

. (A.4.6)

Moreover if t, x, y, z satisfy (A.4.6), from (A.3.24) and the considerations of Sec-
tion A.3.1 it follows that Planes parallel to characteristic planes are mapped into
planes parallel to characteristic planes: The topologies of starting and transformed
spaces are the same.

Now we see that, if we represent quaternions in a four-dimensional space in
which the geometry is the one they generate (Section 3.2), for every q0 in which
F (q0) is holomorphic we have

Theorem A.5. The quaternion conformal mappings have exactly the same proper-
ties as the conformal mappings of a complex variable, in particular:

1. The stretching is constant in quaternion geometry and is given by ‖F ′(q)‖
which is equal to the Jacobian determinant of the mapping.

2. The three angles (arguments) of quaternion geometry, between any two curves
passing through q0, are preserved.
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Proof.

1. From the definition of the derivative of quaternion functions we have

lim
∆ q→0
|∆ q|�=0

∆ W

∆ q
≡ dW

d q
= F ′(q) (A.4.7)

and for conjugate functions (A.4.7)

d W

d q
= F ′(q),

d W̃

d q̃
= ˜F ′(q),

d W̃

d q̃
= ˜F ′(q). (A.4.8)

If we multiply the sides of (A.4.7) for the corresponding ones of (A.4.8) we
have

‖d W‖ = ‖F ′(q)‖ · ‖d q‖ ; (A.4.9)

then in quaternion geometry the stretching does not depend on direction,
moreover ‖F ′(q)‖ is the characteristic determinant of the derivative of F (q),
and thus it is equal to the Jacobian determinant of F (q) (Section 7.2.1).

2. Let us consider, in the representative space of quaternion q, a regular curve
λ given by (A.3.1) and passing through q0 ≡ q(σ0). This curve is mapped
into a curve Λ of W space passing through W0 ≡ F (q0) = F [q(σ0)]. For the
derivative chain rule we have

W ′
0 = F ′(q0) q′(σ0), (A.4.10)

since derivability requires that F ′(q0) �= 0 and for regular curves q′(σ0) �= 0
we can put all terms in (A.4.10) in exponential form and by calling ϑl, φl, γl

(with l = i, j, k) the arguments of W ′, F ′(q), q′(σ), respectively, we have

exp[i ϑi + j ϑj + k ϑk] = exp[i φi + j φj + k φk] exp[i γi + j γj + k γk]
⇒ ϑl − γl = φl ; (A.4.11)

then The mapping W = F (q) “rotates” all curves passing through q0 by the
same quantities given by the arguments of the derivative at q0. �

A.4.3 Some Considerations About Scalar and Vector Potentials

It is well known that fields can be obtained by means of a derivation process from
scalar and/or vector potentials. The most important field obtained in this way
is the electromagnetic one defined in relativistic four-dimensional space-time. We
also know that for a two-dimensional Laplace field we can define both a scalar
and a “vector potential” [74, p. 199]. In fact if we have a scalar potential U for
a two-dimensional Laplace equation, we can find the function V that, together
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with U define a function of a complex variable F (z) = U + i V . If we consider in
complex-vector form the field given by gradU ≡ (U,x, U,y), we can write

�E = U,x + i U,y
from CR−→ U,x − i V,x = F ′(z) ≡ d F ( z)

d z̄
, (A.4.12)

i.e., as Euler first stated [25, p. 37], the conjugate functions of a complex variable
have a physical relevance. In modern language, we know that the CR conditions
for f(z̄) correspond to curl E = 0; div E = 0 [74]. Summing up, in the considered
two-dimensional example, we can obtain the field by means of a partial derivative
of a scalar potential U or as a derivative of a “vector potential” F (z̄).

Now we see that the same result holds for quaternion functions.

Proof. In fact let us consider a four-dimensional potential U1, that is a component
of an elliptic quaternion function F (q). From Eqs. (A.3.11) or Eq. (A.3.26), we
can determine the other components Ui, Uj , Uk. If we consider a field given by
grad U1 we have

�E = U1,t + i U1,x + j U1,y + k U1,z, (A.4.13)

GCR−→ U1,t − i Ui,t + j Uj,t − k Uk,t = F ′(q) ≡ d F (q)
d ¯̄q

.
�

A.5 Elementary Functions of Quaternions

An easy way for obtaining the components of a quaternion function is to use
(A.3.17), but we show other approaches here as well. We can verify that the deriva-
tives are formally equal to the ones for real and complex variables.

Elliptic Quaternions

The exponential function

The components of an exponential function can be obtained in many ways, in
particular we can use the property shown in App. C for which the exponential and
logarithm functions have the same properties of the corresponding functions of a
real or complex variable. Then we have exp[t + i x + j y + k z] ≡ exp[t] · exp[i x] ·
exp[j y] · exp[k z] and by writing the exponential of two-dimensional algebras in
terms of trigonometric functions (circular and/or hyperbolic), we obtain

F1 = exp[t](cos x cosh y cos z − sin x sinh y sin z)
Fi = exp[t](sin x cosh y cos z + cos x sinh y sin z)
Fj = exp[t](cos x sinh y cos z − sin x cosh y sin z)
Fk = exp[t](cos x cosh y sin z + sin x sinh y cos z). (A.5.1)
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The logarithm function

It can be obtained as the inverse of the exponential function.

F1 =
1
4

ln
{[

(t + y)2 + (x + z)2
] [

(t − y)2 + (x − z)2
]}

(A.5.2)

Fi =
1
2

{
tan−1

[
x + z

t + y

]
+ tan−1

[
x − z

t − y

]}
≡ 1

2
tan−1

[
2 (t x − y z)

t2 − x2 − y2 + z2

]
Fj =

1
4

ln
[
(t + y)2 + (x + z)2

(t − y)2 + (x − z)2

]
≡ 1

2
tanh−1

[
2 (t y + x z)

t2 + x2 + y2 + z2

]
Fk =

1
2

{
tan−1

[
x + z

t + y

]
− tan−1

[
x − z

t − y

]}
≡ 1

2
tan−1

[
2 (t z − x y)

t2 + x2 − y2 − z2

]
.

The circular trigonometric functions

Cosine: cos q ≡ (exp[i q] + exp[−i q])/2

F1 = cos t cosh x cos y cosh z − sin t sinh x sin y sinh z

Fi = − sin t sinh x cos y cosh z − cos t cosh x sin y sinh z

Fj = − sin t cosh x sin y cosh z + cos t sinh x cos y sinh z

Fk = − sin t cosh x cos y sinh z − cos t sinh x sin y cosh z. (A.5.3)

Sine: sin q ≡ (exp[i q] − exp[−i q])/(2 i)

F1 = sin t cosh x cos y cosh z + cos t sinh x sin y sinh z

Fi = cos t sinh x cos y cosh z − sin t cosh x sin y sinh z

Fj = cos t cosh x sin y cosh z + sin t sinh x cos y sinh z

Fk = cos t cosh x cos y sinh z − sin t sinh x sin y cosh z. (A.5.4)

The hyperbolic trigonometric functions

Hyperbolic cosine: cosh q ≡ (exp[q] + exp[−q])/2

F1 = cosh t cos x cosh y cos z − sinh t sin x sinh y sin z

Fi = sinh t sin x cosh y cos z + cosh t cos x sinh y sin z

Fj = sinh t cos x sinh y cos z − cosh t sin x cosh y sin z

Fk = sinh t cos x cosh y sin z + cosh t sin x sinh y cos z. (A.5.5)

Hyperbolic sine: sinh q ≡ (exp[q] − exp[−q])/2

F1 = sinh t cos x cosh y cos z − cosh t sin x sinh y sin z

Fi = cosh t sin x cosh y cos z + sinh t cos x sinh y sin z

Fj = cosh t cos x sinh y cos z − sinh t sin x cosh y sin z

Fk = cosh t cos x cosh y sin z + sinh t sin x sinh y cos z. (A.5.6)
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Hyperbolic Quaternions

The exponential function

F1 = exp[t](cosh x cosh y cosh z + sinh x sinh y sinh z)
Fi = exp[t](sinh x cosh y cosh z + cosh x sinh y sinh z)
Fj = exp[t](cosh x sinh y cosh z + sinh x cosh y sinh z)
Fk = exp[t](cosh x cosh y sinh z + sinh x sinh y cosh z). (A.5.7)

The logarithm function

It can be obtained in many ways. In particular we utilize the identity

ln q ≡ 1
4

{
ln [q ¯̄q ˜̄q ¯̃q] + ln

[
q ¯̃q
˜̄q ¯̄q

]
+ ln

[
q ¯̄q
˜̄q ¯̃q

]
+ ln

[
q ˜̄q
¯̃q ¯̄q

]}
. (A.5.8)

From (A.2.13)–(A.2.15) for q = q1 we observe that the arguments of the sec-
ond, third and fourth terms in the right-hand side of (A.5.8), are ln of ratios
between conjugate two-dimensional numbers in the algebras (1, i), (1, j), (1, k),
respectively. Then they are the arguments of these numbers multiplied by the
corresponding versors1. In particular we have the following.

F1 =
1
4

ln
{[

(t + y)2 − (x + z)2
] [

(t − y)2 − (x − z)2
]}

Fi =
1
4

ln
[
(t + x)2 − (y + z)2

(t − x)2 − (y − z)2

]
≡ 1

2
tanh−1

[
2 (t x − y z)

t2 + x2 − y2 − z2

]
Fj =

1
4

ln
[
(t + y)2 − (x + z)2

(t − y)2 − (x − z)2

]
≡ 1

2
tanh−1

[
2 (t y − x z)

t2 − x2 + y2 − z2

]
Fk =

1
4

ln
[
(t + z)2 − (x + y)2

(t − z)2 − (x − y)2

]
≡ 1

2
tanh−1

[
2 (t z − x y)

t2 − x2 − y2 + z2

]
. (A.5.9)

The circular trigonometric functions

In this case we can not relate these functions to the exponential function of an
imaginary variable. Here these functions are defined by means of the coincidence
between absolutely convergent series: if we indicate the generic versor by (l =
i, j, k), we have cos lx ≡ cos x; sin lx ≡ l sin x; by means of this position and
using the usual (real and complex analysis) rules for the sums of arguments of
trigonometric functions, we obtain:

1It is known that for complex numbers we have ln[z/z̄] = 2 i arg z.
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Cosine:

F1 = cos t cos x cos y cos z + sin t sin x sin y sin z

Fi = −(sin t sin x cos y cos z + cos t cos x sin y sin z)
Fj = −(sin t cos x sin y cos z + cos t sin x cos y sin z)
Fk = −(sin t cos x cos y sin z + cos t sin x sin y cos z). (A.5.10)

Sine:

F1 = sin t cos x cos y cos z − cos t sin x sin y sin z

Fi = cos t sin x cos y cos z − sin t cos x sin y sin z

Fj = cos t cos x sin y cos z − sin t sin x cos y sin z

Fk = cos t cos x cos y sin z − sin t sin x sin y cos z. (A.5.11)

The hyperbolic trigonometric functions

Hyperbolic cosine: cosh q ≡ (exp[q] + exp[−q])/2

F1 = cosh t cosh x cosh y cosh z + sinh t sinhx sinh y sinh z

Fi = sinh t sinhx cosh y cosh z + cosh t cosh x sinh y sinh z

Fj = sinh t cosh x sinh y cosh z + cosh t sinhx cosh y sinh z

Fk = sinh t cosh x cosh y sinh z + cosh t sinhx sinh y cosh z. (A.5.12)

Hyperbolic sine: sinh q ≡ (exp[q] − exp[−q])/2

F1 = sinh t cosh x cosh y cosh z + cosh t sinhx sinh y sinh z

Fi = cosh t sinhx cosh y cosh z + sinh t cosh x sinh y sinh z

Fj = cosh t cosh x sinh y cosh z + sinh t sinhx cosh y sinh z

Fk = cosh t cosh x cosh y sinh z + sinh t sinhx sinh y cosh z. (A.5.13)

Parabolic Quaternions

The exponential function

F1 = exp[t] cosh y ; Fi = exp[t] (x cosh y + z sinh y)
Fj = exp[t] sinh y ; Fk = exp[t] (z cosh y + x sinh y). (A.5.14)

The logarithm function

It can be obtained as the inverse of the exponential function.

F1 =
1
2

ln[t2 − y2] ; Fi =
t x − y z

t2 − y2

Fj = tanh−1
[y

t

]
; Fk =

t z − x y

t2 − y2
. (A.5.15)
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The hyperbolic trigonometric functions

Hyperbolic cosine: cosh q ≡ (exp[q] + exp[−q])/2

F1 = cosh t cosh y ; Fi = x sinh t cosh y + z cosh t sinh y

Fj = sinh t sinh y ; Fk = x cosh t sinh y + z sinh t cosh y. (A.5.16)

Hyperbolic sine: sinh q ≡ (exp[q] − exp[−q])/2

F1 = sinh t cosh y ; Fi = x cosh t cosh y + z sinh t sinh y

Fj = cosh t sinh y ; Fk = x sinh t sinh y + z cosh t cosh y. (A.5.17)

The circular trigonometric functions

The circular trigonometric functions can be calculated taking into account that
in two-dimensional parabolic algebra we have cos ix = cos kz = 1; sin ix =
i x; sin kz = k z (see Section C.5.2, p. 233). Directly or from (A.5.3) and (A.5.4)
we obtain:

Cosine:

F1 = cos t cos y ; Fi = −x sin t cos y − z cos t sin y

Fj = − sin t sin y ; Fk = −x cos t sin y − z sin t cos y. (A.5.18)

Sine:

F1 = sin t cos y ; Fi = x cos t cos y − z sin t sin y

Fj = cos t sin y ; Fk = z cos t cos y − x sin t sin y. (A.5.19)

A.6 Elliptic-Hyperbolic Quaternions

The elliptic-hyperbolic quaternions make up the four-dimensional system which
corresponds to the values α′ = −1; α′′ = 1 in Table (A.1.3), i.e., a system com-
posed of a two-dimensional elliptic and a two-dimensional hyperbolic algebra.

We start from the table

e1 e2 0 0
e2 −e1 0 0
0 0 e3 e4

0 0 e4 e3

(A.6.1)

and we introduce the unity and the other versors by means of the transformation⎛⎜⎜⎝
1
i
j
k

⎞⎟⎟⎠ =

⎛⎜⎜⎝
1 0 1 0
0 1 0 1
1 0 −1 0
0 1 0 −1

⎞⎟⎟⎠
⎛⎜⎜⎝

e1

e2

e3

e4

⎞⎟⎟⎠ (A.6.2)
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and the inverse ⎛⎜⎜⎝
e1

e2

e3

e4

⎞⎟⎟⎠ =
1
2

⎛⎜⎜⎝
1 0 1 0
0 1 0 1
1 0 −1 0
0 1 0 −1

⎞⎟⎟⎠
⎛⎜⎜⎝

1
i
j
k

⎞⎟⎟⎠ . (A.6.3)

We obtain, from (A.6.2), the multiplication table for new versors

1 i j k
i −j k −1
j k 1 i
k −1 i −j

. (A.6.4)

We note that in this algebra (1, i) and (1, k), are not subalgebras and their powers
are given by all four versors.

We choose again q = t + i x + j y + k z and the characteristic matrix is given
by

M =

⎛⎜⎜⎝
t −z y −x
x t z y
y −x t −z
z y x t

⎞⎟⎟⎠ ≡
(

A B
B A

)
. (A.6.5)

From (A.6.5) we obtain the matrix form of the versors (Section 2.1)

i =

⎛⎜⎜⎝
0 0 0 −1
1 0 0 0
0 −1 0 0
0 0 1 0

⎞⎟⎟⎠ ; j =

⎛⎜⎜⎝
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞⎟⎟⎠ ;

k =

⎛⎜⎜⎝
0 −1 0 0
0 0 1 0
0 0 0 −1
1 0 0 0

⎞⎟⎟⎠ . (A.6.6)

The characteristic determinant can be obtained by means of matrices A and B,
according to the property recalled on p. 173. The results is

|q|4 =

∣∣∣∣∣∣∣∣
t + y −x − z 0 0
x + z t + y 0 0

0 0 t − y z − x
0 0 z − x t − y

∣∣∣∣∣∣∣∣
≡

[
(t + y)2 + (x + z)2

] [
(t − y)2 − (x − z)2

]
. (A.6.7)

As it is known that the invariant coincides with the product of the invariants of
component systems.
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We can also obtain the value of the characteristic determinant by multiplying
the number q by the conjugations2

¯̄q = t − i x + j y − k z; , ¯̃q = t + i x − j y − k z; ˜̄q = t − i x − j y + k z ; (A.6.8)

in fact we have

q ¯̄q = (t + j y)2 − (i x + k z)2 ≡ [t2 + y2 + 2 x z + j(x2 + z2 + 2 t y)], (A.6.9)
¯̃q ˜̄q = (t − j y)2 − (i x − k z)2 ≡ [t2 + y2 + 2 x z − j(x2 + z2 + 2 t y)], (A.6.10)

and product (A.6.9)·(A.6.10) is equal to (A.6.7).

A.6.1 Generalized Cauchy–Riemann Conditions

From (7.2.1), we have

F, x = i F, t; F, y = j F, t; F, z = k F, t; (A.6.11)

and obtain

(GCR)

⎧⎪⎪⎨⎪⎪⎩
F1, t = Fi, x = Fj, y = Fk, z (a)
Fi, t = −Fj, x = Fk, y = −F1, z (b)
Fj, t = Fk, x = F1, y = Fi, z (c)
Fk, t = −F1, x = Fi, y = −Fj, z (d)

(A.6.12)

A.6.2 Elementary Functions

The exponential function

For these quaternions we can not use the same method we have used for Segre’s
quaternions since (1, i) and (1, k) are not subalgebras. Then the series expansions
of exp[i x], exp[k z] are composed by terms with all four versors and they do not
represent elementary functions. Nevertheless we can obtain the components by
applying (A.3.17) to the decomposed system of Table (A.6.1), and going back to
the system with unity by means of (A.6.3).

F1 =
1
2

exp[t] [exp[y] cos(x + z) + exp[−y] cosh(x − z)]

Fi =
1
2

exp[t] [exp[y] sin(x + z) + exp[−y] sinh(x − z)]

Fj =
1
2

exp[t] [exp[y] cos(x + z) − exp[−y] cosh(x − z)]

F1 =
1
2

exp[t] [exp[y] sin(x + z) − exp[−y] sinh(x − z)] . (A.6.13)

2It can be verified that they satisfy the characteristic equation which can be obtained as
(A.2.7).
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The logarithm function

F1 =
1
4

ln
{[

(t + y)2 + (x + z)2
] [

(t − y)2 − (x − z)2
]}

Fi =
1
2

tan−1

[
x + z

t + y

]
Fj =

1
4

ln
[
(t + y)2 + (x + z)2

(t − y)2 − (x − z)2

]
≡ 1

2
tanh−1

[
x2 + z2 + 2 t y

t2 + y2 + 2 x z

]
Fk =

1
2

tanh−1

[
x − z

t − y

]
. (A.6.14)

The hyperbolic trigonometric functions

Hyperbolic cosine: cosh q ≡ (exp[q] + exp[−q])/2

F1 = cosh (t + y) cos (x + z) + cosh (t − y) cosh (x − z)
Fi = sinh (t + y) sin (x + z) + sinh (t − y) sinh (x − z)
Fj = cosh (t + y) cos (x + z) − cosh (t − y) cosh (x − z)
Fk = sinh (t + y) sin (x + z) − sinh (t − y) sinh (x − z). (A.6.15)

Hyperbolic sine: sinh q ≡ (exp[q] − exp[−q])/2

F1 = sinh (t + y) cos (x + z) + sinh (t − y) cosh (x − z)
Fi = cosh (t + y) sin (x + z) + cosh (t − y) sinh (x − z)
Fj = sinh (t + y) cos (x + z) − sinh (t − y) cosh (x − z)
Fk = cosh (t + y) sin (x + z) − cosh (t − y) sinh (x − z). (A.6.16)

A.7 Elliptic-Parabolic Generalized Segre’s Quaternions

These systems seem, up to now, the most applied in different fields: Sobrero as-
sociated their functions to differential equations of elasticity [71], in more recent
time Cheng used them for computer analysis of spatial mechanisms [26]. We give
this name to the quaternion system which corresponds to the 7th and 8th rows in
Table A.1, i.e., a system composed by two-dimensional elliptic numbers coupled
by means of the parabolic versor or vice-versa,

q = t + i x + p (y + i z) ≡ t + p y + i(x + p z). (A.7.1)

If we put p i = k, we can write q = t+i x+p y+k z with the following multiplication
table for the versors

1 i p k
i −1 k −p
p k 0 0
k −p 0 0

(A.7.2)
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and the characteristic matrix is given by

M =

⎛⎜⎜⎝
t −x 0 0
x t 0 0
y −z t −x
z y x t

⎞⎟⎟⎠ ≡
(

A ∅
B A

)
. (A.7.3)

The A and B matrices are the same as the matrices of complex numbers t + i x
and y + i z, respectively, composed as the parabolic number A+pB. From (A.7.3)
we obtain the matrix form of the versors (Section 2.1)

i =

⎛⎜⎜⎝
0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

⎞⎟⎟⎠ ; p =

⎛⎜⎜⎝
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0

⎞⎟⎟⎠ ;

k =

⎛⎜⎜⎝
0 0 0 0
0 0 0 0
0 −1 0 0
1 0 0 0

⎞⎟⎟⎠ . (A.7.4)

We can obtain the value of the characteristic determinant by multiplying the
number q by the conjugations:3

¯̄q = t − i x + p y − k z; , ¯̃q = t + i x − p y − k z; ˜̄q = t − i x − p y + k z . (A.7.5)

It can be also obtained from the characteristic matrix. The immediate result is

|q|4 ⇒

∣∣∣∣∣∣∣∣
t −x 0 0
x t 0 0
y −z t −x
z y x t

∣∣∣∣∣∣∣∣ ≡
[
t2 + x2

]2
. (A.7.6)

A.7.1 Generalized Cauchy–Riemann conditions

From the conditions (7.2.1), we have

F, x = i F, t; F, y = pF, t; F, z = k F, t; (A.7.7)

we obtain

(GCR)

⎧⎪⎪⎨⎪⎪⎩
F1, t = Fi, x = Fp, y = Fk, z (a)
Fi, t = −F1, x = Fk, y = −Fk, z (b)
Fp, t = Fk, x ; F1, y = Fi, z = 0 (c)
Fk, t = −Fp, x ; Fi, y = F1, z = 0 (d)

(A.7.8)

3It can be verified that they satisfy the characteristic equation which can be obtained as
(A.2.7).
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A.7.2 Elementary Functions

We know that the functions of a parabolic variable are given by (C.5.17). This
expression can be extended to these quaternions by means of the second side of
(A.7.1), and we write

f(q) = f(t + i x) + p (y + i z) f ′(t + i x), (A.7.9)

where f ′(t + i x) indicates the derivative of the function of the complex variable
f(t + i x). In particular it follows that for exponential functions as well as for
hyperbolic and circular trigonometric functions, we can put in the expressions
of elliptic quaternions of Section A.5: cosh y � cosh z � cos y � cos z = 1 and
sinh y � sin y � y; sinh z � sin z � z, but for the products sin · sinh = sin · sin =
sinh · sinh = 0.

The exponential function

F1 = exp[t] cos x ; Fp = exp[t] (y cos x − z sin) ;
Fi = exp[t] sin x ; Fk = exp[t] (z cos x + y sin x) . (A.7.10)

The logarithm function

It is obtained as the inverse of the exponential function.

F1 =
1
2

ln [t2 + x2] ; Fi = tan−1
[x

t

]
Fp =

t y + x z

t2 + x2
; Fk =

t z − x y

t2 + x2
. (A.7.11)

The circular trigonometric functions

Cosine: cos q ≡ (exp[i q] + exp[−i q])/2

F1 = cos t cosh x ; Fp = −y sin t cosh x + z cos t sinh x ;
Fi = − sin t sinh x ; Fk = −z sin t cosh x − y cos t sinh x . (A.7.12)

Sine: sin q ≡ (exp[i q] − exp[−i q])/(2 i)

F1 = sin t cosh x ; Fp = y cos t cosh x + z sin t sinh x ;
Fi = cos t sinh x ; Fk = z cos t cosh x − y sin t sinh x . (A.7.13)

The hyperbolic trigonometric functions

Hyperbolic cosine: cosh q ≡ (exp[q] + exp[−q])/2

F1 = cosh t cos x ; Fp = y sinh t cos x − z cosh t sin x ;
Fi = sinh t sin x ; Fk = z sinh t cos x + y cosh t sin x . (A.7.14)
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Hyperbolic sine: sinh q ≡ (exp[q] − exp[−q])/2

F1 = sinh t cos x ; Fp = y cosh t cos x − z sinh t sin x ;
Fi = cosh t sin x ; Fk = z cosh t cos x + y sinh t sin x . (A.7.15)



Appendix B

Constant Curvature Segre’s
Quaternion Spaces

In Chapter 9 we have referred to B. Riemann’s work Ueber die Hypothesen . . . [61]
in which he extended Gauss’ ideas on surface differential geometry to N -dimen-
sional spaces1. The complete development of Riemann’s work, which is considered
one of his milestones in the development of mathematics, has been accomplished
by many mathematicians for more than half a century, leading to generalizations
to non-definite differential quadratic forms (semi-Riemannian geometry) [57] and
to non-Riemannian geometry [35]. The starting point of Riemann’s work is that
the infinitesimal distance between two points in N -dimensional space is given by
an extension of Gauss’ studies on surfaces, i.e., by a differential quadratic form.
From these forms all the properties of spaces can be obtained. He introduced what
we call today the “Riemann tensor” and the term “line element”. He also gave
the expressions of line elements for constant curvature spaces, i.e., spaces in which
“motions” are the same as in flat (Euclidean) spaces: the roto-translations.

In this appendix we start from the concept introduced in Chapter 3 of ge-
ometries associated with N -dimensional hypercomplex numbers, i.e., geometries
defined by a metric (distance between two points) given by a form of degree N
and “motions” determined by 2N − 1 parameters. If we start from this definition
of distance a completely new differential geometry must be developed in order to
study “non-flat hypercomplex spaces” in a complete way.

We begin to study the positive constant curvature elliptic-quaternion space
(PCCQS) and make up for the lack of a complete formalized theory by using
the mathematics “generated” by quaternions. This approach is an extension of
the Gauss and Beltrami application of complex variables for studying surfaces
(Chapter 8) and, in particular, constant curvature surfaces, as we have seen in
Chapter 9. Actually the two-dimensional hypercomplex numbers provide us with a
suitable mathematical tool for studying the geometries they generate, then it seems
a natural approach to study the PCCQS by means of the quaternion mathematical
apparatus. We shall see that the ideas introduced in this way allow us to formalize
a self-consistent work. From a more general point of view, this use of quaternion
analysis for studying quaternion geometry, can also be considered as an application
of a well-accepted principle, following which a problem is simplified if we use a
suitable mathematics with its symmetries.

1We extend the word “space” to indicate hyperspaces with the number of dimensions we are
considering. We use “varieties” as usual and mean by surfaces the two-dimensional varieties.
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In particular this appendix is organized in the following way: in Section B.1
we introduce the differential forms of degree 4, and the “conformal representations”
in quaternion spaces. In Section B.2 we find the Euler–Lagrange equations for
geodesics. These equations, as the usual ones (8.5.6), give a differential system,
linear with respect to the second derivatives, which can be reduced to the normal
form and, if the appropriate regularity conditions are satisfied, the theorem of
existence and uniqueness of solutions holds. Thanks to this property we use an
alternative method (an extension of Beltrami’s method recalled in Chapter 8, p.
130 and used in Chapter 9) for finding the equations of geodesics and then check
that the Euler–Lagrange equations are satisfied. In Section B.3 we introduce the
PCCQS, defining with this name the space in which the same motions of flat
quaternion space are allowed.

B.1 Introduction of Quaternion Differential Geometry:

Differential Forms of Degree 4

It is well known that Riemann introduced the differential geometry in N-dimen-
sional spaces, extending the quadratic form of Euclidean distance to infinitesimal
distances. In quaternion geometry we introduce in a similar way non-flat quater-
nion spaces, described by a line element given by a differential form of degree
4,

d s4 = aihkmd xi d xh d xk d xm, (B.1.1)

where aihkm (for i, h, k, m running from 1 to 4) is a fourth-order covariant tensor
which can be called a metric tensor and is supposed symmetric with respect to
the four indexes.

We have seen in Chapter 8 that Gauss showed how line elements can be
expressed in the isometric orthogonal form

d s2 = F1(x, y)[d x2 + d y2]. (B.1.2)

Today x, y are called conformal coordinates and (B.1.2) is written, in the language
of complex numbers, as ([29], p. 115)

d s2 = F (z, z̄)[d z d z̄] ≡ F (z, z̄)‖d z‖ (B.1.3)

where we have indicated by ‖d z‖ the characteristic determinant (squared mod-
ulus) of the differential of a complex variable: d z = d x + i d y. From (B.1.3) it
follows at once that the isometric orthogonal form is preserved by any mapping
by means of functions of a complex variable z = f(w) [29]. The same result is true
for two-dimensional pseudo-Euclidean (space-time) geometry (Chapter 8), and the
same expression of (B.1.3) can be obtained as a function of a hyperbolic variable.

It is well known that for Riemannian geometry in more than two dimensions,
it is not possible to write all line elements in an isometric form [6] and [34]. The
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same is true for the general line elements expressed by a differential form of degree
4, since the number of equations for its reduction to an “orthogonal” form is greater
than the number of unknowns. Nonetheless Riemann showed that line elements, for
constant curvature spaces of any dimension, can be written in isometric-orthogonal
form [6], and we start by considering quaternion spaces that can be expressed by
an extension of (B.1.3), i.e., a line element that has the structure of quaternion
representative space

ds4 = F (q, ¯̄q, ¯̃q, ˜̄q) dq d ¯̄q d ¯̃q d ˜̄q. (B.1.4)

For Segre’s quaternion (p. 172), as a function of coordinates (real variables),
(B.1.4) becomes

ds4 = F1(t, x, y, z)
[
(d t + d y)2 + (d x + d z)2

] [
(d t − d y)2 + (d x − d z)2

]
;

(B.1.5)
in particular, if F1(t, x, y, z) = 1, we call this space flat quaternion space.

As it happens in the two-dimensional case, we have

Theorem B.1. The expression (B.1.4) of a line element is preserved from conformal
quaternion mapping.

Proof. Actually let us consider the quaternion conformal mapping (Section A.4.2)
q = G(w); we have

d q =
(

dG

dw

)
dw , d ¯̄q =

(
dG

dw

)
d ¯̄w ,

d ¯̃q =

(
d̃ G

dw

)
d ¯̃w , d ˜̄q =

(
d̃ G

dw

)
d ˜̄w . (B.1.6)

Then (B.1.4) is transformed in

ds4 = ‖G′(q)‖F2(w, ¯̄w, ¯̃w, ˜̄w) dw d ¯̄w d ¯̃w d ˜̄w (B.1.7)

where ‖G′(q)‖ indicates the characteristic determinant of the derivative of G(q),
that is equal to the Jacobian determinant of the mapping (Section 7.2.1). �

Then we call conformal coordinates the ones which give to a line element
the form (B.1.4), which corresponds to the isometric orthogonal form of two-
dimensional varieties (surfaces), and we also extend the name of isometric form
to line elements in quaternion geometry given by (B.1.4) or (B.1.5). These ex-
pressions, as far as this appendix is concerned are adequate for the following
developments.

B.2 Euler’s Equations for Geodesics

Let us consider a four-dimensional space with a line element given by (B.1.1). As in
Riemannian geometry, we define geodesic to be the line between two “sufficiently
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near” points for which the variation of l =
∫ s1

s0
ds is zero. Here we extend to this line

element of degree 4, a method (“calculus of variations”) ([49], pp. 128–134) which
allows us to obtain the differential equations for the geodesic lines in Riemannian
geometry. We have

Theorem B.2. In a space represented by a differential form of degree 4 (B.1.1), the
equations of geodesics are given by

4∑
i, h, k=1

ai h k m ẍi ẋh ẋk +
1
3

4∑
i, h, k, r=1

Γm, i h k rẋ
i ẋr ẋh ẋk = 0 , (B.2.1)

for m = 1, 2, 3, 4, and Γm, i h k r is a Christoffel-like five indexes symbol given by

Γm, i h k r =
1
4

(
∂ai h k m

∂xr
+

∂ar h k m

∂xi
+

∂ai r k m

∂xh
+

∂ai h r m

∂xk
− ∂ai h k r

∂xm

)
. (B.2.2)

Proof. Actually let us call xi(s) the parametric equations of a geodesic line between
the points represented by the values s0, s1 of line coordinates and indicate by δ
the variation. If l =

∫ s1

s0
ds is the length of an arbitrary line between the given

points, we must have δl ≡
∫ s1

s0
δ(ds) = 0. By applying the variation to line element

(B.1.1), we have

4 ds3 δ(ds) = δ(ai h k m) dxi dxh dxk dxm (B.2.3)
+ ai h k m dxi dxh dxk δ(dxm) + ai h k m dxi dxh δ(dxk) dxm

+ ai h k m dxi δ(dxh) dxk dxm + ai h k m δ(dxi) dxh dxk dxm .

Setting d xi ≡ (dxi/d s) d s = ẋi ds we can divide both sides by 4 ds3, collect
the last four terms (which, taking into account the symmetry of a metric tensor,
are the same), reverse δ ↔ d and express δ ai h k m ≡ ∂ai h k m

∂xr δ xr, then the line
integral becomes

δ l ≡
∫ s1

s0

[
1
4

∂(ai h k m)
∂xr

ẋi ẋh ẋk ẋm δxr d s + ai h k m ẋi ẋh ẋk δ(dxm)
]

. (B.2.4)

Integrating the second term by parts and taking into account that δ xm = 0 in s0

and s1 and d ẋi ≡ ẍi d s, we obtain∫ s1

s0

ai h k m ẋi ẋh ẋk d (δ xm) (B.2.5)

≡ ai h k m ẋi ẋh ẋk δ xm
∣∣s1

s0
−
∫ s1

s0

d (ai h k m ẋi ẋh ẋk)δ xm

≡ −
∫ s1

s0

[(ai h k m ẍi ẋh ẋk + ai h k m ẍh ẋi ẋk + ai h k m ẍk ẋh ẋi) d s

+d (ai h k m) ẋh ẋi ẋk] δ xm .
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Since d ai h k m = ∂ai h k m

∂xr d xr ≡ ∂ai h k m

∂xr ẋr d s and taking into account the sym-
metries of multiple sums, i.e., all terms in the following round brackets are equal,
we can write

∂ai h k m

∂xr
=

1
4

(
∂ai h k m

∂xr
+

∂ar h k m

∂xi
+

∂ai r k m

∂xh
+

∂ai h r m

∂xk

)
. (B.2.6)

By collecting the five terms with derivative of the metric tensor and by means of
the Christoffel-like five indexes symbol (B.2.2), we obtain

δl ≡ −
∫ s1

s0

[
(3 ai h k m ẍi + Γm, i h k rẋ

i ẋr)ẋh ẋk
]
δ xm d s = 0 . (B.2.7)

Since (B.2.7) must remain valid for arbitrary variations δ xm (as is stated by
the calculus of variations) each term of the sum in m has to be zero. Then, by
reinserting the sum symbol, the four differential equations for geodesics (B.2.1)
are obtained. �

This method can be extended to differential forms of every degree.
The system of differential equations (B.2.1) can not be solved with respect

to second derivatives by using the contravariant form of the metric tensor, as is
done in Riemannian geometry [49]. On the other hand, the system is linear with
respect to second derivatives and they can be obtained as functions of xn, ẋn by
solving a linear algebraic system. In particular the second derivatives are obtained
as functions of ẋn which appear explicitly in (B.2.1), and of xn through the “met-
ric tensor” and its derivative in Christoffel-like symbol. Then system (B.2.1) can
be put in normal form and if the coefficients satisfy the necessary regularity condi-
tions, the theorem of existence and uniqueness of solutions keeps valid. It implies
that, if we have a solution of (B.2.1) depending on the right number of integration
constants, no matter how it has been obtained, it is the only solution. In Section
B.4 we obtain the geodesic equations by means of an alternative method.

As a conclusion we observe that in system (B.2.1) the variable s does not
explicitly appear and this allows us to reduce it to a first-order differential system.
Actually let us put ẋi = yi, then we have

d2xi

d s2
≡ d

d s

(
d xi

d s

)
≡ d yi

d s
≡ d yi

d xi

d xi

d s
= yi d yi

d xi

and (B.2.1) becomes a first-order differential system with respect to (d yi)/(d xi).

B.3 Constant Curvature Quaternion Spaces

Definition

In Riemannian geometry the constant curvature spaces have the following charac-
teristic property [6] and [34]: the motions (roto-translations which correspond to
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mappings that leave unchanged the line element) are characterized by the same
number of parameters as in Euclidean (Riemann-flat) spaces.

We take this property as our definition. We call constant curvature quaternion
space the ones in which the allowed motions are the same as in a flat quaternion
space. From this definition it follows that the quaternion line element must remain
unchanged for mappings depending on seven parameters.

Then these mappings may depend on just some constants and, in particular,
this condition is satisfied if the mapping depends on two quaternion constants
linked by a condition. These conditions are exactly the same which hold for mo-
tions in constant curvature Euclidean or pseudo-Euclidean surfaces (Chapter 9).
Moreover we know that motions for constant curvature Euclidean and pseudo-
Euclidean surfaces are described by bilinear mappings of complex [6] and [25] or
hyperbolic [81] variables depending on three parameters obtained by means of two
complex or hyperbolic constants, respectively. For these reasons we start from the
mapping that represents a straightforward extension of the two-dimensional case
(Chapter 9), i.e., a bilinear quaternion mapping with just two constants and their
conjugations.

The bilinear quaternion mapping

Among functions of a quaternion variable [53], we recall the linear-fractional map-
pings and write them in decomposed form. In general these mappings depend on
three quaternion constants (12 real parameters). If we call al = e1 αl + e2 βl for
l = 1, 2, 3, 4 with |a1 a4 − a2 a3| �= 0 and take into account the decomposability
property, the linear-fractional mapping is given by

q′ =
a1 q + a2

a3 q + a4
≡ e1

α1 z1 + α2

α3 z1 + α4
+ e2

β1 z2 + β2

β3 z2 + β4
. (B.3.1)

B.3.1 Line Element for Positive Constant Curvature

We have

Theorem B.3. The line element of constant curvature Segre’s quaternion space is
given by the product of two line elements of constant curvature surfaces

ds4 = R4 (d ρ1)2 + (dφ1)2

cosh2 ρ1

(d ρ2)2 + (dφ2)2

cosh2 ρ2
. (B.3.2)

Proof. We return to (B.1.4) and look for an expression of F (q, ¯̄q, ¯̃q, ˜̄q) for which
ds4 does not change for a bilinear mapping which depends on two quaternion
constants (seven parameters) since, as for bilinear mappings in complex analysis,
the normalization reduces of one the eight real constants. The mapping is

w =
α q + β

− ¯̄β q + ¯̄α
. (B.3.3)
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By means of elementary calculations it can be verified that mapping (B.3.3) does
not change the line element2

ds4 =
dq d ¯̄q

(1 + q ¯̄q)2
d ¯̃q d ˜̄q

(1 + ¯̃q ˜̄q)2
. (B.3.4)

We can verify at once that the denominator of (B.3.4) is given by the sum of a
real quantity (the characteristic determinant plus 1) plus two number conjugates,
in the sub-algebra (1, j). Therefore it is real, as it must be.

The line element (B.3.4) can be rewritten by means of (A.2.25) and their ex-
tensions to differentials and by introducing, as an extension of the two-dimensional
case (Chapter 9), the value of “curvature” by means of a constant R; we obtain

ds4 = 16 R4 dq d ¯̄q
(1 + q ¯̄q)2

d¯̃q d ˜̄q
(1 + ¯̃q ˜̄q)2

≡ 16 R4 |dz1|2 |dz2|2
(1 + e1|z1|2 + e2|z2|2)2(1 + e1|z2|2 + e2|z1|2)2

≡ 16 R4 |dz1|2 |dz2|2
(1 + |z1|2)2(1 + |z2|2)2 . (B.3.5)

The last passage follows from the coincidence of denominators. In particular by
developing the calculations in the denominator of the third expression we obtain
a real quantity that can be rearranged, giving the expression of the fourth term.
By means of polar transformation (Section A.4.1) we have

e1 z1+e2 z2 = e1 exp[ζ1]+e2 exp[ζ2] ≡ e1 exp[ρ1+i φ1]+e2 exp[ρ2+i φ2] (B.3.6)

and

d zn = exp[ζn] d ζn; | exp[ζn]|2 ≡ exp[ζn] exp[ζ̃n] ≡ exp[2 ρn]; n = 1, 2.
(B.3.7)

These substitutions allow us to write

ds4 = 16 R4 | exp[ζ1]|2 |dζ1|2 | exp[ζ2]|2|dζ2|2
(1 + | exp[ζ1]|2)2(1 + | exp[ζ2]|2)2

≡ 16 R4 exp[2 ρ1] |dζ1|2 exp[2 ρ2]|dζ2|2
(1 + exp[2 ρ1])2(1 + exp[2 ρ2])2

.

The last term corresponds to (B.3.2) which is the product of line elements of
two-dimensional constant curvature surfaces (Chapter 9). �

2For developing the calculations it must be (α ¯̄α + β ¯̄β)2 ( ¯̃α ˜̄α +
¯̃
β ˜̄β)2 �= 0.
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B.4 Geodesic Equations in Quaternion Space

Let us consider a four-dimensional line element of degree 4 (B.3.2) in a more
general form, i.e., as a product of two two-dimensional line elements of degree 2,

d s4 ≡ [bih(x1, x2)d xi d xh][clm(x3, x4) d xl d xm]
≡ d s2

(1) d s2
(2) ≡ F1−2 F3−4 , (B.4.1)

where i, h = 1, 2; l, m = 3, 4 and we have set

d s2
(1) = bih(x1, x2)d xi d xh ≡ F1−2,

d s2
(2) = clm(x3, x4) d xl d xm ≡ F3−4 . (B.4.2)

We have

Theorem B.4. The geodesic equations in a quaternion space, characterized by line
element (B.4.1), can be obtained with two integrating steps, via two differential
forms of degree 2.

For the differential forms of degree 2, geodesics can be calculated by means
of classical differential geometry.

Proof. Let us apply to line element (B.4.1) the variational method, by which
geodesic equations are obtained,

δ(d s4) ≡ δ(F1−2 F3−4) = F1−2 δ(F3−4) + δ(F1−2) F3−4 . (B.4.3)

The total variation is zero if partial variations of (B.4.3) are zero, then geodesic
lines on the planes z1, z2 are three-dimensional geodesic varieties in quaternion
space. Actually the coordinates of points on the geodesic lines on each plane can
be expressed as functions of a parameter, in particular of the line parameters
which we call θ1, θ2, respectively. The intersection of these varieties gives geodesic
surfaces in quaternion space. After having found the geodesics on z1, z2 planes,
we can express bih d xi d xh as a function of θ1, d θ1 and clm d xl d xm as a function
of θ2, d θ2 and calculate the geodesics in two-dimensional space defined by the
variables θ1, θ2. �

By this method, lines in four-dimensional quaternion space are determined.
For asserting that these lines are all the geodesics we shall verify, as a first step,
that they depend on the right number of integration constants and as a second
step that they satisfy Euler’s equation (B.2.1). These tests give us confidence that
the two-steps integration gives the right equations.

Now we return to the integration problem. In Chapter 9 it is shown that the
most suitable method for obtaining the equations of the geodesics for constant
curvature surfaces is to use Beltrami’s integration method, recalled in Section
8.5.1, p. 130, that will be used in two steps for solving our problem with line
element (B.3.2).
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Let us write (B.3.2) in the form (B.4.1) with d s(1) and d s(2) given by

d s2
(1) = f2(x1) [(dx1)2 + (dx2)2] ; d s2

(2) = f2(x3) [(dx3)2 + (dx4)2], (B.4.4)

where f(x1), f(x3) are two arbitrary functions3 of the variables x1 and x3.
As first step we calculate geodesics equations in the planes with line elements

d s2
(1) and d s2

(2), starting with plane “1”. Equation (8.5.4) becomes

∆1θ1 ≡ 1
f2(x1)

[(
∂θ1

∂x1

)2

+
(

∂θ1

∂x2

)2
]

= 1 . (B.4.5)

Setting
θ1(x1, x2) = θ′1(x

1) + α1 x2 (B.4.6)

and substituting in (B.4.5), we obtain

∂θ′1
∂x1

=
√

f2(x1) − α2
1 , (B.4.7)

and
θ1(x1, x2, α1) =

∫ √
f2(x1) − α2

1 dx1 + α1 x2 (B.4.8)

and the geodesic equations

Θα1 ≡ ∂θ1

∂α1
≡ −

∫
α1√

f2(x1) − α2
1

dx1 + x2 = σ1. (B.4.9)

Equation (B.4.9) links together the variables x1 and x2.
By using (B.4.8) and (B.4.9), a relation that links up x1 and x2 with θ1 can

be calculated. Actually, let us consider the identity

θ1 − α1 Θα1 = θ1 − α1 σ1 (B.4.10)

and substitute in the left-hand side the values obtained from (B.4.8) and (B.4.9).
There results a link between x1 and θ1,

θ1 =
∫

f2(x1)√
f2(x1) − α2

1

dx1 + α1 σ1 . (B.4.11)

By using (B.4.9) and (B.4.11), also x2 can be written as a function of the parameter
θ1, as will be shown for line element (B.3.2). The obtained result allows one to
verify the coincidence between θ1 and the line coordinate along the geodesics, as
stated by Theorem 8.2.

3In the example here considered the function f is the same for both parts of (B.4.4), but the
results we obtain are also valid if f(x1) and f(x3) are different functions.
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Proof. By differentiating (B.4.9) and (B.4.11) and solving the system, we calculate
dx1 and dx2 as functions of f(x1), d θ1,

dx1 =

√
f2(x1) − α2

1

f2(x1)
d θ1 ; dx2 =

α1

f2(x1)
d θ1 , (B.4.12)

which allows one to verify the relation

ds2
(1) ≡ f2(x1) [(dx1)2 + (dx2)2] ≡ dθ2

1 (B.4.13)

that demonstrate the assertion. �
Analogous results are obtained for the plane “2”, by substituting x1, x2 ⇒

x3, x4 and α1 ⇒ α2.
Now we carry out the second step. Thanks to (B.4.13), equation (B.4.1)

becomes

d s4 = d θ2
1 d θ2

2 ⇒ d s2 = e d θ1 d θ2 with e = ±1. (B.4.14)

The geodesic equations on the surface θ1, θ2 are calculated by applying the method
of Section 8.5.1 to a quadratic line element of (B.4.14). Referring to (8.5.1) and
(8.5.2), in the present case g11 = g22 = 0 ; g12 = g21 = 1/2, then g11 = g22 =
0 ; g12 = g21 = 2. By setting e = 1, i.e., by considering the same sign for ds(1) and
ds(2), (8.5.4) becomes

∆1θ ≡ 2
∂θ

∂θ1

∂θ

∂θ2
+ 2

∂θ

∂θ2

∂θ

∂θ1
≡ 4

∂θ

∂θ1

∂θ

∂θ2
= 1 . (B.4.15)

Setting
θ = C1 θ1 + C2 θ2 (B.4.16)

from (B.4.15) we have

C1 C2 =
1
4

⇒ C1 =
exp[γ]

2
, C2 =

exp[−γ]
2

(B.4.17)

with the solution

θ =
exp[γ]

2
θ1 +

exp[−γ]
2

θ2 . (B.4.18)

From (B.4.18), we obtain the third equation for geodesics,

Θγ ≡ ∂θ

∂γ
≡ exp[γ]

2
θ1 −

exp[−γ]
2

θ2 = σ3. (B.4.19)

We have

Theorem B.5. Equations (B.4.18) and (B.4.19) allow us to express θ1 and θ2 as
functions of θ.
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Proof. From the identities

θ + Θγ = θ + σ3 ; θ − Θγ = θ − σ3 , (B.4.20)

in which the terms on the left-hand sides are evaluated by (B.4.18) and (B.4.19),
we obtain

θ1 = exp[−γ] θ + exp[−γ] σ3 ; θ2 = exp[γ] θ − exp[γ] σ3. (B.4.21)
�

These relations allow one to verify

ds4 ≡ dθ2
1 dθ2

2 = dθ4 (B.4.22)

which states the coincidence between θ and the line coordinate along the geodesics.
Finally by using (B.4.8) and the equivalent expressions for θ2, the four vari-

ables x1, x2, x3, x4, can be expressed as functions of the only parameter θ.
Equations (B.4.9), the equivalent expressions for θ2 and (B.4.19) represent three-
dimensional varieties which define lines in four-dimensional space. The six arbi-
trary constants of these lines are determined (in general unambiguously) solving
three independent systems, obtained by forcing the lines into passing through two
points. With respect to Euler’s equations (B.2.1), these lines are in an implicit
form; meanwhile we have

Theorem B.6. Thanks to the coincidence between θ and the line elements along
the geodesics, we can express the coordinates as functions of the line parameter
θ , and check that Euler’s equations are satisfied.

Proof. Actually the parametric expressions of (x1, x2, x3, x4) as functions of θ
are obtained, in finite or integral form. Anyway in order to verify (B.2.1), we do
not need the explicit expression of function f , because only the first and second
derivatives of (x1, x2, x3, x4) with respect to θ are necessary. Actually, from
(B.4.12) and (B.4.21), we obtain the first derivative

dx1

dθ
≡ dx1

dθ1

dθ1

dθ
= exp[−γ]

√
f2(x1) − α2

1

f2(x1)

and, in an analogous way,

dx2

dθ
= exp[−γ]

α1

f2(x1)
;

dx3

dθ
= exp[γ]

√
f2(x3) − α2

2

f2(x3)
;

dx4

dθ
= exp[γ]

α2

f2(x3)
.

The second derivatives are calculated by

d

dθ

(
dx1, 2

dθ

)
≡

[
d

dx1

(
dx1, 2

dθ

)]
dx1

dθ
;

d

dθ

(
dx3, 4

dθ

)
≡

[
d

dx3

(
dx3, 4

dθ

)]
dx3

dθ
.

A suitable software allows us to verify Euler’s equations (B.2.1). �
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B.4.1 Positive Constant Curvature Quaternion Space

For PCCQS, we obtain the function θ and the geodesics equations substituting
f(xi), with the functions given by (B.3.2). Setting (B.4.8), and the equivalent
expression for θ2, into (B.4.18), we get

θ =
exp[γ]

2

⎡⎣∫
√

R2 − α2
1 cosh2 ρ1

cosh ρ1
d ρ1 + α1φ

1

⎤⎦ (B.4.23)

+
exp[−γ]

2

⎡⎣∫
√

R2 − α2
2 cosh2 ρ2

cosh ρ2
d ρ2 + α2φ

2

⎤⎦
and the geodesics equations

Θα1 ≡ −
∫

α1 cosh ρ1√
R2 − α2

1 cosh2 ρ1

d ρ1 + φ1 = σ1 , (B.4.24)

Θα2 ≡ −
∫

α2 cosh ρ2√
R2 − α2

2 cosh2 ρ2

d ρ2 + φ2 = σ2 , (B.4.25)

Θγ ≡ exp[γ]
2

⎡⎣∫
√

R2 − α2
1 cosh2 ρ1

cosh ρ1
d ρ1 + α1φ

1

⎤⎦ (B.4.26)

−exp[−γ]
2

⎡⎣∫
√

R2 − α2
2 cosh2 ρ2

cosh ρ2
d ρ2 + α2φ

2

⎤⎦ = σ3 .

Performing the integrations and substituting in (B.4.26) the value of φ1 and φ2

obtained from (B.4.24) and (B.4.25), and redefining the integration constants

sin(ε1) = α1/R ; sin(ε2) = α2/R ;

σ′
3 = {2σ3 − R exp[γ]σ1 sin(ε1) + R exp[−γ]σ2 sin(ε2)}/(2R) ,

we obtain

sin(φ1 − σ1) = tan ε1 sinh ρ1 , (B.4.27)

sin(φ2 − σ2) = tan ε2 sinh ρ2 , (B.4.28)

exp[γ] sin−1

[
tanh ρ1

cos ε1

]
− exp[−γ] sin−1

[
tanh ρ2

cos ε2

]
= σ′

3 . (B.4.29)
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By means of (B.4.23), all the coordinates ρ1, φ1, ρ2, φ2 can be expressed as
functions of the line parameter θ. We obtain

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ1(θ) = tanh−1

[
cos ε1 sin

(
θ − θ′0

R exp[γ]

)]
;

φ1(θ) = σ1 + tan−1

[
sin ε1 tan

(
θ − θ′0

R exp[γ]

)]
;

ρ2(θ) = tanh−1

[
cos ε2 sin

(
θ − θ′′0

R exp[−γ]

)]
;

φ2(θ) = σ2 + tan−1

[
sin ε2 tan

(
θ − θ′′0

R exp[−γ]

)]
.

(B.4.30)

By (B.3.6) and (A.2.21) we can write geodesics equations (B.4.27)–(B.4.29) as
functions of the components of z1 and z2,

tan ε1 (τ2 + ξ2 − 1) + 2(sin σ1 τ − cos σ1 ξ) = 0 , (B.4.31)

tan ε2 (η2 + ζ2 − 1) + 2(sin σ2 η − cos σ2 ζ) = 0 , (B.4.32)

exp[γ] sin−1

[
τ2 + ξ2 − 1

(τ2 + ξ2 + 1) cos ε1

]
(B.4.33)

− exp[−γ] sin−1

[
η2 + ζ2 − 1

(η2 + ζ2 + 1) cos ε2

]
= σ′

3 .

The first two equations are the same obtained, in Chapter 9, for positive constant
curvature surfaces. In the planes z1, z2 they represent circles and, in the four-
dimensional space, “hyper-cylinders” .

Finally geodesics equations can be obtained as functions of original variables
(A.2.1). From (A.2.19), we obtain (if ε1, ε2 �= 0)

(t + y)2 + (x + z)2 + 2
sin σ1 (t + y) − cos σ1 (x + z)

tan ε1
− 1 = 0 , (B.4.34)

(t − y)2 + (x − z)2 + 2
sin σ2 (t − y) − cos σ2 (x − z)

tan ε2
− 1 = 0 , (B.4.35)

exp[γ] sin−1

[
(t + y)2 + (x + z)2 − 1

[(t + y)2 + (x + z)2 + 1] cos ε1

]
(B.4.36)

− exp[−γ] sin−1

[
(t − y)2 + (x − z)2 − 1

[(t − y)2 + (x − z)2 + 1] cos ε2

]
= σ′

3 .

By using (B.4.34) and (B.4.35) the quadratic terms of (B.4.36) can be substituted
by linear terms. This is also true for (B.4.33), by using (B.4.31) and (B.4.32).
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Conclusions

A complete development of differential geometry starting from a differential form
of degree 4 shall require many important investigations. The approach we have
used is an extension of the Gauss work in which he showed the link of complex
analysis and functions of a complex variable with surface differential geometry
[39]. As has been shown in Section 3.2.1, this application of complex variable
analysis is due to the fact that the geometry “generated” by complex numbers is
the Euclidean one.

In this appendix the same procedure has been applied to geometries gener-
ated by commutative quaternions, i.e., we have applied the quaternion analysis
and functions of a quaternion variable which represent the mathematics with the
symmetries of the problem we are dealing with. This approach also means that we
start from the roots of differential geometry, i.e., the works of Gauss (complex vari-
able on surfaces), Riemann (differential geometry in N -dimensional spaces) and
Beltrami (complex variable on surfaces and integration of geodesic equations). In
this way we have obtained some preliminary, self-consistent results on constant
curvature quaternion spaces.

The obtained results can be extended in a straightforward way to negative
constant curvature elliptic-quaternion spaces and to constant curvature hyperbo-
lic-quaternion spaces.

Moreover the exposed method can be a starting point for studying the con-
stant curvature spaces associated with other commutative number systems.



Appendix C

A Matrix Formalization for
Commutative Hypercomplex Numbers

In Chapter 2 we have introduced hypercomplex numbers following the historical
approach and have noted in Section 2.1.3 that, for commutative numbers, a repre-
sentation by means of matrices is more appropriate than a vector representation.
In this appendix we tackle the problem starting from this consideration and re-
quiring that the representative matrices satisfy the properties of hypercomplex
numbers, i.e., to be a commutative group with respect to multiplication. This
approach allows us to formalize the algebraic properties of hypercomplex numbers
and, by using the well-established theory of eigenvalues, to introduce the functions
of a hypercomplex variable and the differential calculus as an analytic continuation
from real and complex fields.

This appendix is organized in the following way: in Section C.1, the ma-
trix formalism is associated with hypercomplex numbers. In Section C.2, two-
dimensional hypercomplex numbers are discussed in view of the formalism in-
troduced in Section C.1. In Section C.3, the algebraic properties of systems of
hypercomplex numbers are outlined. In Sections C.4–C.6, the functions of a hy-
percomplex variable and the differential calculus are eventually introduced.

C.1 Mathematical Operations

Let us start with some definitions and properties relative to the mathematical
operations among hypercomplex numbers. Let us introduce an N -dimensional hy-
percomplex number as a column vector, whose entries are the components of the
number. If x is the hypercomplex number, then

x =
N−1∑
k=0

ek xk , (C.1.1)

where xk ∈ R are called the components of x and ek /∈ R are the unit vectors
along the N dimensions or bases. In matrix representation, we can write x in its
matrix form

x =

⎛⎜⎜⎜⎝
x0

x1

...
xN−1

⎞⎟⎟⎟⎠ (C.1.2)
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and the unit vectors, which we call natural unit vectors, as

e0 =

⎛⎜⎜⎜⎝
1
0
...
0

⎞⎟⎟⎟⎠ , e1 =

⎛⎜⎜⎜⎝
0
1
...
0

⎞⎟⎟⎟⎠ , . . . , eN−1 =

⎛⎜⎜⎜⎝
0
0
...
1

⎞⎟⎟⎟⎠ . (C.1.3)

Although ek has a different meaning with respect to ek introduced in Section
2.1, nevertheless we use the same convention for the positions up and down of
indexes xk and ek. These positions indicate, in agreement with Section 2.1.4, if
by a linear transformation they transform by means of matrix aβ

α or (aα
β )−1, as

the covariant and contravariant components of a vector, respectively. Equations
(C.1.2) and (C.1.3) define the matrix representation of x.

Hereafter, when unnecessary, we do not distinguish between hypercomplex
numbers and their matrix representations. Moreover, we label the set of N -dimen-
sional hypercomplex numbers with the symbol HN and use the term H-number
as a shorthand to hypercomplex number.

C.1.1 Equality, Sum, and Scalar Multiplication

1. Equality of two Hypercomplex Numbers. Two H-numbers are equal if all
their components are equal, one by one. One can verify that such a definition
is an equivalence relationship, since it satisfies the reflexive, symmetric, and
transitive properties.

2. Sum and Difference of Two Hypercomplex Numbers. As for column vectors,
the sum of two H-numbers is defined by summing their components. The
result is an H-number. By exploiting the above introduced matrix repre-
sentation, one can verify that the sum operation is both commutative and
associative. The column vector with all zero components, indicated with 0,
is the null element for the sum, which we name as zero. With respect to
the sum, the inverse element of x is −x, which is defined as having all its
components changed in sign with respect to the components of x. Therefore,
(HN , +) is an Abelian group. In analogy with the above definition of sum,
the definition of difference between H-numbers can be stated as the difference
between column vectors.

3. Multiplication of a Real Number by a Hypercomplex Number. In agreement
with the multiplication of a scalar by a matrix, the multiplication of a ∈ R
by x ∈ HN is an H-number, whose components are the components of x
multiplied by a, one by one. Because of commutativity in the multiplication
of two real numbers, the product of a by x can be indicated with either ax
or x a.
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C.1.2 Product and Related Operations

Before defining the multiplication between H-numbers, let us introduce the multi-
plication (which we indicate by �) among the natural unit vectors ek (k = 0, 1, . . . ,
N − 1) by

ei � ej =
N−1∑
k=0

Ck
i j ek. (C.1.4)

For commutative systems we must have ei � ej = ej � ei, then Ck
i j = Ck

j i.
Although the “unit vectors” ei have been introduced in a different formalism

with respect to versors ei introduced in Section 2.1, the constants Ck
j i are the same

as Ck
j i, there introduced (see Section C.8). Then we can write Ck

j i ⇒ Ck
j i.

Now let us define the multiplication of a versor ek by a hypercomplex number
y ∈ HN as

ek � y = Aky, (C.1.5)

where Ak is a proper N ×N real matrix and the operation in the right-hand side
of (C.1.5) is the well-known multiplication of a square matrix by a column vector.
Note that Aky is a column vector with real components, therefore it is an H-
number as well. The representation introduced in (C.1.5) of the product of a unit
vector by a hypercomplex number gives the same results as the multiplication by
means of the structure constants (see Chapter 2.1) if the following relation holds
for all elements of the matrices Ak,

(Ak)i
j = Ci

kj , (C.1.6)

where, as in Chapter 2, the upper index indicates the rows and the lower one the
columns. The multiplication between two H-numbers, x and y, can be conveniently
defined by applying (C.1.5) to (C.1.1). It ensues that

x � y =
N−1∑
k=0

xkek � y =
N−1∑
k=0

xk (Aky) . (C.1.7)

From (C.1.6) it follows: if

(Ak)i
j = (Aj)

i
k ,∀ (i, j, k) (C.1.8)

is true, then the multiplication between H-numbers, defined by (C.1.7), is com-
mutative. Hereafter, we consider only multiplication-commutative systems of H-
numbers, for which (C.1.8) is true. Equation (C.1.7) can be written also as

x � y = M(x)y , (C.1.9)

where the matrix M(x) — whose dependence on x has to be understood as an
explicit dependence on the components of x, so that we write M(x) instead of
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M(x0, x1, . . . , xN−1) for the sake of brevity — is defined as

M(x) =
N−1∑
k=0

xkAk. (C.1.10)

As is shown in Section C.8, the matrix M(x) matches the characteristic matrix
introduced in Section 2.1.3, p. 7. Since (C.1.8) is assumed to be true, instead of
(C.1.9), one can alternatively write

x � y = M(y)x. (C.1.11)

Now, let us state the conditions for the existence of the neutral element for
the multiplication of H-numbers. We name such an element as the unity of HN ,
and indicate it with the symbol 1. By definition, ∀ x ∈ HN ,

1 � x = x (C.1.12)

must hold. Therefore, if 1k are the components of 1, by applying (C.1.7) one finds

N−1∑
k=0

1kAkx = x . (C.1.13)

Since (C.1.13) must hold ∀ x, the following condition of existence of the HN unity
is found:

N−1∑
k=0

1kAk = I , (C.1.14)

where I is the identity N ×N matrix. Hereafter, we assume that this condition of
existence of the HN unity is satisfied — we shall see later, with some examples,
that the unity actually exists for the HN systems we consider.

Now, let us demonstrate that the unity 1 is unique.

Proof. Let us suppose that another unity, 1′, exists in HN . In such a case, both

1 � 1′ = 1′ and 1′ � 1 = 1

should hold. Because of multiplication commutativity, one concludes that 1′ = 1.
Thus, it is demonstrated that 1, if it exists, is unique. �

Inverse Element for Multiplication

Given x ∈ HN , the inverse element for multiplication is an H-number, x−1, which
satisfies

x � x−1 = 1 . (C.1.15)

Since
x � x−1 = M(x)x−1 ,
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the inverse element exists only if the determinant of M(x) (the characteristic
determinant defined in Section 2.1) is non-zero, and one gets

x−1 = M−1(x)1 , (C.1.16)

where M−1(x) is the inverse matrix of M(x). Since 1 is unique and the inverse
matrix is univocally defined, (C.1.16) also states that if the inverse element exists,
it is unique.

Equation (C.1.16) implies that, for all y ∈ HN , the following equation holds:

x−1 � y = M−1(x)y .

Therefore,
M(x−1) = M−1(x). (C.1.17)

Moreover, since (C.1.15) leads to (
x−1

)−1
= x ,

taking into account (C.1.17), one gets

M−1(x−1) = M(x) .

A further property is
(x � y)−1 = x−1 � y−1.

Taking into account commutativity, this relation is the same as that which holds
for square matrices in matrix algebra. Furthermore, by applying (C.1.15) one can
verify that the inverse element of 1 is 1 itself, i.e.,

1−1 = 1.

Properties of Multiplication

Theorem C.1. The multiplication between H-numbers satisfies the distributive
property with respect to the sum, i.e.,

(x + y) � z = x � z + y � z .

Proof. As a matter of fact, being equal to xk + yk the kth component of x + y,
one gets from (C.1.7),

(x+y)�z =
N−1∑
k=0

(
xk + yk

)
Akz =

N−1∑
k=0

xkAkz+
N−1∑
k=0

ykAkz = x�z+y�z . �

Now let us demonstrate a fundamental theorem.

Theorem C.2. Commutative H-numbers are also associative.
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Proof. As a matter of fact, given x,y, z ∈ HN , by taking into account commuta-
tivity and the above-demonstrated distributive property, it ensues that

(x�y)�z = z�(x�y) = z�
(

N−1∑
k=0

xkAky

)
=

N−1∑
k=0

xkz�Aky =
N−1∑
k,n=0

xkznAnAky ,

x�(y�z) = x�(z�y) = x�
(

N−1∑
n=0

znAny

)
=

N−1∑
n=0

znx�Any =
N−1∑
k,n=0

xkznAkAny .

Therefore, since the matrices Ak and An satisfy

AkAn = AnAk , ∀ (k, n = 0, 1, . . . , N − 1) (C.1.18)

as follows from ek � en = en � ek, the associative property

(x � y) � z = x � (y � z)

is demonstrated. �
Another property which can be easily verified is

x � 0 = 0.

C.1.3 Division Between Hypercomplex Numbers

Given two H-numbers, x and y, with det[M(y)] �= 0, let us define the division of
x by y as the product of x by the inverse element of y, i.e.,

x
y

≡ x � y−1 . (C.1.19)

It is easy to verify that
x
1

= x,
1
y

= y−1.

Moreover, as one can verify, many of the rules of fraction algebra of real numbers
can be extended to H-numbers. Among them, we report

1
x/y

=
y
x

;

x1

y1
� x2

y2
=

x1 � x2

y1 � y2
;

x1

y1
+

x2

y2
=

x1 � y2 + x2 � y1

y1 � y2
.

In the above identities, the non-singularity of the characteristic matrices of H-
numbers which appear in the denominators is assumed.
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Divisors of Zero

We mentioned before that the inverse element of y for multiplication is not defined
if det[M(y)] = 0 and that, in such a case, the ratio x/y cannot be defined. An
H-number y �= 0, whose characteristic matrix M(y) is singular, is called a divisor
of zero. The reason for such a name is explained in the following. Let us consider,
in the domain of H-numbers, the equation

x � y = 0 (C.1.20)

in the unknown x, where x,y �= 0 and y is a divisor of zero. The equation can be
rewritten in its equivalent matrix form

M(y)x = 0 . (C.1.21)

In matrix language (C.1.21) represents a homogeneous system of N equations
with N unknowns, x0, x1, . . . , xN−1. Since M(y) is singular, i.e., its determinant
is zero, it is a well-known result that the above system of equations admits infinite
non-zero solutions x. Stated in H-number terms, since y is a divisor of zero, a
numerable infinity of non-zero H-numbers x exists which satisfy (C.1.20). This
means that two (proper) non-zero H-numbers can have zero product, something
which never happens for real or complex numbers. In such a case, we say that the
two H-numbers, x and y, are orthogonal. This definition can be interpreted by
analogy with vector algebra where the scalar product of two non-zero vectors is
zero if they are orthogonal. The set of non-zero solutions x to (C.1.20), indicated
as ⊥y, is called the orthogonal set of y. Equation (C.1.20) can also be formally
written as

x =
0
y

�= 0 ,

from which the reason for the name divisor of zero is explained for y.
Formally, (C.1.20) could also be written as

y =
0
x

.

One can wonder if the above equation makes sense. If it does, a direct implication
is that x, which is a non-zero solution of (C.1.20), is a divisor of zero as well. This
is indeed true.

Proof. An equivalent matrix form of (C.1.20) is

M(x)y = 0 . (C.1.22)

Since y is a divisor of zero, and therefore y �= 0, (C.1.22) implies det[M(x)] = 0,
thus also x is a divisor of zero. This demonstrates that all elements of ⊥y are
divisors of zero. �
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As a special case, let us demonstrate that 1 is not a divisor of zero.

Proof. If 1 were a divisor of zero, then at least one x �= 0 would exist such that

x � 1 = 0 ,

something which contradicts the definition of 1. �
To conclude, one can verify that if x is a divisor of zero and y is any non-zero

H-number such that y /∈⊥x, then also x � y and x/y are divisors of zero (in the
latter case, y is assumed to be not a divisor of zero).

Power of a Hypercomplex Number

Given any integer n > 0, the nth power of an H-number x is defined by multiplying
x by itself n times. Being

x = x � 1 = M(x)1 ,

one gets
xn = Mn(x)1 (C.1.23)

where Mn(x) indicates the power of a matrix. Conventionally, we set

x0 = 1 .

Equation (C.1.23) can be viewed as the actual definition of power. It can be
formally extended to negative-exponent powers — only for non-zero H-numbers
which are not divisors of zero — with

x−n =
(
x−1

)n
= M−n(x)1 ,

where M−n(x) means
M−n(x) ≡

[
M−1(x)

]n
.

Under proper conditions for the determinants of the involved matrices, one can
verify that many of the known properties which hold for real numbers can be
extended to H-numbers. Among them, we report (m is another integer > 0)

0n = 0; 1n = 1;

(xm)n = xmn; xm � xn = xm+n; (x � y)n = yn � yn;

xm

xn
= xm−n;

(
x
y

)n

=
xn

yn
.

These properties can be demonstrated by taking into account that

M(x � y) = M(x)M(y), (C.1.24)

M
(

x
y

)
= M(x)M−1(y) . (C.1.25)
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Proof. As a matter of fact, given another arbitrary H-number, z, and by exploiting
the associativity of H-numbers, one gets

M(x � y) � z = (x � y) � z = x � (y � z) = x �M(y)z = M(x)M(y)z ,

from which (C.1.24) follows. Equation (C.1.25) can be similarly demonstrated. �

C.2 Two-dimensional Hypercomplex Numbers

As an example, let us consider two-dimensional H-numbers. When N = 2, the
generally defined H-number, z, is

z =
(

x
y

)
, (C.2.1)

and its characteristic matrix (see Section 2.1), is defined as

M
[(

x
y

)]
=

(
x αy
y x + βy

)
, (C.2.2)

where α and β are real numbers. We have

Theorem C.3. The two-dimensional H-numbers defined by (C.2.2) are

1. multiplication-commutative,

2. multiplication-associative,

3. the multiplicative unity exists.

Proof.

1. The matrices A0 and A1, associated with the natural unity vectors, e0 and e1,
can be obtained from (C.2.2) by setting in it (x, y) = (1, 0) and (x, y) = (0, 1),
respectively. They are

A0 =
(

1 0
0 1

)
and A1 =

(
0 α
1 β

)
. (C.2.3)

It can be easily verified that A0 and A1 satisfy (C.1.8), thus the commuta-
tivity of multiplication is demonstrated.

2. Since A0 ≡ I, where I is the 2× 2 identity matrix, (C.1.18) is satisfied, thus
the multiplication is also associative.

3. It can be verified that

1 = e0 ≡
(

1
0

)
(C.2.4)

satisfies both (C.1.12), as M(1) ≡ I, and the existence condition, (C.1.14).
�
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Theorem C.4. The parameters α and β subdivide the above-introduced two-dimen-
sional H-numbers into three classes.

Proof. The characteristic determinant of z is:

det[M(z)] = x2 + βxy − αy2 . (C.2.5)

Setting it equal to zero, gives a second-order algebraic equation in the unknown
x, whose solutions are

x =
−β ±

√
∆

2
y , (C.2.6)

where ∆ = β2 + 4α. The three main classes of two-dimensional H-numbers are
distinguished according to the value of ∆ (see Section 2.1).

• The first class is that of the elliptic H-numbers, for which ∆ < 0; in this case,
(C.2.6) gives no real solution, and therefore there are no divisors of zero.

• The second class is that of hyperbolic H-numbers, for which ∆ > 0; in this
case, the two solutions given by (C.2.6) represent two sets — two intersecting
straight lines in the (x, y)-plane — of divisors of zero.

• The third class is that of parabolic H-numbers, for which ∆ = 0; in this case,
the only set of divisors of zero is described by the equation x = −βy/2, which
is a straight line (the y Cartesian axis for β = 0).

The names of these three classes come from the conic section described by (C.2.5),
as we have already seen in Section 2.2. �

When β = 0 and α = ±1, 0, the above three classes are further named
as canonical (see Section 2.1). Standard complex numbers Z, often indicated as
z ≡ x + iy ∈ Z, i =

√
−1 being the imaginary unit, are the canonical elliptic

H-numbers (α = −1 and β = 0). In this case, the usual imaginary unit, i, is found
to be in our formalism

i = e1 ≡
(

0
1

)
. (C.2.7)

This means that in our matrix representation of z, see (C.2.1), when applied to
standard complex numbers, x and y coincide with the usual real and imaginary
parts of the number, respectively.

C.3 Properties of the Characteristic Matrix M
The characteristic matrix M(x) plays a fundamental role in the definition of H-
numbers and their operations. Let us explore the main properties of this matrix,
before going on with the study of H-numbers. Some of these properties allow us
to introduce the functions of an H-number.
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C.3.1 Algebraic Properties

Let us list the main algebraic properties of characteristic matrices. Some of them
had been already introduced in the previous section. The rather elementary demon-
strations are left to the reader.

M(0) = O; M(1) = I; (C.3.1)

M(ax + by) = aM(x) + bM(y); (C.3.2)

M(x � y) = M(x)M(y);

M ((x)n) = [M(x)]n. (C.3.3)

In (C.3.1), O and I are the all-zero N ×N matrix and the identity N ×N matrix,
respectively; in (C.3.2), a, b ∈ R, x,y ∈ HN . In (C.3.3), n is an integer and when
n < 0, x is assumed to be neither 0 nor a divisor of zero.

C.3.2 Spectral Properties

Let us consider the eigenvalue problem for the matrix M(x),that is

M(x)uk(x) = λk(x)uk(x) . (C.3.4)

Here, uk(x) ∈ HN . As for M(x), also for the scalar — real or complex — eigen-
values λk(x) and eigenvectors uk(x) the dependence on x means a dependence on
the components of x.

Now let us enumerate some properties of eigenvectors and eigenvalues.

1. The eigenvectors uk(x) are divisors of zero.

Proof. As a matter of fact, one can write (C.3.4) also as

[x − λk(x)1] � uk(x) = 0.

Because
det [M(x) − λk(x)I] = det {M [x − λk(x)1]} = 0

must hold, x − λk(x)1 is a divisor of zero;1 moreover, uk(x) ∈⊥x−λk(x)1.
Since all the elements of ⊥x−λk(x)1 are divisors of zero themselves, it is
demonstrated that uk(x) is a divisor of zero. �

2. If (C.3.4) admits N distinct eigenvalues, then the corresponding eigenvectors
are mutually orthogonal, i.e.,2

uk(x) � un(x) = 0 ; for k �= n. (C.3.5)

1x− λk(x)1 is assumed to be different from 0.
2Hereafter, if not otherwise stated, we assume that (C.3.4) admits N distinct eigenvalues.
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Proof. As a matter of fact, as (C.3.4) is true for uk(x) and

M(x)un(x) = λn(x)un(x) (C.3.6)

is true for un(x), after right-multiplying (C.3.6) on both sides by uk(x), one
gets

λn(x)un(x) � uk(x) ≡ M(x)un(x) � uk(x) ≡ x � un(x) � uk(x)

= x � uk(x) � un(x) ≡ M(x)uk(x) � un(x) ≡ λk(x)uk(x) � un(x) .

From the above relationship, since the multiplication is commutative, it en-
sues that

[λn(x) − λk(x)]un(x) � uk(x) = 0 .

Since the two eigenvalues are distinct by hypothesis, (C.3.5) is thus demon-
strated. �

3. Given an H-number x, such that x �= 0, and its set of eigenvectors uk(x), if
x /∈⊥uk(x), then the following property holds,

u2
k(x) = γk(x)uk(x) , (C.3.7)

where γk(x) is a suitable scalar which depends on the components of x.

Proof. x can be written as a linear combination of the eigenvectors of M(x)3

x =
N−1∑
n=0

cn(x)un(x) , (C.3.8)

where the cn(x) are scalar coefficients which depend on the components of
x. By substituting (C.3.8) into (C.3.4), taking into account (C.3.5) and that
M(x)uk(x) = x � uk(x), we get

ck(x)u2
k(x) = λk(x)uk(x) . (C.3.9)

Since we have assumed x /∈⊥uk(x), it must be ck(x) �= 0: actually, if ck(x)
were zero, one would get x�uk(x) = 0 from (C.3.8), and therefore x ∈⊥xk(x)

would be true, in contrast with our hypothesis. Therefore, we can divide both
sides of (C.3.9) by ck(x) to obtain (C.3.7) with

γk(x) =
λk(x)
ck(x)

. �

3As known from linear algebra, if (C.3.4) admits N distinct eigenvalues, then the correspond-
ing N eigenvectors are linearly independent. In such a case, any column vector (i.e., H-number)
can be written as a linear combination of the eigenvectors.
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Equation (C.3.7) can be alternatively written as M [uk(x)]uk(x) =
γk(x)uk(x) , which means that uk(x) is an eigenvector of the matrix associ-
ated with itself.

4. The eigenvectors of the characteristic matrix M(x) do not depend on the
components of x.

Proof. As a matter of fact, since the eigenvectors uk(x) form a linearly inde-
pendent system, given any y ∈ HN one can write it as a linear combination
of the eigenvectors

y =
N−1∑
n=0

cn(x,y)un(x) , (C.3.10)

where the real coefficients cn(x,y) generally depend on the components of x
and y. Therefore, thanks to (C.3.10), (C.3.2), (C.3.5), and (C.3.7), one can
write

M(y)uk(x) =
N−1∑
n=0

cn(x,y)M [un(x)]uk(x) =
N−1∑
n=0

cn(x,y)un(x) � uk(x)

= ck(x,y)u2
k(x) = ck(x,y)γk(x)uk(x) . (C.3.11)

Equation (C.3.11) shows that uk(x) is an eigenvector of M(y) as well, what-
ever y is. �

This result implies that (C.3.7) is true in the following x-independent
form u2

k = γkuk. Further, it demonstrates that the eigenvectors form a set
which only depends on the system of H-numbers under consideration. For
this reason, hereafter we will drop the dependence on x from the eigenvectors.

One can build normalized eigenvectors vk which form a set of orthonor-
mal H-numbers. Let us set

vk =
1
γk

uk . (C.3.12)

It follows from (C.3.5):
vk � vn = 0 (C.3.13)

for k �= n. Moreover, from (C.3.7) one gets

v2
k = vk . (C.3.14)

By virtue of (C.3.13) and (C.3.14), we shall say that the eigenvalue vk form a
set of orthonormal H-numbers. One can verify that the original and normal-
ized eigenvectors, uk and vk, share the same eigenvalues λk(x) for a chosen
H-number x.



226 Appendix C. Matrix Formalization for Commutative Numbers

5. The orthonormal eigenvectors vk are a complete set [40], therefore any H-
number x can be expressed as a linear superposition of them.

Proof. As a matter of fact, knowing that

M(x)vk ≡ x � vk = λk(x)vk , (C.3.15)

one can verify — by recalling completeness of the eigenvectors of a matrix
— that

x =
N−1∑
k=0

λk(x)vk . (C.3.16)

�

Equation (C.3.16), together with (C.3.13) and (C.3.14), plays a funda-
mental role for the H-numbers: it states that the eigenvectors vk can be used
as a new set of unit vectors (i.e., a basis) instead of the natural unit vectors
ek, and that the components of any H-number for them are the eigenvalues
of the associated matrix. Also, if the components λk(x) of x happen to be
complex in this new {vk} basis, this fact does not constitute a problem for
the developments that follow. Equation (C.3.16) will come in handy when
functions of H-numbers will be dealt with.

6. As a consequence of (C.3.16), it follows that the unity 1 can be written as

1 =
N−1∑
k=0

vk . (C.3.17)

Proof. As a matter of fact, since M(1) = I, the eigenvalues of the associated
matrix are all equal to 1, so that (C.3.17) follows. �

In the theory of hypercomplex numbers (Section 2.2.2), the basis satis-
fying relations (C.3.13), (C.3.14) and (C.3.17) is called an idempotent basis.

7. The eigenvalues of the associated matrix satisfy the following properties:

λk(0) = 0 ; λk(1) = 1 ; (C.3.18)

λk(ax + by) = aλk(x) + bλk(y) ; (C.3.19)

λk(x � y) = λk(x)λk(y) ; (C.3.20)

λk (xn) = [λk(x)]n . (C.3.21)

In the above equations, a, b ∈ R ; x , y /∈ H, and n is an integer. When n < 0
in (C.3.21), x is assumed to be neither zero nor a divisor of zero. The proof
is straightforward.
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C.3.3 More About Divisors of Zero

If x ∈ HN is a divisor of zero, then

x /∈⊥x . (C.3.22)

Proof. As a matter of fact, if x ∈⊥x were true, one would get x2 = 0. On the
other hand, (C.3.21) allows writing

x2 =
N−1∑
k=0

[λk(x)]2vk . (C.3.23)

Since x �= 0 for its being a divisor of zero, at least one eigenvalue λk(x) must be
non-zero, so that also x2 ≡ x� x �= 0. This demonstrates (C.3.22) to be true. �

It follows that the only solution to equation x2 = 0, is x = 0.

C.3.4 Modulus of a Hypercomplex Number

Let us consider x ∈ HN for which det[M(x)] ≥ 0. The modulus of x, indicated as
|x|, is defined as

|x| = {det[M(x)]}1/N
. (C.3.24)

Demonstrating that the modulus of a divisor of zero is zero is straightforward.

C.3.5 Conjugations of a Hypercomplex Number

Let us consider x ∈ HN . We define N − 1 conjugations of x, indicated with
1x, 2x, . . . , N−1x, as

sx =
N−1∑
k=0

λ[k+s](x)vk (s = 1, 2, . . . , N − 1) , (C.3.25)

where [k + s] is the congruent4 of k + s module N .
Equation (C.3.25) states that the sth conjugation of x is obtained by scaling

in a cyclic way the subscript of the eigenvalues by s places with respect to those
of the eigenvectors vk.

The hypercomplex conjugations satisfy the following properties:

1. Their product is equal to the characteristic determinant

x � 1x � 2x · · · N−1x = det[M(x)]1 . (C.3.26)

Proof. It follows from the property that the product of the eigenvalues of a
matrix is equal, but for the sign, to the matrix determinant. �

4We recall that, given a positive integer q, the congruent [q] of q module N is equal to q−mN ,
where m is a suitable integer number such that 0 ≤ q − mN ≤ N − 1.



228 Appendix C. Matrix Formalization for Commutative Numbers

2. It can be demonstrated that

s0 = 0 ; s1 = 1 ; (C.3.27)

r(sx) = [r+s]x ; (C.3.28)
s(x � y) = sx � sy ; (C.3.29)

s(ax + by) = asx + bsy ; (C.3.30)
s(xn) = (sx)n

. (C.3.31)

In the above equations, a, b ∈ R ; x,y ∈ HN , and n is an integer. In (C.3.31),
det[M(x)] �= 0 is assumed when n < 0.

3. Since sx is an H-number, it can be written with an expression similar to
(C.3.16), that is

sx =
N−1∑
k=0

λk(sx)vk . (C.3.32)

By comparing (C.3.25) and (C.3.32), one finds that

λk(sx) = λ[k+s](x) . (C.3.33)

C.4 Functions of a Hypercomplex Variable

C.4.1 Analytic Continuation

Let us consider a real function of a real variable, f : R → R. Let us assume that
f can be written, in its domain, as an absolutely convergent power series. That is

f(x) =
∞∑

n=0

anxn , (C.4.1)

where an ∈ R are suitable coefficients. Similarly to the case of complex numbers,
the analytic continuation f of f is defined as

f(x) =
∞∑

n=0

anxn . (C.4.2)

Clearly, f : HN → HN . Since we are dealing with algebraic operations (sums and
products), as final result f(x) is given by real functions of the components xn,
multiplied by the unit vectors, as for functions of a complex variable.

We are going to see that it is possible to establish a link between the functions
defined by means of (C.4.2) and matrix functions. For what we reported in Section
C.1.3, (C.4.2) can also be written as

f(x) =
∞∑

n=0

an[M(x)]n1 =

[ ∞∑
n=0

an[M(x)]n
]
1 . (C.4.3)
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Note that the series within square brackets is the power series of a matrix function
[40] that will be indicated with F [M(x)]. Therefore, if this series converges, also
the series in (C.4.2) converges. Moreover The following fundamental relationship
can be stated between the analytic continuation f of f and the matrix function F
associated with f ,

f(x) = F [M(x)]1, (C.4.4)

which can also be written

F [M (x)] = M [f (x)] . (C.4.5)

As previously anticipated, (C.4.4) enables one to study the properties of hyper-
complex functions by exploiting the results known for matrix functions. A first
important result is given by the following

Theorem C.5. If M(x) admits N normalized eigenvectors vk which form a basis
[40], then

F [M(x)]vk = f [λk(x)]vk . (C.4.6)

Proof. It follows from the theory of matrix functions since, by virtue of (C.3.17),
we can write the unity 1 as a sum of the vk and (C.4.4) becomes

f(x) = F [M(x)]
N−1∑
k=0

vk =
N−1∑
k=0

F [M(x)]vk =
N−1∑
k=0

f [λk(x)]vk . (C.4.7)

�
Equation (C.4.7) establishes an important link between f and its analytic

continuation f . Generally, it holds even when the eigenvalues of M(x) are complex
numbers. In such a case, one has to consider, in the right-hand side of (C.4.7),
the complex analytic continuation of f . The resulting hypercomplex function has,
nonetheless, pure real components in the {ek} basis, since (C.4.3) contains just
real coefficients and matrices with real entries.

C.4.2 Properties of Hypercomplex Functions

We list below, leaving the straightforward demonstrations to the reader, some
properties of the functions of a hypercomplex variable:

if f(ax + by) = af(x) + bf(y) , then f(ax+ by) = af(x) + bf(y) ; (C.4.8)

if f(xy) = f(x) + f(y) , then f(x � y) = f(x) + f(y) ; (C.4.9)

if f(x + y) = f(x)f(y) , then f(x + y) = f(x) � f(y) . (C.4.10)

In the above equations, a, b ∈ R and x,y ∈ HN . By using (C.4.7), other inter-
esting properties can be investigated. By means of it, for instance, the analytic
continuations of the exponential and logarithmic functions can be defined. Consis-
tent with the adopted notation, we indicate these analytic continuations in bold
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characters, that is exp and ln. Regarding these two functions, from (C.4.9) and
(C.4.10) it follows that they possess the same properties of the corresponding real
and complex functions

ln(x � y) = ln(x) + ln(y);

exp(x + y) = exp(x) � exp(y).

C.5 Functions of a Two-dimensional Hypercomplex

Variable

As one can verify, for two-dimensional H-numbers the eigenvalues of the associated
matrix are

λ±(x, y) = x +
1
2

(
β ±

√
∆
)

y . (C.5.1)

To them, the following orthonormal eigenvectors correspond,

v± =
1√
∆

( √
∆∓β
2
±1

)
, (C.5.2)

where we have assumed, for the moment, ∆ �= 0 (elliptic and hyperbolic numbers).
The case of parabolic numbers, for which ∆ = 0, will be tackled by applying ∆ → 0
to the results obtained with ∆ �= 0. By applying (C.4.7), one gets

f
[(

x
y

)]
=

(
f	(x, y)
f
(x, y)

)
, (C.5.3)

with

f	(x, y) =
1
2

[
f

(
x +

β

2
y +

√
∆
2

y

)
+ f

(
x +

β

2
y −

√
∆
2

y

)]
(C.5.4)

− β

2
√

∆

[
f

(
x +

β

2
y +

√
∆
2

y

)
− f

(
x +

β

2
y −

√
∆
2

y

)]
,

f
(x, y) =
1√
∆

[
f

(
x +

β

2
y +

√
∆
2

y

)
− f

(
x +

β

2
y −

√
∆
2

y

)]
. (C.5.5)

In the limit ∆ → 0, the above equations give the following expression for parabolic
numbers,

f
[(

x
y

)]
∆→0

=

⎛⎝ f
(
x + β

2 y
)
− β

2 yf ′
(
x + β

2 y
)

yf ′
(
x + β

2 y
) ⎞⎠ . (C.5.6)

In Section C.5.2 we show that the definition of functions of a parabolic variable
allows us to demonstrate, by means of plain algebra, the fundamental theorems
concerning the derivative of functions of a real variable. Now we show a first
application of the functions of two-dimensional hypercomplex numbers.
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C.5.1 Function of 2×2 Matrices by Two-dimensional
Hypercomplex Numbers

If f (x) is a real function of a real variable and F is the corresponding function
of a matrix, an analytic expression of F (A) can be obtained by means of the
developed theory of two-dimensional hypercomplex number. Let us consider the
2 × 2 matrix

A =
(

A B
C D

)
, (C.5.7)

and the characteristic matrix of the two-dimensional hypercomplex number z as
given by (C.2.1), (

x α y
y x + βy

)
, (C.5.8)

where α and β are real numbers and x, y are the “real” and “imaginary” parts of
z. Let us observe that the number of unknown elements in matrix (C.5.7) is the
same as in (C.5.8). Therefore we can associate z with matrix (C.5.7) by setting

{
α = B/C ; x = A ;

β = (D − A)/C ; y = C .
(C.5.9)

It follows that

∆ ≡ β2 + 4α = [(D − A)2 + 4BC]/C2. (C.5.10)

By using (C.4.5), one gets

(
f	 (z) αf
 (z)
f
 (z) f	 (z) + βf
 (z)

)
= F

[(
x αy
y x + βy

)]
, (C.5.11)

where f	 (z) and f
 (z), are the “real” and “imaginary” parts of f(z), given by
(C.5.4) and (C.5.5), respectively, if ∆ ≡ β2 + 4α �= 0, or by (C.5.6) if ∆ = 0. Let
us start by considering C ≡ y �= 0 in (C.5.9) and (C.5.10).

Discriminant ∆ �= 0

By means of (C.5.9) and (C.5.10), taking into account that z =
(

A
C

)
, (C.5.4)

and (C.5.5) become
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f	

[(
A
C

)]
=

1
2

⎡⎣f

⎛⎝A + D

2
+ sgn (C)

√
(D − A)2 + 4BC

2

⎞⎠
+f

⎛⎝A + D

2
− sgn (C)

√
(D − A)2 + 4BC

2

⎞⎠⎤⎦
− sgn (C) (D − A)

2
√

(D − A)2 + 4BC

⎡⎣f

⎛⎝A + D

2
+ sgn (C)

√
(D − A)2 + 4BC

2

⎞⎠
−f

⎛⎝A + D

2
− sgn (C)

√
(D − A)2 + 4BC

2

⎞⎠⎤⎦ , (C.5.12)

f


[(
A
C

)]
=

|C|√
(D − A)2 + 4BC

⎡⎣f

⎛⎝A + D

2
+ sgn (C)

√
(D − A)2 + 4BC

2

⎞⎠
−f

⎛⎝A + D

2
− sgn (C)

√
(D − A)2 + 4BC

2

⎞⎠⎤⎦ . (C.5.13)

Inserting (C.5.12) and (C.5.13) into (C.5.11), we obtain F (A).

Discriminant ∆ = 0
If the elements of matrix A are such that (D − A)2 + 4BC = 0, we can calculate
F (A) by applying (C.5.6). We get

f	

[(
A
C

)]
= f

(
A + D

2

)
− D − A

2
f ′
(

A + D

2

)
, (C.5.14)

f


[(
A
C

)]
= Cf ′

(
A + D

2

)
. (C.5.15)

Again, by inserting (C.5.14) and (C.5.15) into (C.5.11), we obtain F (A). Equa-
tions (C.5.9) and (C.5.10) seem not to hold for C = 0 since C appears alone in
some denominators. Anyway, in (C.5.12) and (C.5.15) C does not appear as a
single term in the denominators. This means that (C.5.12) and (C.5.15) hold also
for the limiting case y ≡ C → 0, on the condition that in the function sgn (C) one
uses the left or right limit for C → 0, i.e., sgn (0) = 1 (or −1), instead of the usual
convention sgn (0) = 0.

Some Considerations
It is known that the functions of a matrix are usually obtained by calculating
the eigenvalues of the matrix, transforming the vectors represented by the matrix
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lines, then calculating the functions and coming back by means of an inverse
transformation. The association here proposed gives, of course, the same result
but with one step only.

C.5.2 Functions of a Parabolic Variable and the Derivatives of
Functions of a Real Variable

Functions of a parabolic variable feature the property that their “imaginary” part
is proportional to the derivative of their “real” part. We have

Theorem C.6. The functions of a parabolic variable allow demonstrating the rules
of the differential calculus for the real functions of a real variable in an algebraic
way.

Proof. From the expressions of (C.5.6), one can obtain the functions of the canon-
ical parabolic variable (β = 0 , α = 0) which, as usual for the functions of a
complex variable, can be written as

f(z) = U(x , y) + p V (x , y), (C.5.16)

where p is the “imaginary” versor (p represents the first letter of parabolic). From
(C.5.6), we get

f(z) = f(x) + p y f ′(x), (C.5.17)

where, as usual, we have indicated with f ′(x) the derivative of the real function
of a real variable f(x). Thanks to (C.5.17), we can write

f ′(x) =
� [f(z)]
�(z)

,

�(·) representing the “imaginary” part of the parabolic quantity within parenthe-
ses.

The above expression allows one to demonstrate, by elementary algebra, the
fundamental differentiation rules for the functions of a real variable.

Let us indicate with f(x), g(x) and h(x) three functions of a real variable and
f(z), g(z) and h(z) their analytic parabolic continuations, as defined by (C.5.17).
We get

1. The Derivative of the Sum Functions

Proof. Since

f(z) + g(z) = [f(x) + g(x)] + p y [f ′(x) + g′(x)] ,

it follows at once that

d
dx

[f(x) + g(x)] = f ′(x) + g′(x). (C.5.18)

�
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2. The Derivative of the Product of Two Functions

Proof. Taking into account the property p2 = 0, we have

f(z) · g(z) = [f(x) + p y f ′(x)][g(x) + p y g′(x)]

= f(x)g(x) + p y [f ′(x)g(x) + f(x)g′(x)] .

This demonstrates that

d
dx

[f(x)g(x)] = f ′(x)g(x) + f(x)g′(x). (C.5.19)

�

3. The Derivative of the Quotient Function

Proof. Let us consider the quotient of the analytic continuations of the func-
tions f(x) and g(x),

f(z)
g(z)

=
f(x) + p y f ′(x)
g(x) + p y g′(x)

.

If we multiply the numerator and the denominator of the right-hand side by
the conjugate parabolic function of g(z), (g(z) = g(x) − p yg′(x)), we obtain

f(z)
g(z)

=
[f(x) + p yf ′(x)] [g(x) − p yg′(x)]
[g(x) + p yg′(x)][g(x) − p yg′(x)]

≡ f(x)
g(x)

+ p y
f ′(x)g(x) − f(x)g′(x)

g2(x)
.

The following relation is thus demonstrated,

d
dx

[
f(x)
g(x)

]
=

f ′(x)g(x) − f(x)g′(x)
g2(x)

. (C.5.20)

�

4. The Derivative of the Inverse Function

Proof. Let us indicate

f(z) = f(x) + p yf ′(x) ≡ X + p Y,

and let f−1(x) and its analytic continuations exist. Because of the analyticity
of the inverse function, we know that

f−1(z) = f−1(x) + p y(f−1)′(x)
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and the definition of the inverse function gives the identity

f−1 [f(z)] ≡ z.

Then, it follows that

f−1 [f(z)] = f−1(X + p Y ) = f−1(X) + p Y (f−1)′(X)
= x + p yf ′(x) (f−1)′[f(x)] ≡ x + p y.

From the previous expressions, it ensues that

f ′(x) (f−1)′[f(x)] = 1.

Since x ≡ f−1(X), the relation

d
dX

[
f−1(X)

]
=

1
f ′(x)

∣∣∣∣
x≡f−1(X)

(C.5.21)

is demonstrated. �

5. The Derivative of the Function of a Function

Proof. Let us consider the composite function

h(z) = f [g(z)]

and set
g(z) = g(x) + p y g′(x) ≡ X + p Y.

Because of the analyticity of f , we have

h(z) = f(X + p Y ) = f(X) + p Y f ′(X).

Since X ≡ g(x) and Y ≡ y g′(x), we obtain

h(z) = f [g(x)] + p y g′(x)f ′[g(x)].

The following result is thus demonstrated

d
dx

f [g(x)] = f ′[g(x)] g′(x). (C.5.22)

�

Some Considerations. By means of simple algebraic calculations, we have ob-
tained the fundamental rules of differential calculus in the real domain. This has
been possible thanks to the property of the versor p of parabolic numbers which
acts as a first-order infinitesimal quantity, with the following difference: the square
of p is exactly zero, whereas the square of an infinitesimal quantity is considered
smaller than the quantity itself.
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C.6 Derivatives of a Hypercomplex Function

Before introducing the derivative, it is useful to introduce the limit of a function
of a hypercomplex variable. Given x ∈ HN and f : HN → HN , we define the limit
of f(x) for x → y to be equal to � ≡ (�0, �1, . . . , �N−1) if

lim
x0→y0

lim
x1→y1

. . . lim
xN−1→yN−1

fk(x) = �k for k = 0, 1, . . . , N − 1, (C.6.1)

under the assumption that all the limits of the components do exist.

C.6.1 Derivative with Respect to a Hypercomplex Variable

Assuming that f(x) is a differentiable function, let us define the derivative of
f(x) with respect to the hypercomplex variable x. The incremental ratio of this
function is defined as

∆f
∆x

(x, t) =
f(x + t) − f(x)

t
, (C.6.2)

with t ∈ HN . Obviously, the division in the previous definition is defined only if
det[M(t)] �= 0. Under such an assumption, we define the derivative of f(x) with
respect to x as the limit of the incremental ratio for t → 0, that is

df
dx

(x) = lim
t→0

∆f
∆x

(x, t) . (C.6.3)

We say that a derivative of x exists if the limit (C.6.3) exists and is independent
of the direction with respect to which the incremental ratio is taken, see (C.6.1).
Alternatively, we could introduce the derivative by applying (C.4.7) to the real
function f ′(x) (the derivative of f(x)), that is

df
dx

(x) =
N−1∑
k=0

f ′[λk(x)]vk . (C.6.4)

We have

Theorem C.7. The definitions, (C.6.3) and (C.6.4), are equivalent if t is not a
divisor of zero.

Proof. As a matter of fact, (C.6.3), together with (C.4.7), gives

df
dx

(x) = lim
t→0

N−1∑
k=0

{f [λk(x + t)] − f [λk(x)]}M−1(t)vk

= lim
t→0

N−1∑
k=0

f [λk(x) + λk(t)] − f [λk(x)]
λk(t)

vk =
N−1∑
k=0

f ′[λk(x)]vk ,

since limt→0 λk(t) = 0. �
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Equation (C.6.4) does not need the introduction of an increment t for the
definition of the derivative of f(x), and therefore it is preferable with respect to
(C.6.3). As far as the higher-order derivatives are concerned, one can demonstrate
that a proper definition is

dnf
dxn

(x) =
N−1∑
k=0

f (n)[λk(x)]vk ,

where n is any positive integer.
With (C.6.4), one can demonstrate that properties of the derivative of real

functions (see p. 233) can be straightforwardly extended to the derivative of func-
tions of a hypercomplex variable.

This result can be formulated as

Theorem C.8. For commutative and associative systems, (Theorem C.2) differen-
tial calculus exists.

Then it represents the sufficient condition for Scheffers Theorem 2.1

C.6.2 Partial Derivatives

Equation (C.4.7) allows us to introduce the partial derivative of f(x) with respect
to one component of x, say xl. The resulting definition is

∂f
∂xl

(x) =
∂

∂xl

N−1∑
k=0

f [λk(x)]vk =
N−1∑
k=0

f ′[λk(x)]
∂λk

∂xl
(x)vk . (C.6.5)

Thanks to (C.3.20), according to which the product of two H-numbers can be
evaluated, in the orthonormal basis {vk}, by multiplying their components one by
one (internal product), the above equation gives

∂f
∂xl

(x) =
df
dx

(x) � ∂

∂xl

N−1∑
k=0

λk(x)vk =
df
dx

(x) � ∂x
∂xl

. (C.6.6)

Noticing that ∂x/∂xl ≡ el, one gets the following fundamental result, which relates
the full derivative with the partial derivatives of a function of a hypercomplex
variable:

∂f
∂xl

(x) =
df
dx

(x) � el . (C.6.7)

In a similar way, one can verify that

∂2f
∂xm∂xl

(x) =
d2f
dx2

� em � el

holds, and that analogous relationships hold for higher-order derivatives.
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From (C.6.7), the following relationship among the partial derivatives of f(x)
follows,

em � ∂f
∂xl

(x) = el �
∂f

∂xm
(x) (C.6.8)

and is true ∀ l, m = 0, 1, . . . , N − 1. Equation (C.6.8) can be considered as the
vectorial form of the generalized Cauchy–Riemann (GCR) conditions (see Section
7.3.2). A function of a hypercomplex variable which satisfies the GCR conditions
— i.e., (C.6.8) — is called holomorphic (or holomorphic analytic). Clearly, any
analytic continuation of a real function is holomorphic, since (C.6.8) has been
derived for functions which are analytic continuations.

C.6.3 Components of the Derivative Operator

One can define a derivative operator, d/dx, by formally right-multiplying it by
the function subjected to the derivative operation

d
dx

� f(x) ≡ df
dx

(x) . (C.6.9)

In such a case, by formally dealing with the derivative operator as if it were an
H-number, one can decompose it in the orthonormal basis {vk}

d
dx

=
N−1∑
k=0

λk

(
d
dx

)
vk . (C.6.10)

Since

f(x) =
N−1∑
k=0

f [λk(x)]vk , (C.6.11)

by formally multiplying (C.6.10) by (C.6.11) and recalling that the vk are or-
thonormal, one gets

d
dx

� f(x) ≡ df
dx

(x) =
N−1∑
k=0

λk

(
d
dx

)
f [λk(x)]vk . (C.6.12)

By comparing (C.6.12) with (C.6.4), one gets the following expression for the
eigenvalues of the derivative operator

λk

(
d
dx

)
=

d
dλk(x)

. (C.6.13)

Thus, these eigenvalues are the derivative operators applied to the single compo-
nents of f(x) in the {vk} basis.
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C.6.4 Derivative with Respect to the Conjugated Variables

By exploiting the above results, we demonstrate a generalization of a well-known
property of holomorphic functions of a complex variable:

Theorem C.9. The derivatives of a holomorphic function with respect to the con-
jugated variable are null.

Proof. Let us decompose, within the {vk} basis, the derivative operator with re-
spect to sx, which is the s-conjugate of x. Equation (C.6.13) formally gives

λk

(
d

d sx

)
=

d
dλk(sx)

. (C.6.14)

Since (C.3.33) holds, (C.6.14) can also be written as

λk

(
d

d sx

)
=

d
dλ[k+s](x)

, (C.6.15)

therefore
d

d sx
=

N−1∑
k=0

d
dλ[k+s](x)

vk . (C.6.16)

Moreover, the latter two expressions give

λk

(
d

d sx

)
= λ[k+s]

(
d
dx

)
. (C.6.17)

By using the above results, it should be noticed that, if f(x) is a holomorphic
function, one gets for s �= 0,

df
d sx

(x) ≡ d
d sx

� f(x) ≡
N−1∑
k=0

df [λk(x)]
dλ[k+s](x)

vk = 0 . (C.6.18)

This last equation states that the derivatives of a holomorphic function f(x) with
respect to the conjugated variables sx (s �= 0) are null. �

C.7 Characteristic Differential Equation

Theorem C.10. Equation (C.6.18) gives rise to systems of differential equations of
order lower than or equal to N . The components of any holomorphic function must
satisfy such differential equations. In particular, all the components of f(x) must
satisfy the same differential equation of order N , which we call the characteristic
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equation of the H-numbers,(
N−1∏
s=0

d
d sx

)
� f(x) =

[
N−1∏
s=0

(
N−1∑
k=0

d
dλ[k+s](x)

vk

)]
� f(x)

=

(
N−1∏
s=0

d
dλs(x)

)
�
(

N−1∑
k=0

vk

)
� f(x) =

[
N−1∏
s=0

λs

(
d
dx

)]
� 1 � f(x)

=
∣∣∣∣ d
dx

∣∣∣∣N � f(x) = 0 . (C.7.1)

Proof. We begin by considering the composite operator (d/dx) � (d/d sx), with
s �= 0. Since

d
d sx

� f(x) = 0 ,

also
d
dx

� d
d sx

� f(x) = 0 (C.7.2)

holds. By setting equal to zero the N components of the left-hand side of (C.7.2),
one finds a system of differential equations of order 2 for the N components of
f(x).

Now we apply the operator

N−1∏
s=0

d
d sx

≡ d
dx

� d
d 1x

· · · d
d N−1x

to a holomorphic function f(x). By recalling orthonormality of the unit vectors vk

and (C.6.16), one gets (C.7.1), and by setting as equal to zero the N components
of (C.7.1), one finds the asserttion. �

We also have

Theorem C.11. An explicit form of the characteristic equation in the basis ek can
be obtained by evaluating the N th power of the symbolic modulus of the derivative
operator that appears in the last row of (C.7.1).

Proof. After recalling (C.3.24) and (C.6.13) and the known property that the
product of the eigenvalues of a matrix is equal to the matrix determinant, one has∣∣∣∣ d

dx

∣∣∣∣N =
N−1∏
s=0

d
dλs(x)

=
N−1∏
s=0

[
N−1∑
k=0

∂xk

∂λs(x)
∂

∂xk

]
. (C.7.3)

Since

x =
N−1∑
s=0

λs(x)vs =
N−1∑
k=0

[
N−1∑
s=0

λs(x)vk
s

]
ek ,
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where the vk
s are the component of {vs} in the {ek} basis,

vs =
N−1∑
k=0

vk
sek .

From (C.3.16) it follows that the kth component of x is

xl =
N−1∑
s=0

λs(x)vl
s,

from which one finds
∂xk

∂λs(x)
= vk

s . (C.7.4)

By substituting (C.7.4) into (C.7.3) and recalling (C.7.1), the explicit form of the
characteristic equation is

N−1∏
s=0

(
N−1∑
k=0

vk
s

∂

∂xk

)
f(x) = 0 . (C.7.5)

Since in (C.7.5) the operator applied to f(x) is real, (C.7.5) must hold for all the
components of f(x) in the {ek} basis, that is

N−1∏
s=0

(
N−1∑
k=0

vk
s

∂

∂xk

)
fk(x0, x1, . . . , xN−1) = 0 (C.7.6)

∀ ( k = 0, 1, . . . , N − 1). �

C.7.1 Characteristic Equation for Two-dimensional Hypercomplex
Numbers

After recalling the form of the orthonormal unit vectors for two-dimensional H-
numbers, see (C.5.2), the characteristic equation resulting from (C.7.5) is(√

∆ − β

2
√

∆
∂

∂x
+

1√
∆

∂

∂y

)(√
∆ + β

2
√

∆
∂

∂x
− 1√

∆
∂

∂y

)(
f	(x, y)
f
(x, y)

)
=

(
0
0

)
.

A few mathematical manipulations transform this equation into a more compact
form, that is (

α
∂2

∂x2
+ β

∂2

∂x ∂y
− ∂2

∂y2

)(
f	(x, y)
f
(x, y)

)
=

(
0
0

)
. (C.7.7)

Equation (C.7.7) is a partial differential equation of elliptic, parabolic or hyperbolic
type [72], depending on the values of α and β. In particular, (C.7.7) becomes the
well-known Laplace equation for canonical elliptic two-dimensional H-numbers
(α = −1, β = 0) and the wave equation for canonical hyperbolic two-dimensional
H-numbers (α = 1, β = 0).
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C.8 Equivalence Between the Matrix Formalization of

Hypercomplex Numbers and the one in Section 2.1

In this section we show that, for commutative hypercomplex numbers, the classical
approach of Section 2.1 and the matrix formalization of the present appendix are
equivalent.

Let us start from the matrix representation (C.1.2) and (C.1.3) and indicate
by (ek)l the lth component of the kth unit vector. From (C.1.3), we get

(ek)l = δl
k. (C.8.1)

Now, let us consider the multiplication of a versor ek for the hypercomplex number
y, and call it tk. We have

tk = ek · y ≡ ek ·

⎛⎝N−1∑
j=0

yj ej

⎞⎠ ≡
N−1∑
j=0

yj (ek · ej) (C.8.2)

≡
N−1∑
j=0

yj

(
N−1∑
m=0

Cm
k j em

)
≡

N−1∑
m=0

⎛⎝N−1∑
j=0

Cm
k jy

j

⎞⎠ em ≡
N−1∑
m=0

Ym
k em .

The fourth passage is obtained from the third one by applying the distributive
property of multiplication with respect to the sum. This property is easily demon-
strated in theorem C.2 within the matrix formalization and it is assumed as an
axiom in linear algebra ([81], p. 243).

In the penultimate passage, the term in round brackets is a two-indexes
element which we have indicated, in the last passage, by Ym

k . These elements, for
commutative numbers, correspond to the ones of the characteristic matrix (2.1.4),
as we shall see in the following. Let us demonstrate some preliminary theorems.

Theorem C.12. The elements Ym
k can be considered as the components of tk in

the basis em.

Proof. Let us consider the lth component of tk. From the first and last members
of (C.8.2), we have

(tk)l =
N−1∑
m=0

Ym
k (em)l ≡

N−1∑
m=0

Ym
k δl

m ≡ Y l
k . (C.8.3)

�
Theorem C.13. The elements (tk)l can be interpreted as the product between a
matrix Ak and a vector y,

(tk)l =
N−1∑
j=0

(Ak)l
j yj with (Ak)l

j ≡ Cl
kj . (C.8.4)



C.8. Equivalence Between the Formalizations of Hypercomplex Numbers 243

Proof. By considering the lth component of tk, from the first and fifth terms of
(C.8.2), we get

(tk)l =
N−1∑
j=0

yj

(
N−1∑
m=0

Cm
k j em

)l

≡
N−1∑
j=0

yj
N−1∑
m=0

Cm
k j (em)l

≡
N−1∑
j=0

yj
N−1∑
m=0

Cm
k j δl

m ≡
N−1∑
j=0

yj Cl
k j . (C.8.5)

In the last member of this equation, we can group the elements Cl
k j in N real

N × N matrices with elements l
j and call these matrices Ak. �

In conclusion, for any y ∈ HN we can write

tk ≡ ek · y = Aky. (C.8.6)

Note that Aky is a column vector with real components, therefore tk is an H-
number. By equating the expressions of (tk)l in (C.8.3) and (C.8.4) we obtain

Y l
k =

N−1∑
j=0

(Ak)l
j yj . (C.8.7)

From this expression follows

Theorem C.14. For commutative numbers, Ym
k can be considered as the elements

of a matrix. This matrix is a linear combination of the matrices Ak by means of
the components yk

Proof. By using in the passage from the third to fourth member, the commuta-
tivity of the numbers, we have

Ym
k ≡

N−1∑
j=0

Cm
k jy

j ≡
N−1∑
j=0

yj Cm
k j ≡

N−1∑
j=0

yj Cm
j k

=
N−1∑
j=0

yj (Aj)m
k ≡

N−1∑
j=0

(yj Aj)m
k ≡

⎛⎝N−1∑
j=0

yj Aj

⎞⎠m

k

⇒ Y =
N−1∑
j=0

yj Aj . (C.8.8)

�
Theorem C.15. The matrix Y matches the characteristic matrix (2.1.4) as well as
the matrix M(y) (C.1.10). Therefore, the elements of M(y) can be obtained by
means of the practical rule (2.1.6), which is equivalent to (C.8.2).
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Proof. By means of (C.8.6) and (C.1.1), it ensues that

N−1∑
k=0

zk ek ≡ z = x · y ≡
N−1∑
j=0

xj (ej · y) ≡
N−1∑
j=0

xj tj (C.8.9)

≡
N−1∑
j=0

xj
N−1∑
k=0

Yk
j ek ≡

N−1∑
k=0

⎛⎝N−1∑
j=0

Yk
j xj

⎞⎠ ek.

Then, from the first and last members, we have

zk =
N−1∑
j=0

Yk
j xj ⇒ z = Y x. (C.8.10)

In a similar way, we can develop (C.8.9) by means of the matrix A (C.8.4), and
obtain

z = x · y =
N−1∑
k=0

xkek · y =
N−1∑
k=0

xk (Aky) ≡ y · x =
N−1∑
k=0

yk (Akx) . (C.8.11)

Considering the multiplication between two H-numbers, x and y in a new way
with respect to Section 2.1, has allowed us the developments and formalizations
exposed in the present appendix. �
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non-Euclidean geometry, 139
representation, 149

principal conjugations, 10, 91, 227
for quaternion, 174
for two-dimensional algebras, 15

pseudo-Euclidean
area, 33
Cartesian plane, 37

pseudo-Euclidean plane
area, 41
axis of a segment, 39
distance point-straight line, 39
goniometry, 40
orthogonality, 38
Pythagoras’ theorem, 42
square distance, 37
straight lines

equations, 38

kind, 37
trigonometry, 41

Pythagoras’ theorem
for general algebras, 78
for hyperbolic triangle, 42

quaternion
differential geometry, 200

Euler geodesics equations, 201
isometric line element, 201

elementary functions, 187
elliptic-hyperbolic, 191

Cauchy–Riemann Conditions,
193

elementary functions, 193
matrix form of versors, 192
versor multiplication table, 192

quaternion space
constant curvature

definition, 203
geodesic equations, 206, 210
line element, 205
motions, 204

Euler geodesics equations, 201
flat, 201

Riemann
differential geometry, 199
spaces, 137

scalar product
hyperbolic plane, 28, 33

Scheffers theorem
for commutative numbers, 6, 237

Segre’s quaternion
definition, 171

Segre’s quaternion,generalized
definition, 171
algebraic properties, 172
as composed system, 176
calculus of derivatives, 187
characteristic differential equation,

180
characteristic equation, 174



Index 255

solution, 177
characteristic planes, 174
divisor of zero, 174
elliptic, 172

Cauchy–Riemann conditions, 178
elementary functions, 187

elliptic-parabolic, 194
Cauchy–Riemann Conditions,

195
elementary functions, 196
matrix form of versors, 195
versor multiplication table, 194

functions from a component
algebraic reconstruction, 182
by line integral, 180

geometrical representation, 183
holomorphic functions, 178
hyperbolic, 172

Cauchy–Riemann conditions, 178
elementary functions, 189

idempotent components, 176
idempotent elements, 176
idempotent representation, 176
matrix representation, 173
minimal equation, 174

solution, 177
parabolic, 172

Cauchy–Riemann conditions, 178
elementary functions, 190

polar transformation, 183
principal conjugations, 174
representative space, 183
sub-algebras, 175

spaces
generated by hypercomplex num-

bers, 22
special relativity

generalization
with hyperbolic functions, 162

postulates, 161
structure constants, 7, 215

as symmetry preserving, 92

transformation groups, 19

twin paradox
inertial motions, 58
non-uniformly accelerated motions,

69
uniformly accelerated motions, 61

two-dimensional general algebras, 76
‘excircles’, 79
‘incircles’, 79
canonical systems, 15
characteristic determinant, 12
characteristic equation, 16

eigenvalues, 16
characteristic matrix, 12
geometrical representation, 73
Hero’s formula, 77
orthogonal lines, 79
Pythagoras’ theorem, 77
the conjugate of z, 15

unity versor, 7

versor
definition, 5

wave equation
and hyperbolic functions, 94
invariancy, 94
solution for central field, 162


	front-matter
	fulltext01
	fulltext02
	fulltext03
	fulltext04
	fulltext05
	fulltext06
	fulltext07
	fulltext08
	fulltext09
	fulltext10
	fulltext11


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


